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.*> FOREWORD > 

t 

The correspondence between graphs' in the xy-plane and relations between 
x and y was one of the profound discoveries of mathematics. In particular, 
if no vertical line can* meet a graph in. more than one point, then the graph is 
that of a function f : x -» y; that is, for*each first coordinate x of a 
point on the graph there is a unique number y' such that (x,y) lies on the 
graph. A central purpose of this te&t is to study the* relationship between 
graphs of functions and ih^ expressions which "define these functions. We shall 
concentrate our attention on functions defined by polynomial, trigonometric, 
exponential and logarithmic expressions,^ by combinations of such expressions. 
These functions are usually referred to at 'elementary functions* 

. We should expect that properties of the graph of a function are related 
to the expression which defines the functions/ ?<& example, by analyzing, th^ 
functional expression we should be able to determine the location, of high and' / 
low points on the graph, and in addition answer questions about the shape of % j 
the graph (such as itttervals of rise or fall and aow the graph bends). Further- 
more,, if the function is related to some physical [problem involving motion \.J . 
m seems reasonable that an analysis of its expressicki should enable us to det^r-/' 
mine such aspects of the motion as velocity and acceleration. Likewise,, ye ,/ 
might expect to be able to determine from the functional expression such/pra- 
perties as the average^ value of the function and.t^e area of a region bounded 

by the function. 

* * > I 

^ Our aim is to develop some of the concepts and\techniques« wh^ich ywi^l 
enable us to obtain important information about graAis of elementary functions. 
The' primary concept which we develop in Chapters 2," ft, and 6 is that of the 
tangent line at a point on the graph of a function": IThis tangent line' is des- 
• cribed as the 'straight line which best fits the grapH near that point. In 
- particular, formulas are developed for finding ,the slbf>es of tangent lines to 
the'graphs of various 'elemen-fery functions. For'a gi^en function f, such a 
formula defines a< new function called the derivative of f . /Values of the 
' derivative give a ^measure of the rate of change of' the! graph, /in particular, 
such aspects of .motion as velocity and acceleration ar^ described by the 

if 
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derivative.. ' Furthermore, high and low points of the g: 
by, zeros of the derivative, while rise or fall can be 
of the, derivative . - 



.of f can be Jgiven 
lemine'd by the 'sign 
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Our firs^ task ;s to analyze the simplest kinds of elementary functions, 
.namely polynomials, the sine and cosine functions, and simple power, exponen- 
tial and logarithmic functions. These are discussed in Part One, while the 
,more, difficult tecliniques associated with various algebraic combinations 
(sums, products, quotients, composition) of these basic. functions are left 
to Chapter 8 (in Part Two). In addition, the concept of antiderivative is 
introduced in Part Two, the antiderivative of^ f being a function whose 
derivative is f. 'We shall show how antid'eri*vatives * can bemused to calculate 
areas 'and to solve such-problems as ~ determining velocity given acceleration^. 
Furthermore, this relationship between antiderivatives and area provides us 
with a •powerful geometric* £ool for analyzing and approximating functions. 

Chapters* 1 and 2 discuss polynomial functions, wVth Chapter 1 concentrat- 
ing on. definitions and simple algebraic and geometric properties i The concept 
of tangent line at a point on°the graph of polynomial function is introduced 
in Chapter 2 and formulas for the derivative of a polynomial function are 
obtained. Applications of the derivative to graphing (such as finding high 
and low points and intervals of rise^ or fall), its interpretation as velocity 
or acceleration, and its use ifi approximation" are also discussed -in Chapter 2. 
This same pattern is followed in the remaining four chapters of this volume. 
Definitions and simple properties of the ,sine and cosine functions and the 
power 'exponential and logarithm functions appear in Chaffters 3 and 5, respec- 
tively, while Chapters k and 6 discuss derivative formulas for these respec- 
tive classes, > as well as applications to graphing and approximations. 

For their thoughtful comments we are grateful" to Frank E. Allen, Lyons'* 
Township High ^chool; Leonard Gillman, University of Texas; Ifevid W. Jonah, 
Wayne State University Albert W. Tucker, "Princeton University; and the piJLot 
teachers anti students at -Cubberley ,' Gunn, and Palo Alto High Schools in Palo 
Alto; California? St. Mark's School .in Dallas, Texas; .and Simon's Rock in 
Great Barr^ngton, Massachusetts. * . 

We are also indebted* to previews SMSG writing .teams u whose materials h%d 
considerable in^Luence pn this text. ' Many ideas and exercises were taken - 
directly or adapted from two earlier &MSG texts: Elementary Functions and 
Calculus . In the first part of .this text, we borrow heavily from SftfSG Elemen- 
taiy Functions ; Appendix 2 of ,tjiis text contains Sections 2-12, 2-6, 2 7 8, and* 

2- 9. of Elementary Functions ., Appendices '1, 3, 5, % 6, -7, and 8 were adapted 
-from Sections -A2-1/T2, 3 K k, 6; A3-I, 2; 10-3, 6; 6-1, 2, A6-1, 2j 

3- 2, 3, k,; A4-l^2; 5;3; and A3^5 of SMSG Calculus . ' . * ; , * 

- Finally, we*expres£ appreciation to Nancy Woodman, whose function as a 

'typist was transcendental, r , / 
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' # , Chapter 1 

*' . POLYNOMIAL FUNCTIONS 

This is the first of two chapters # on polynomial functions. Here ve con- 
centrate on the definition* and simple algebraic and geometric properties, of 
polynomial function^ leaving to the next chapter a discussion of tangents to 
polynomial graphs. . * 

Our. concern is with the relationship between the 'graph of a polynomial 
function and ^he expression which defines the function. This relationship's 
easy to describe for constant«and linear functions for" these correspond to 
nonverti-cal lines (Section 1-2). For quadratic* functions the graph is a 
parabola whose location and general slope can be easily determined by using 
the quadratic normula . In fact any quadratic graph is just a translation or 
scale change ojt the graph of the isquaring function -(Section 1-3)* 

After discussing these familiar cases we turn to polynomial functions 
of degree three or , larger. Here the situation becomes lfcss routine^. Syn- a 
thetic division serves initially 1 as a tool for plotting points (sfftion . 
Later interpretations (chapter 2) are more profound. 'The general relation 
between zeros*£nd factors of the polynomial is. discussed in Section 1-5* In 
Sections 1-6, 1-7, and 1-8 we discuss methods for locating, determining/ and 
approximating zeros of* polynomial functions. The final .section of this chapt 
indicates some of the kinds of information ^about the graph of a polynomial 
function which can be quickly obtained from its* expression, including the 
important result that the degree is 'a bound for the number of itmes its graph 
. crosses the x-axis. Further algebraic results are di'scussed in Appendix 2. 

We begin our 'study -with 'polynomial functions because they are the simp-^ 
lest df.the elementary functions, The theory and techniques employed in 
Chapters 1 and 2 are fundamental to the rest of the text. Not only will* 
our approach to the analysis of polynomial functions be useful as ^e deal 
with otfter functions J but the polynomial functions 'themselves wij.1 serve as 
approximations to other functions 'we sha*ll- study. # t - 



1-1. Introduction and Notation - ~ 

In this Chapter we -shall be concerned with, functions that are defined by 
expressions of the form \ . 

<N • 

• 2 n 

a-x + a,x + a^x + ... + a x 
0 1 2 . * n 

/ • . * * 

where n is a non-negative integer and the coefficients a^(i = 0, 1, £ ; 3> 

. .., n) ^re real numbers. Such expressions are called polynomials , and the 

functions they define are called polynomial functions . * 

We commonly denote functions by a single letter f, using the/symbol 
f(x) to denote the value of f at the point x.' Thus a poiynomial function 
f Is a function whose rule is given by * 

* 

% 9 f(x) = a + a x + a x 2 + ... + a x 11 . 

Q 1 » . 2 . n 

x- 

This notation is particularly useful when, we wish to calculate various values 
of ? f> For example, suppose f is given by » 0 

• * 

(.%) ' ' f(x) = 2'+ x .- x 2 . 



» 1 
Si^The values f(o)', f(-l) and f(r-) are then given by . 

f (0) = 2 + 0- - 0 = 2 



f(-iT = 2 ♦ (-1) - (-i) 2 =0 •. • ' 

We can substitute other letters or* expressions for x; for example 



f(t) = 2 + t - t 2 , 
f(2 - y) = 2 + (2 - - (2. - y) 2 



■ i 



■3y 



2 ! 



f(a + b) = 2 + (a * bj - (a + b) 
• ? 

£ 2 i 2 

= 2 + tf + b - a - 2ab - b . 

' , . \ m 

We may denote 1|he function d|£"ined In (l) by 

v , 1 'p ' * • 

(2) • f:x-»2"+x-x,' 

' . > % ' *k ' ■ ^ 

thua stressing thSt f Hs an operation or association. We frequently intro- 
duce 'another variable to stand for f (x) . (This is' especially convenient for 
graphing.) Tor example we may rewrite (2) as f : x -» y, where 



*, . ^ '/ Figure 1-la 

'The graph of a function' f is the set of pairs (x,f(x)) as -we-picture 
them on a plane, say the xy-plane. (In Figure 1-la we sketch the graphs of 
three* poly nomial^funct ions .) Much of pur effort in this and the next chapter 
will be' directed toward quickly obtaining such pictur.es. The graph (a model) 
'can help us td^examine the behavior of a function (which may itself be an 
Idealized matjiejjaatical model of some physical situation) . Polynomial func- 
tions, often arise in applications. We give here two examples. * \ 

- * Example ^ 1-la * If we say "the volume of a sphere is a function of its 
^ Radius" we mean that if f is the * volume function and r is the measure of 
the radius then-.f :,r *-» V, where |V is the measure of the volume. In 
particular we know that • ? „ < 



The expression — jtr is, of course, defined for any real number r. The 



3 

h 3 
.... 3«\ 

volume function r V is, however, defined only when r > 0- 
If-.vthe radius is doubled we can write . 

\ ^ f(2r;>|n(ar)3,^„ 3 /8(|nr 3 ),: , 
•which tells us that doubling the radius*"multiplies the volume hy eight- 



J 

(5) 



' • Example ' l-lb . A ball is thrown straight^tfp with an initial velocity of 
6k -feet .per second so that its height s feet above the ground after t 
seconds is given by tjae function, * ^ • 

, -t ->-s = 6ht - l6t . 

(We shall later derive functions such as this as a consequence of various 
physical assumptions about velocity, acceleration and^ gravity .) Tfrts function 
can t>nly serve as an idealized model of the physical ^situation over a particular 
interval of values for t. Since s = 0 when t = 0 or t a k, the function 
serves as a mathematical model over the interval 0 < t % < k; the ball is in 
the air for k seconds. To* f ind how many seconds it takes for the ball to * 
reach its maximum height we can (by completing' the square) * write the function' 
in the form 



9 t -*-i6(f - 2) 2 V 6h. . . 

The quantity -l6(t - *2) 2 is negative unless t = 2. Thus s ca'nhot exceed 
6k and* equals 6h only when **t = 2. Therefore, we conclude that the ball 
reaches a maximum height of 6k feet after 2 seconds. 



height of 
ball after 
t seconds 




While we picture (Figure l-lb) the motion, function (5)' as a parabola 
we think. of the physical motion of the ball itself as vertical (i). 
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' * Exercises 1-1 V 

♦ In Example 1-la we. expressed the volume of a sphere as "a function of its 
radius." Express the volume of a sphere as "a function of its diameter. 1 ' 

Suppose that a pellet is projected straight up' and after a while comes 

straight down via the same vertical path to the place on the grou*nd from 

which it .was launched. After t seconds- £he distance s feet of the 

pellet above the ground is described by "the equation ■ 
* 

s = i6ot - l6t , 

/ • » * * 

which defines the'function *j ■ 

• f : t -* l60t - l6t 2 . % , . 

ta) What is the value of. s 'when t » *+? 

- . i ' ■ 

(b) Evaluate' f(6)„ ' ' 

(c) How high above the ground is the pellet after k seconds? 

(d) What is <the height oX the pellet after* 6 seconds? 

(e) Compare your answers for parts (c) and (d). Explain on physical 

grounds. . m 

i * ■> 

(f) How many seconds is -the pellet i*n the air? 

(g) How long does it take the pellet "to reach, its highest point? b 
' (h) How high does the peii-et go? 

; • • • 

Tom is .standing; on the top of a railroad car which is moving at a speed 
of 32 ft. /sec. as it passes a station. As he passes Dick Qn the station 
platform Tom throws a -ball straight upward with an init'ial speed of • 
ok ft. /sec; After t sejronds tl\e ball i's a horizontal distance of x 
feet and a vertical distance of y f eet'~from. a .point opposite Dick. 
The distances x ft. and y ft. are given by the^equations. [ 

* • x = 32t , - ' . . ' 

° an ^ " » * . 

y^= 6kt ^ l6t 2 . ' 

(a) Does Tom have to move to catch the ball? 

(b) What. is the path 6f the ball as Dick sees it from the platform? 

(c) " Write y * in\erms of x. 



1 • . .) - 

*- * 

(d) Name the curve that is the graph of your equation in part (c)." 

/ \ ' X < 

Ce) Sketch the graph of y = 2x - gjjv . 

'(f) For 'what Values of ,x ddes y = Q? - ' 

(£) What is t when, x = 1-28? 

(h) After how many seconds does Tom catch the ball? 

(i) How far down the platform from Dick does .Tom catch the ball? 



16 
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~ 1-2. Constant and Linear Functions 



•v 



The simplest polynomial functions are cbnstagt^f urictions . If c is any 
real number, then the function % f which associates' with every real number x 
the value q, * ' . * * y 

' f : x -» c,', * 

is called a constant function. The graph'of such' a 'function is a line parallel, 
to ."arte .Jc| units from the x^axis. Some examples \ot constant functions are 
graphed in Figure* 1 -2a . 

( 



\ 



y 



Figure l-2a 



1 

- y ~ ¥ 



Constant functions are quite simple, yet they occur" frequently in mathe- 

. * 4 « 

mattes and scienpe. A physical example of such a function is - 

' , ^ f : t t» 32. ^ " / 

Here the constant is the acceleration d,ue to 'gravity,^ that is,^the constant 



amount by whi^ch the velocity of fall increases each seco#(5^^PKreri distance is 
measured irT feet and time in seconds, this constant is very nearly 32. at sea 
level In other words ,fthe velocity of a falling body increases 3£ feet 
$er second every second. , , 

A simple principle will later be useful when we encounter constant func-" 

k / " f'- 

tions: ) J < 

vif f is a constant function- *and the value f(a) is known, 
then f(x) f(a) for all x. \ A 



(1) 



> For example, if we know that & is a constant' function and jthat 
f(6j ^=,10, Wen we know that f (3<) is also 10. Clearly, (l) i L s just a 
restatement of the fact that if f is a constant function then all values 
pf f ^ are the same. '* * 1 
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• A linear function f is a function defined by an expression of the form , 
mx + b; that is, f is linear if there ere numbers m and b such* that for 

all x ' , 



f(x) 



b, m f 0. 



If m = 0 tl|en f is a constant function. The , graph of (2) is a line vhich 
crosses the y -ax is' at the point (o;b), since 

f(0) = b; . 

* * 

b is called the y- intercept of f . The number m is" called the slope of f, 
and gives 'a measure of the steepness of the graph. Four linear* functions are 
sketched in Figure l-2b. 



/ 

/ 

' / . 
/ K 

/ 



/ 



v 
/ 



/ < * 



\ 



y 



\ 



\ 
\ 

- u s 



\ 



x f 



x -» y x 



x -*y = 2x + 1 



■ y = pjx - 1 x^y = -x + 2 



Figure l-2b ' . ^ r 

' ' < > / \ " « 

, . Jf f is linear ^arid x f x , .then the slope m is given by 

: ^ f(x 2 ) - f(x x ) 



X 2. ' X l 



that is, m is the tangent, (trigonometric ratio) of the angle of inclination 
of f. (See Figure l-2c).. 




1-2 



The ratio (3) is, of course } a simplfe conseqwance of (^) since 

f(x 2 ) - f(x 1 ) (mx 2 + b) - kxak^ +' b) m(x 2 - x 
• • x 2 - x x 

It will* often be convenient ifco use a slightly different, form o^" the 

expression (2). This is contained/in the following: 7 

k The equation 'of the line through (h,k) with 



(-2^3^ ^ 




A number of very general concepts have simple, and useful formulations for 

« ' « .• 

constant and lirtear functions. 0.f "these we shall now discuss slope as velocity, 
inverse linear functions, translation and* scale change, and proportionality. 



Slope a ^Velocity * 

V - 

The slope of a* linear function .has various physical interpretations. For 
* • * 

example, suppose a man walks north along a long straight road at the uniform 

rate of 2 miles per hourt> , At some particular time, say time t = 0, this 

man passed the milepost located one mile north' of* Baseline Road. An hour 4 

before this, which we shal^ call time, t = -1, he passed the milepost located 

one mile south of. Baseline Road. ^Atf hour after time t = 0, at time t = 1, 

he passed the milepost located three miles north of Baseline Road. (See 

Figure l-2e.) 

position 
at t = 1 



position at t = 0 . 




baseline: road 



position atf t = -1- 



• Figure l-2e 



In" t "hours, the man travels 2t miles^. K 8in<5§e he is at milepost 1 at 

time t = 0, he must be at milepost 2t + 1 at time t. Us^rig f(t) to 

represent the directed distance (in miles) from Baseline Road at time t 
hours, we see. that 

f : t -* f (t) = 2t + 1. < 

, f describes the man's motidfr^^he graph of f shown in Figure l-2f thus plots 
the-.raan , s position versus time/ ' f , fj 

A . ■ - . 



20 



10 



distance 
(in mijes) 






. vel6city 


• 


(in mi/hr) 






i 


. g :*t -*£ 










-1 


1 time (in hours) 




^Figure l-2g* ■ 



1 time (in hours) 
'Figure l-2f 

In Figure l-2g we plot the man's velocity versus- time.' For all values 
of t 'during the time he is walking his velopity is Z irfiles per hour. 
Hence if g(t) is his speea*-at time t then „ ;* " * 

* that is, ^g is a constant function- In thi§ ( case, the slope function *g of, 
the position function f can be interpreted as velocity. We shall encounter 



this relationship again. 



Inverse Linear Functions - ' 

We recall that the rule for converting from Centigrade to» Fahrenheit is 
given by the formula o 



(5) 



F = f C + 32 
5 



and the rule for converting from Fahrenheit to Centigrade is given fcy, 
^Cbrmula * j - 

(6) \ C.=|(F - 32). 



That speed is the absolute value of velocity is something that we shall 
emphasize later. • ,» ~- ^ » • ' 1 - 



"Since each of these formulas is useful, it is important to be -able to get, 
say (6) from (5). In (*5) to get from- C .to F we first multiply by - | Bnc j 
► then add "32. Starting with F we jriust, therefore, first, subtract 324 and 



then divide by | . That i&, to get 



♦or ^ |(F - 32) r whence C 



2(F 



we first find F - 32 



then 



-32 



9 
5. 



32). In our next example we shall study two 
functions suggested by the foregoing -formulas, - ' 



* \ 9 - 

Example l-2b > Consider the. functions f : x -> ^ x + 32 and 

g . x -^^(x _ 32) fen4 their graphs, sketched on one set of axes* in Figure 

l-2h. k We observe immediately that the slope of f is - and the slope of 
g is the reciprocal of 'the slope of f. 

y 

/ „ - ffvl A 

y =* 




Figure l-2h 
i 

Let us maKe some further observations to see how the functions f and g 
1a"na &*eir graphs are related. Consider the equation y = f(x) = | x + 32. 
" ^Tcr^f ind the value of y for a given value of x w'e first multiply x by 

SDK then add 32; i.e., on the graph (Figure l-2i) we 'first '"go up" | x 
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to the dotted line and then "gcr*up" 
32 more. Finally we "go across" 
•to get y = |*x + 32/ To go from 
y back to- x we just reverse the 
arrows of Figure l-2i, We firs£ 
subtract 32 to get' |x -and then 

. divide by~|- to get x; i.e., 



.x 



y - 32 
5 



(y - 32) 




<Let x s and y exchange roles and 
compare this* form of the equation 
for f with fche* function g. 



. m The two functions f and --g are obviously closely related. In general 

-.if m £ 0, ~we say that the, linear function 

4 m m ^ 

'is the inverse .of the linear function 

„ . f \ : x -> mx + b. , 

The slopes of g and v f -are reciprocals of each other;" that is, the 
prod-uct of the slopes is ' 1 

^ ^ The graph of 'g can be easily obtained from ttye graph of f . Suppose 
4 ' that, (c,.d>- lies on the graph of f, so that 

/ - d = ffc) a mc + b. > 

Solving for c, we have. - 

c=-d-^ g(d). , * ' 

/ m m DV 7 . 

Thus (d,e) lies on the graph of g. 'The converse of this statement can be 



'similarly established. We< summarize yin (7)/ 
(7) 



If .g is the inverse of f, then (c,d). ; lies 
on -the graph of f , if and only if (cf,c)l lies . 
on the graph of g. 
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V 



Thus the g*fcphs of and its inverse g are symmetric witl/ respect to 
the line given by y = x I .This has a sijnple geometric interpretation, for it 
says that the graph of tfie inverse g can be obtained from the ^raph ofi f 
merely by interchanging the coordinates of each poirjt. This suggests the 
following way -to obtain* the graph of the. inverse g from that/of f. Merely^ 
trace the graph of y = f (x) in slow drying ink and then fdla carefully along 
the line given ^ y = x. The wet ink will then trace the graph of the inverse 
of f. (.Consider this mechanical procedure for the graphs of y = f(x) and 
y = g(x) in Figure l-2h.) ** / 



Translation and Stretch n 

Let i be 'the line given by the equation y = x, and consider the effect 
on I of replacing x by (x - b). The new equation is y = x - b, which , ^ 
represent s.tha line i x having the same slope as i and intersecting the 
x-axis at the' point (b,o): ' 



. y 




X^ X 
X v X 




c f 

X *o j 

\ / ' X 

X '/ s 


4 X 

X „ i 








V 


x * x 


• X 




X (b,0) 






(0,-b) , 4'' 











Figure 1-2 J 



\ Hence, replacing x by x - b translates or slides I b units to the - V 



right without changing its slope (Figure 1-2 j)/' 



er|c * 



lU 

2'i , 
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Now consider the effect on i of replacing x by mx, m ^ 0/ The new 
equation is y = rax, which represents the line f having slope m and 
passing through the *origiii. * / • * ■ 




■ Figure l-2k * 

- • t. 

Note that if m > 1, replacing ' x by mx (or equ'ivalently, y by 2) 

< * { *** 

x steepens the slope of i, while if 0 < m < 1 the new line i" '4s' more 

Horizontal than i. What happens if m < 0? * s 



Thus, if m > 1 the effect of replacing x by mx in the equation 
y = x is equivalent to stretching the ordinate (y) of each point on i. 




lf 0 < -a < 1, each ordinate is "contracted." ."Not, that conceptually, . 
If 4 .0 < «a < 1, diffe rent in this cas* from "shrinking each . 

•* stretching each ordinate- is no auiereire o. ^ 

abscissa"; the resulting £" is identical.. / 




figure l-2m 



♦ • * * 

s. ^ «f » • i<s-t:t ffi n«ed under such a transfor 

Fither waV we think about it} the slope of I ic^r-Ogea 
Either way v . ob ^ ine d merely by replacing x 
mation, and algebraically the stretch can 

by mx (or~ y by , ; J> , in the equation of 1.^ \ 

The'graph of any'line given by the elation 'y - b can be obtained 

'!! h%f y - * by such translation and/or stretching.' For example, 

from the graphs y-X by y ^ x - ve ' may first str.tch each 

to obtain the graph of. y » 5*.- H from y v. 

«< .tP «f v - x by the factor 5 "by replacing . x by 5x. q 
ordinate ot, y - * "J , . ~. „ »t may 

anfl Its cranh is £' shown in Figure l-2n- Then s npj 
becomes y. = 5*. and its graph ^ • . 

be translated | units to the ri*ht by replacing x by , , * . 

tion of £' . . 
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v figure l-2n* 



The equation becomes 



or 



y = 5x - k ' 



as desired, and its graph has been obtained from the graph y = x by ^ 
translating and stretching. Alternatively^ we may first translate the graph k 
units to the right -by replacing x by x„- k*' The equation* becomes y = x - 4 
and the graph is shown in Figure l-2o. Then we may "shrink" each abscissa by 
a factor of. 5 by replacing x by 5x. The, new equation is y = 5x - ^ as 
.before; only our way of thinking aboutr the transformations is different. 
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Figure l-2o* 

Proportionality 

The concept of proportionality is very useful in physics as well as other 
parts of science* We shall use the idea frequently in this text. To say that 
y, is proportional to x means that there is a number m such that 

*t » y* = mx 

for all numbers x* _ ,The number m is called the constant e# proportionality , 
Note that if y is proportional to x, then y doubles when x is 

m 

doubled* The same relationship lipids for tripling, halving, etc* In science 
the experimental observation that y 



doubles, triples* halves, .etc*, whe"n x 

does the same^usually leads to the hypothesis that y is proportional to x* 

ji ' * . • * • 

Further observation is then "used to test such an hypothesis and if no contra- 
dictory evidence is found this proportionality is usually stated as a ,law and 
thereafter systematically U6ed* For exarajfle, if air resistance is neglectfed 
it is usually safe to use the assumption that the velocity of a freely falling 
, bocfy is proportional to the time it "falls. * . 



r 

^ Example l-2c. Assume that' the velocity of a free falling body is directly 

proportional to the time it falls. Suppose that a bali'is dropped from the top 
of a building and attains, a velocity of, 6k ft. /sec. after 2 seconds. Hov 
fast will^t be falling after 5 seconds (assuming that i\>snH hit the 

^ground "by then)? , * , . 

* » 

Since* the velocity v ft. /sec. is'directly proportional^ the time t 

f 

sec,. we have v = mt, where m is the constant of proportionality. If 
v =-6U when t = 2, we get m = 32. W>? obtain the linear function 
t ->v = 32t. When Jt = 5, v = 160; therefore, 'after 5 seconds the 
velocity is 160 ft. /sec. 4 



\ 
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JU Befer to Figure l-2f . - ~ 

(9) What .is the yslope of the Linear, function t. -* 2t + i? 

(b) '~~What are fc the" units of "rise over run" in the graph of ,t -» 2t + L? 

(c) Compare the number and unit s # of parts (a) and (b) with the consist 
function and vertical units of Figure l-2g. 

2. (a)" On separate sets of axes sketch graphs of the functions , 

g : t -» 32t and *g f : t -» 32. ^ Indicate vertical and horizontal 
units appropriate to Example l-2c, 

(b) What is the slope function of the linear function g : t -» 32t? 

(c) What are ttfe units of the slope of your 'graph of g : t -» 32t* 

(d) Compare the .vertical units for 'your graph of g» f : t -> 32 with , 
your a'nswer to part (c). 

(ei) What word from physics is commonly assoc^ted with the ^aMo of 
units you found in response to part (c)? 

3. Assume (as in Example l-2c) that the velocity of a, free falling body is 
directly proportional to the time it falls. Suppose that a penny is 
dropped from the top of a tower and attains a velocity of kQ feet per 
second aftel? 1^ seconds. Determine the 'impact velodity if the jpenny 

hits the groun^^fter seconds . w 



k. For the function f : x -» 2x + 1, find 

(a) f(O) 

(b) r(ij < . . ' ; . 

(c) f(-l) 

(a) for h t 0, f(x +' h > - f(x) 

/ 1 \ , 7 ' f(x) - f(a) 

/ (e) for x /j, y. - a 

5. Find the slope of the* graph of the function f if, for all^real . 
numbers x, 

(a) . f(x) = 3x - 7 - • • ■ 

(b) f(x) = 6 - 2x i . 

(c) 2f(x) = 3 - x 

(d) 3f(x) = kx - 2 ' 
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6. Fijid'a linear function f whose graph has slope -2 and such that 
V(a) f(l) =4 »' •' • 

(b) f(0) = -7.. _ ' ' 

• "(c) tit).- i » • .. 

' (d) f(8.) = -3 - • ' • . "J 

7. Find the slope of the graph of the linear function" f if f(l) = -3 - and 

(a) f(0) =h ' , . . ' ' k • ■ 

(b) f(2) = 3 • V . 
(o) f(5) = 5 

(d) f(6) = -13 , 4 . , * ' ' 

. 8. Find a function whose graph is the line joining the points 

(a) P(l,lM ' <• 

(b) P(-7,*0," Q(-5,0) 

(c) P(l,3), Q(l,8) - < 

(d) Pd,*), QC-2,10 . ^ * 

9. Find the linear function g whose graph passes through the point with 

to , * 

coordinates ' (-2,1) and is parallel to „the graph of the function 
f : x -» 3x - 5 ' 

10. Given f : x -> -3x + k, find a, function whose graph is parallel to the 
graph of f and passes through the point 

r 

(a) P(.0,5) ""' .. 

(b) P(-2,3) " • 

(c) P(l,5) 

(d) P(-3,-^) . , . • 

11. If f ' is a constant function find . f(3) if 

' (a) f(l) =5- - ... 

'■ (b) f(8) = -3 . 

(c) f(0) ■ * 



ERLC 



21 

32 



1-2 



12. 



Do t£e points^ P(l,3), 8(3,-1), and S(T,-9) all lie on a single line? 



the ■ 



ProvV y6ur assertion. ^ \ 

13. The .graph qf a linear function f .passes through the«points, P(l00,25) 
and " Q( 101, 39) - Find ^ ' > 

(a) f(lOO.l) 

(b) i(l00.3) . 

(c) f (101.7) , s % - 

(d) f(99-7) 

The graph of a linear function f passes "through, the points P(*53>25) 

and ,Q(5^, : 19) -'^nd 

(a) f(53-3)= 0 1 

(b) f(53-8) • 

(c) tfyk.k) 

< (d) f(52.6) . J 

15. Find a, linear function with graph parallel to the line with equation 
x - 3y^'^ = 0 and passing through the point of 'intersection of the * 




16. 
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lines with equations 2x + 7y + 1 = 0,,.arid x 2y + 8 = 0. 

Given the points A(l,2), B(5,3)» C(7,0), and D(3,-l), show tha^ 
ABCD is a parallelogram. 

if AC 



Find the coordinates of the veprtex C of the parallelogram ABO^ 
is a diagonal and the other vertices are the points: 

(a) A(l,-l), B(3,*0> D(2,3)v 

(b) A(0,5), B(l,-7), D(^,l) 

18. If \ is a real number, show that the point* P('t + 1, 2j/+ l) is on 
the graph of f : x -> 2x - 1 . 

19. (a) If you graph the set of all ordered pairs of the/ form (t - 1, 3t + l) 

for any real number t you will, obtain the gr£ph of a linear func- 
tion f.' Find f(0) and,-f(8). 

(0 If vou, graph the set of all ordered pairs 6f the form 

(t - \, t 2 + l) for real t, you will ^btain the graph of a 
function f. Find f(0) and f (8) . 
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,20. At what temperature do CentJ.gr a£e degrees. equa^XTF^bieiineit degrees? 
21*. I^the slope Jbf a linear function f is ne Sa^ve^gwJ;hat if 

*i <x 2 < tf !:™ f (N x x ) : > f ( x 2 )* ^ * ' 

22 i Consider the linear , functions i : x -> mx + b .and g : x -* ux + 0 such 
that ra jt # 0, n / 0 and p = g(q)* if' q = f(p) for'all real numbers 
p / and q. What is the relationship between m and ia? 

23- ' f : x ->mx + b, m f 0 find g, the inverse o£ f. 

2h. What is the equation, of the line perpendicular to the line given by 
• • y = 'mx + b, m ^ 0, at the y-axis. 

-.25- If f(2x - l) = kx - 8x + 3, 'find f (2x) . 



V 
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1-3. Quadratic Functions. ' - 

As we discuss the . behavior off polynomial functions 

, .fh^ya^ a 2 x 2 + ... + a n x n ,^ 

we shall use soL^onventtonal terminology.' If a n ^ 0 we sa y tnat tne d e 8 ree 
of f is n. For example s 

' - f : x ->ll| 1 



has degree 0, while 



2 5 
f : x -> 2 - 3x + x* - x 



has. degree 5. This convention assigns no degree to the zero function 

(l)' ' f : x -» 0. ' 

The -zero function should not be confused with the zero of a function. 

We say that a- number r' is a zero of the function f or a a6ot of the 
equation f(x) =0 If f(r) = 0.- For example, 3 is a zero of the function 



t f : x -» 2x 2 - x ^ 15 



or a root of the equation 



2 * 
2x -.x - 15 = 0, 



sipce f(3) = 0. 



If • r is a^ero of f then (r,o) *lies on the graph of f; that is r 
the graph of t crosses the x-axis at the point where x = r.. 

Polynomial functions of degree 2 are known as quadratic functions. ( Let _ 
us review some of the properties of quadratics. The zeros of ^ 

I m ' f : x -> c + bx + a# 2 , a ^ 0, * " 

are given by , 

t * V- 



• -b + vt 2 --'tec , ' „ -h - J? - tec 



[2 

(2) r ! " 2a - and r 2 = 2a 

# " * 

If b - tec < 0 these rdots are complex numbers. Real roots occur if 

b - tec > 0. • ' • 
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If b. - 4ac*= 0 then r. / r 0 and we can factor tp*obtain ' 

♦ / i 

b ,1 Lz 



where P] _ = ?2 - - --. If /b - l*ac fb, then ^ ^ r fi , and we can factor 
to obtain t . * • * 



M . t : x ->£(x - r y(x.- r ). * ^' 

In the following three examples* we illustrate the graph of ,f for each 
of these cases. In the final example\ we review a method^ for graphing quadratics 
by translation and change of scale. A " 

0 

Example l-3a . Graph f:x->l + x + x 2 . 

» • 

In this £ase a = b = c = 1, so 

b 2 - kac < 0 

and f has no real zeros. We should expect that the' graph of f doesn't 
cross the x-axis. In fact, the graph of f lies entirely above the x-axis. * t 
We cafl show this by "completing the square" to obtain* j . - 

- ; . l <+x+ x 2 = 3 M l + x + x 2) 

. = jf+(| + x) 2 . '• . '■ • --!' 

• • : ^ . '* 

Stnce (- + x) >0 unless x = - - , we see that 

f(x) >\} -i^X^-l' , 



while 



Thus the-graph- of f lies above the line given by y = ^ , touching 

* IS ' 

this line at the point (- 2>f)' Furthermore., as x increases ^beyond the 

, 1 4 : ,i. x p > * 

value x m - - , the quantity (| + x) becomes very large as J x ^ecomes, 

large. .Also as x decreases (to the left of x = - |) the .quantity (| + x) 2 
~ increases, becoming^ very large .as we assign numerically JLarg 1 e negative values 
to x. 'Thus, without plotting points other than (- |, |) U .cm conclude 
that the graph ot f appears a*s shown in Figure l-3a . • 0£ course, a more' ' 

• 25 m ** 

ERIC , . , \ - 



V 



1-3 



~ ac 



curate picture can be obtained by plotting some points ,(x,f(x)). 



' becomes large \ 
as x , moves 1 
i f^ to the left 


y 

\ * 11 


/becomes large 1 f 

/as x moves ^ * 

/ far .to the right ^ . 

* / * 
/ * 


minimum( - *\ , — \ 




/ * 
/ • 

/ * * 

1 * 




i - > 



Figure l-3a* f:x->l + x+ x 

•* 2 
Example, l-3b * Graph f : x -» 4 - toe + x . 

In this case c = 4, b = -4, ^=1 so that 

b 2 . fee - (-*0 2 - * ■ = Q ' 

and f has the single zero x = 2. Therefore, we can write 

f : x -*(x - 2) 2 / 



The quantity (x - 2) 2 > 0 if x ^ 2 so that we have f (x) > 0 if x ^ 2 
and f(2) a 0. Therefore, the graph lies above the x-axis, touching this axis 
at the point (2,0) > As' x increases to the right of x ='2 or as x ~ 
decreases, to the left of x = "2, the quantity (x - 2) increases, becoming . 
*very large as x mpyes far away from x = 2; 1 As in the previous example, 
this gives us enough information to quickly sketch the graph of f, 'shown , 
in'Figure l-3b. 
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becomes large 
a 8 x moves 
to the left 



becomes 
as x 



lar&gg 

invoc ' ™ 





\ r . / to the right 


\ ' 


\ / * v 


\ * 

\ s — ~ ^* 




> # 


\ / * ** 
1 ^ 




1 (2,0) Minimum 


> . 


\ 


Figure l-3b. f : x -» k - hx + x 


$ , Example l-3c Graphs f : 


x -* 1 •- x - 2x 2 . # 


Since c = 1, b a 

4 


* -2, we have ^ 


J b 2 - liac 


= '(-l) 2 - K-2)(l) = 9.. ' 


The zeros of f are • „ 




* r , -U)'+ ^9 
1 " -4 




we can write f in the form 




,A f X 
i 


-»-2(x 4- l)( x - i).< 


The gra£h of f crosses "ftie x- 


axis' a£ the two points (-1,0) and (i 

* 2 


If x < -1, each of the quantities x + 1 and x - ^ is negative.' \ 


'multiplying by -2 »we see that 


/- 




< 0' if x < -1 . 


^Similarly, we could argue that 




* i 

- f(x) > 0 if - -1 < x < ± 

f- 2 


- and 

• 




♦ f (x) < 0 if x > \ . ' 
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Further arguments show that as x^ decreases to the' left of -1 or increases 
to the right of** | , the values 1 f (x) decrease, getting far below the x-axis - 
as x moves far to the right Qr left.*- 



*In the interval -1 < x < | , the graph of f lies above the x-axis 
We can "complete the square" to obtain 



1 - x - 2x 2 = -2(x 2 % + | x - h 



r,t 2 *1 1 1 1\ 

55 - 2 ( x + 2 X + 15 * 2 * W 



= .2(x + J) 2 + g, 



f 



^his expression has its greatest value when x so tnat (" \ > §) * is 

the highest point on the graph -of f. (See Figure l-3c) 

y 



maximum 



(-1,0) 




(|, o) 



Figure l-3c. f : x -> 1 



far below x-axis 
as x. moves left 
or right 



p 

x - 2x . 



Translation and; Stretching of Parabolas » f 

Just as any line with positive slope may be obtained from the graph of^ 

y = x by appropriate translations and strel&he^ any parabola may be obtained 

2 

from, the graph/of y = x .by similar transformations. 



For example, to obtain the graph of y = lh + 12x + 2x from the graph 

2 2 
of y = x we first rewrite the equation as y = 2(x +.3) - h by completing 

the square as follows: . ^ 



9 
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v 10 + 12x + 2x 2 ^-2|x* + 6x '+ 7) 

** * 

.« , = 2('x 2 + 6x + 9 - 2) 



= 2(x + 3) - ' , 
28 
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In this form, the appropriate translations and stretches are readily deter- 

mined. First, translate the graph- of 
2 

y = x three units to the left by 
replacing x by (x + 3), The new \ 
parabola has the equation y^- ( x + 3) , \ 
(See Figure l-3<3.) 

•Then "stretch" each| ordinate of 
t£e graph of y = (x + 3> 2 by replacing 
y by I 

is shown in Figure l-3e. 



The graph of t y = 2(x + l) c 




y = 2(x + 3) 




y =2(x+3)-l* 



• Figure, l-3e figure l-3f 

Finally, one more translation, I*. Units down is required to obtain the 

desired graph.l This is achieved by replacing * y by (y + h) in the. equation 

y = 2(x V3) 2 / See Figure l-3f^for the graph of y = 2(x + 3) 2 - h. 

2 



term in the original equation had been* 



If the coefficient of the x 
negative, as in'Example l-3c, where y = ^l x - x - 2x w , one more transformation 
would have been required to obtain the graph from the graph of y = x 2 . Com- 
pletingjthe square gives y = -2(x + ^) + £ and in this form we see we must 

2 1 

first translate the graph of y = x , r unit to the left by replacing x by 
J 4> 



x + ^ , giving the graph Qf y 



(x + . 



Then stretching each ordinate by 



1 (* 
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replacing 



by 



■ .f. 

*L produces 
1\2 



Translation 



% th£ graph of 2(x + ^) 

^rifow the extra transformation,* 
reflecting the graph i*-£he 
x-axis by replacing y by ^y 
gives-* the graph of y = -2(x + 
h ^This is physically equivalent to 



x ♦ l) 2 \ 
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fading the graph along the x-axis 
or -^flipping" the graph about the 
exilf. Finally, translating this 



^unitsr up by replacing 



graph 

*y by* y 
•grapfe 




gives the desired 



Stretch 



In general, »the graph of. any 
quadratic function can be obt^ned 
£$om the 'graph of y'= x 2 by such 



a sequence of translations, reflec 
. tions §nd stretches 
quadratic function 
represents merely a translated/ 
reflectedj and/or stretched image 

of the standard parabola given by 

; 2 

the equation y = x • v 



Hence, any 

:-v,2' 

f : x -» ax + bx + c 




Translation 




Reflection 




Exercises 1-3 

Consider the function 



+ 2 

r : x -> ax + bx + c. 

Name the type of function f is^if 



(a) 


-a 


= 0, 


b = 0, 


c 




(b) 


a 


= o, 


b t 0, 


c 


4 

= 0 


(c) 


a 


= o K 


b ^ 0, 


c 




(#) 


a 


*o, 


b = 0", 


c 


= 0 


(e) 


a 


*o, 


b / 0, 


•a 


= 0 


(f) 


a 


*o, 


b' ^ 0, 

* * 


0- 


to 



Aristotle claitrted that the speed of a free falling object depends on the 
weight of the object as well as the length of time it falls. Galileb 
discovered that the jpeed of a free falling object depends only on how 
long it falls, find, in particulaSr, that speed *v ft./sec. is directly 
proportional to' time' t .seconds. 

(a) A ball is dropped «from the top'of a building arid attains*' a speed of 

6k f£./s<*c. after 2 seconds. How fast will it be tfaliing after 
5**seconds? 

(b) ^li.fe raft is dropped from a helicopter and hits the water after 

19 seconds. If the raft is falling*at a speed of > *6h ft. /sec. after 
2 seconds,, determine how fast it is. goings as it hits the v water., 

. r . / > -} - h \ \\ • , 

Galileo; discovered that the distance traveled by a falling body! of any 
weight .depends only on the length of; time in which it has been falling. 
Specifically it was discovered jbtiat the number of fee^ fallen is direcjly 
proportional to the square of 'the number $f seconds elapsed .\ 

(a) Suppose we timed the fall of a ball^rom the top of a building'. 1*00 
'feet 'high and discovered that the 'barlliiit the ground after ,5' 

seconds^. Find how long it would take for the fcall* to hit the ground 
' if it 'were dropped from a building Ikk feet high. ~* 

(b) .Suppose that d ball is dropped 'from a television tower and hits the 
ground after 10 seconds. Previously we discovered that the ball 
tii1< the ground after 5 seconds,when it was dropped from a building 
1*00 feet high./ How high is..t'he television tower? 



For each of the following pairs of functions, (u,v) is on the graph of 
f and (u,w) is on the graph of g. Determine which is correct: 
v > w,, v = w ? v < w. * « 

(a) f 'i x -> 2x 2 



- » g : x -» 
(t>) f : x i»|x 2 



2 



g : x ^|x 2 

(c) f.: x -I- |x 2 

' 2 

g : x -> -2x 



45 



2 

On the sarge set of axes sketch the graphs .of the functions x -> 5* , 

2 , 1 2 
x , and x . 

Describe the location of the. points (p,q) and. (-p,q) .on the graph of 
2 

y sr ax , relative to each other and the coordinate axes. 

A J>all is dropped from a 47th story window of the Time-Life Buil'ding in 
* New York City. Its distance s feet above the Avenue of the Americas 
after t seconds is described by the equation 

h s . 576 -- l6t 2 , 

t * 

which serves to define the function J \ 

. \ - y 

% p f : t -> 576 - l6t 2 . * \ r 

(a) Determine how many feet above the pavement the ball is after falling 

i the first £ secon ds * j *' 

1 ' ' \ * * 1 ; 

(b) Hc»w high above'fche ground is the ball after zero, seconds oflfalling? 

(c) How'tfigh above the Avenue of the Americas is the 47th story window 
of the Time-Life Building from which we dropped the ball? \ < 

2 • * * » 

(d) If f : t 4 576 -r l6t , evaluate f (4) . « ' , 

(e) Four seconds after it is dropped from the 47th story window,, how j 
Jar is the ball from the pavement? 

(f) Find the value, of * t tor vhich 0,6t = 576 and t > 0. \ , 

• v • • 

(g) Determine how long it would take for a ball dropped from* a 47th 
story window of the Time-Life Building to hit the pavement below. 



32 
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8. A ball'is dropped from the top of the Fidelity Union Tower in Dallas, 
Texas.' 'After t seconds the height s ft. of the ball above the 
ground is' given, by • 

. * r f 

~*\ 2 

. t \ - s , = too - i6t . 

(a) What is the height of Fidelity Unipn Tower? 

' (b) How long does it take for the ball to reach the ground? 

9« The Woolworth^ Building in New York^itJ^ is about 78*+ feet high. A ball 
is .dropped from the top of the Woolworth Building so that its distance s 
feet above the ground after t seconds is described by the equation 

2 

s = at + c. 

(a) Relating your experience with other problems of this type to this 
problem, try to determine appropriate^ values for a and c. 

(b) How long £oes it take for the ball to reach the ground? 

2 

10. The vertex of -the parabola given by y = ax + c is the point . 



2 

If a > 0 .the graph of the function x -> ax + c opens , 

2 ( upward , downward ) 
and the vertex of the parabola whose equation is y = ax + c is the 

point. ' * + 



(liighest, lowest) 

2 

The graph of the equation y = ax + c, where a is a non-negative real 

* ■* 

number and c > 0 ,is always a * which is symmetric to the 

2 

, congruent to the graph of x -> ax and c units 

(above, below) 



^the^pa^ratiola given by y = ax' 



11. A flowerpot falls from a' 75th story windowsill of the Chrysler Building 
1 in New York City. We know, that r after t seconds the height s feet of 

1 'the flowerpot above the ground is given by the equation 

/ ' ' 

" S m I02h - l6t . , • ( 

(a) How long does it take for the flowerpot to;hit the sidewalk at the 
corner ^.Lexington Avenue and Forty Second Street directly beneath 
the window? , 

(b) The distance from the 75th story windowsill to the roof of the 
Chrysler Building is 22 feet. How tall is the Chrysler Building? 
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12. Suppose that a ball is thrown straight up from the ground with an' initial 
'speed of 6k ft. /sec. and is not acted upon by the force of gravity. What 

is its height above the ground after .10 , seconds? 

1 A ball is thrown from ground level straight up with an initial speed of 

61* ft. /sec'. Its distance s feet above the ground after t seconds is 
described by the equation 

s a 6kt - l6t 2 , ' 

which specifies the function f such that s = f (t)^.. . x 

f ,i>+***t 'Whatfis tfae'-varlue 6f' ; s, -when -f =*<1? » ; t-K~t ► i * k 

» « * 

• * (b) Evaluate f.(2) . 

(c) What is the height of the ball above the ground after 3 seconds? 
after 0 seconds? • : 

2 

(d) Sketch the graph of s = 6kt - l6t . 

<< > * 

(e) ' What is the path of the ball? 

2 

(f) What is the name of the graph of the function f : t -* -\6t + 6Ut? 

• . 

13. Suppose that. a pellet is projected straight up and after a while comes 
straight down via the same vertical path .to 1 the place on the ground from 
which it was launched. After t seconds the distance s ft. of the 
pellet above the ground is described by the equation fi 

s = l60t - l6t 2 , , 
which defines the function 
* " ' * / ^ f : t -*i60t - l6t 2 . 

(See Exercises 1-1, No. 2.) Sketch the grapft of J f on the interval. . 

0 < t < 10. " 
j — — 

lk* The product of two consecutive integers is zero. What could the 



integers be? 
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15- Suppose that you are standing close to .the edge on the top; of a. building 

80 feet tall.. You throw a ball upward wi^h an initial speed of" ]6k ft./ 

. sec. in a nearly vertical path. After t seconds the 'height s feet of 
the ball above the ground is given by the function 

t -» s =*8b + 6Vt - l6t 2 . 

(a) .How long does' it take for the ball to reach the ground? 

(b) How high above the building is the ball after one second? after 

three seconds? , v 
• \ 

(c) The ball passes the edge of the top of the' building from whicB it 

was thrown as, it falls to the ground, ^fter how many seconds does 

* » 

»this occur? 

(d) After how many seconds does the ball reach its maximum height? , 

(e) How high above' the building does the ball go? 

l6. For each of the following pairs of equations, given that (u,v)~ is on 

the gsaph of the first equation and that (u,w) is on the graph of the 

f* » 
second determine the values of u for which v < w, v = w, v > w. 



(a) y = 3(x'- hf 
y = -3(x - k) £ 



(b) y = 3(x - k) 
y = 3(x + h) c 



17. Compare the graph of x -^(x 



3) 2 + 2 , with 'that of x -»| x 2 



listed characteristics by completing the following chart. 



on the 



Function 


< 2 
x x 


x -*|(x - if + 2 


(a) Namg of graph 






(b) Opens (upward or downward) 






(c) Equation of axis* 






(d) Coordinates of extremum/point (vertex) 






(e) Type of extremum (minimum or maximum) 




% 



18. Sketch the graphs of x 



12 1 2 

x and x -*gKx "3) + 2 on the same set 



of coordinate axes. Check, your answers for Number 17 against yo^ur gra 



% 




ER?C 



35 



A. 



/ 



1-3 

/ 



19* (a), Using one set of coordinate axfes plot the 'graphs of the following 



/ (i) y = -x 2 

(ii) y = -x + kx + 5 

(iii) y = -x - 2x + 3 



(b) On one set of • coordinate axes quickly sketch the graphs of 

(i) F : x ->-x 2 

(ii) f : x -> -(x - 2) 2 + 9 ■ 

(ii/) g : x.-Mx +1)^ + * , 

- * ' 2 2 

20. Consider the functions f : x -* ax and g : x -»a(x - h) + k. Let 

(p,q) be a point on the graph of t f. f 

(a) We know that f(p) = q. Another equation relating p and q is 
/ Q = • , ' 



(b) We jwapt to show that the point; (p + h, q + k) lies on the graph 
of g. ^ Show that ^(p + h) = q +~ ? k. 

y {c) To every point (p,q) on the graph of f there corresponds the 
point (p + la, ) on the graph of g. • 

• (d) ^In particular,. we see that the vertex ( , ) of the parabola 

&lven by . y = ax corresponds to the vertex ( , ) of the 

parabola given by y = fd aTx'r^h) + k. \ 

% i , ' * 

21. Determine the coordinates of the vertex and the equation' of the axis of 
the parabola given by eaciTof the following equa-tloris. 



(a) 


y 


= 2(x - 3) 2 + k 


(b) 


y 


= -2(x - 3) 2 *-k 


(c) 


y 


= (x + 3) 2 


(a) 


y 


= - |<> - l) 2 - 1 


(e) 


y 


= 3(x + l) 2 + 2 


(f) 


y 


- 2) 2 - 3 



22/ Determine the^extremum point' of each graph, in Number 21 and tell , 
whether it^'a mafcjmum or minimum/ 
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For each of the following pairs of equations, given that (u,v) is 

on 'the graph of the first equation and (u,w) is on the gra^h of the 

second, determine the values of u for which v < w, V = w, v > w, 
(a) y = 2(x - 3) 2 + 6 * 



y = 2(x - 3)2 



-V 



(b) y = 2(x - 3) 2 + 6 
. y" = -2(x - 3) 2 - 6 / *' 

(c) . y' = 2(x - 3) 2 ^ 6 ' 

y = 2(x-+ 3) 2 + 6 t - 

Write each of the, following equations in the form'*y = a(x - h) 2 + k. 
2 

(a) y = x - 6x + 9 

(b) y = 2(x 2 - 6x + 9) 

(c) ' y = 2x - 12x + 18 Vk^,- r-L * v .„. 

(d) ' y = 2(x 2 - 6x + 9) t ** " ' 

2 - - - . ' * 

(e) y = 2x - 12x + 22 + 

(f) . y = -2(x* - 6x + 9) ? ' 

2" ' • 4 

(g) y - -2(x - 6x + 9) + k , 

(h) y = -2x 2 + 12x.- Hi 

(i) y = x + 6x + 9 

2 

(j) y = x -^2x + 1 # . 

^^ 12.1 • - 

(k) y - - ^ x + x - ~ * _ ^ 

(1) y = -|ix 2 + x-"| 

2 •■ , 

(m) y = x . + 2x + 1 * 

* 2 * 
(n) y = 3x + 6x + 9 

2 * 

(o) y s 3x + 6x + 11 

(p) y = x 2 - 4x + k 

(q) y = ^(x 2 - kx + jO ^ 

/ \ x 2 * i* 11 «' 

(r) y = T ^.-x 
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25. For the function f : x -» ax ^ + bx + c, % af$ 0, prove that if 
f(x x ) = f(x 2 ) = 0, then ' - 



~ x, or* * n = 



-b i VV - 4ac 



1 ~ ~2 2a — 



r 



8 





1-3* . Polynomial Functions of Degree Higher Than One 

Most of our initial "work wi£h polynomial^functions will be concerned with 
two related\ problems: 

L 

Problem \1. Given a function f and any number x in its- domain, 
•find/f(\:). 

Problem 2y Given a function f and any number y in its range, find 
all numbers x • such that f (x) = y; in particular, find those values ' 
of x ' £or\ which y = 0, i.e., the zeros of f. 

Later we shall study the second of these two problems. 

Soon we shall also develop techniques for determining maximum and minimum 
points, intervals of increase and decrease and behavior for large values of x 
for polynomial functions of degree 'higher than two. As in the quadratic ex- 
amples of the previous section these techniques will enable us to sketch 
graphs of higher degree polynomial" functions very 'quickly . For now we con- 
sider Problem 1. To graph polynomial functions and find the solutions of 
polynomial equatipns, it is important to evaluate a given f(x) for different 
values of x. For example, to graph 



3x 3 - 2x 2 + x - 6, 



we may want the values ffx) at x = 0, 1, 2, 3> etc. Of course,* we may 
obtain these values by direct substitution, doing all of the indicated multi- 
plications and additions. For most, values this is, Jtedious. Fortunately, 
there is »an easier way which we. shall, gall ^synthetic substitution . To under- 
stand the method, we shall analyze a few easy fexamples . 

. Example V/^a' . Find the value of" ' „ 

• . f (x) = 2x 2 - x + 3 ""at x = k. 

We wr.it e 1 , 

• ** 
f(x) = (2x - l)x + 3- 

When x #> k, this becomes 

[2(*0 - l]k + 3 = 31. 

Note that to evaluate our expression, we can " 

/ • 

T 

^ ' . ... V ...... J - V... 



• 39- r - 



ii) Multiply 2 (the coefficient of x ) by k and add this 

product to -1 (the coefficient of x); 

(ii) Multiply the result of (i) by s * k and add this product to 
3 (the constant term). 



Example 1-frb . Find f(3), given 



f(x) = 2x 3 - 3x + 2x + 5. 



We may write f(x) as 



or 



(2x - 3x + 2)x + 5 
' , [(2x - 3)x + 2lx + 5-' 



To find the value of this expression when x == 3> w e may start w.ith the 
inside parentheses and ' ^ 

0 o / 

(i) . Multiply 2 (the coefficient of, x" 3 ) by 3 and/add this product 

to -3 (the coefficient of , x 2 ); * / ' 

i r * 

(ii) ^ Multiply the result of (i)*by ^3 and add this/product to 2 

(the coefficient of x); . ( - / 1 v 7^ 

(iii) Multiply the result of (ii) by 3 and add this" product to 5 
(the constant term),. 

The result is f(3) = 38. 

•* These steps can be represented conveniently b^ arable whosfe first row 
consists of the coefficient^^ the success iye^powers o^f ^ x in descending 
order: (The number at thefar%jight is the par^Lcu^^^iue^pf x being 
substituted.) ■ ff V 

■\\ : 

(2.-3) = • 6 (3 -3) » 9 (11 -3) = 33\ 



/ 



-7. 



' '38 \ 
/ 



When this tabular 'arrangement is used, we proceed from left to right. We 
start the process by rewriting the first coefficient 2, in the thiStd row?** 
Each entry in the second row is 3 -times the entry in the third row of the 
preceding column. Each entry in the third row is the sumj>f jbhe two/. entries 
above it/ We ncrte that the result 3°, can be checked bg direct substitu- 
tion. ; 



Nov let us consider the general cubic polynomial . \^ 

> 

f(x) = a^ + a 2 x + a^ + a Q , a^ / 0* 
When x .= c, we have 

f(c) = a 3 c J + a 2 c + a^ + a Q , 

which may be written . « * ^ * 

. V f(c) = [(a 3 c + a 2 )c + a^c + a Q . ' 

Again the steps employed in the procedure can be represented in tabulsfr form: 



a 3 c 



(a 3 c + a 2 )c [(a^ + a 2 )c + a^c 



a 3 c ♦ a 2 



(a 3 c + a 2 )c + a 1 



I 



f(c) 



As in^ earlier examples, the number *being substituted is written to the right 
of the' entire array. 



Example l-frc . Given T(x) = ^rr - 2x + x - 6, determine f(2j . 

y-- -2 i\ . -6 * , 1 2 

6 8 IB . 



3 ^ 9 12 

Now 12 is tile result sought, namely f (2) * This may be checked by direct 
substitution: * * 

f(2) = 3(2) 3 - 2(2) 2 + 2 - '$ = 2k - 8 + 2 - 6 = 12. 

* * « 

k ' 2 

Example 1-^d . Given f(x) = x - 3* + 2x - 5, determine f(3)- Note 
that a 0 = 0 and that this number must be written 1^. its appropriate place 
as one of the detached coefficients in the first row. 



1 ■ 


0 


-3 


2 


-5 




3 


9" 


18 


5 6o 


1 


3 


6 


20 


, 55' 



Thus,^ ^(3) y = 55> whicji^ as. before,, may be checked by direct substitution.^ 

With a little care and practice, the second line in* the above work car^, 
often be omitted -when c " is- a small integer* 



1-lt 



H ^ 2 

Example l-ke . -Given /f(x) = x - x - l6x + ,**x + 1*8, evaluate f(x) 
for x = -3, -2, -1, 0, U 2, 3, ^ 5- 

v We detach the coefficients/ In order to avoid confusion, it is sometimes 
convenient to write them down at the bottom of a sheet of scratch paper and 
slide this down, covering £t^each stejj^the work previously done. As suggested 
above, we omit the" second line in eacii evaluation and write the value of x 
we are using adjacent, to the answer./ The results appear in Ta1)le 1-ta. 

The last two columns now becdme a table of f(x) and x« I{ote that the 



row that corresponds to x = 0 tfas the ^aije entries as the coefficient row. 

Table 1-^a 
I* 



) 



\ 



Coefficients of 



3 



l6x + kx + k8 



1 


-1 


. i.6 


it 


i»8 




1 


-I* 




16 




0 


-3' 




1 




i -io 


2'!t 




0 


-2 




1 


-2 


/ .11 


18 




30 


' -1 




1 




-16 - 


it 




48 


0 




1 


On- 


-16 


-12 




36'' ' 


1 




• ]/ 


1 


-1* 


-2k 




0 - 


2 




1 


2 


-10 


-26 




'-30 


3 




' 1 


3 


- It 


-12 




0 






1 




• 


21+ 




168 

f(x) •! 


5 

f x 

















The method described and Illustrated above is often called synthetic 
substitution or synthetic divisign^ in algebra books. The word "synthetic" ^ 
W^terally means "put together," so you can see how it is that "synthetic 

substitution", Is appropriate here; later we shall illustrate why the process 

----- - ^ t 

is also called "division." The method gives ji quick and efficient means of ■ 

evaluating »f(x)^ and we are ndw able to plot the graphs of polynomials more 

easily than would- be the case if the values of f(x) had^to be computed by 
direct substitution. ' # • 



9 



'52 



k2 



* 1-1* 

» * 

Example 1-kf . * Plot the graph of the polynomial function 

f : x -^2x 3 '- ^x 2 - 12x + 13, 

We prepare a table of values of x and f(x) by synthetic substiVu^X' 
tion, and then plot the points whose coordinates (x,f(x)) ^appear in Table 
1-fcb. 



J Table l-l*b 



Coefficients of 


f (x)^= 2x 3 


- 3x 2 - 12x + 13 


2' -3 


-12 


^15 



2 

2 
2 
2 
2 
2 
2 
2 



-9 
-7° 
-5 
-'3 

Vl 

1 

3 
5 



15 
2 

-7 
-12 

-13 
-10' 
-3 



/ 



-32 
9 

20 

•13 
0 

-7 
1* 

1*5 

— t 



f(x) 



From the table we observe that the points (*,f(x)) to be plotted are 
(f 3,-32), (-2,9), (-1,20), etc. These points are located on a rectangular 
coordinate system &s .shown in Figure l-4a. Note that we have Chosen different 
scales on the axes for convenience in plotting. 



. \ 



1 ' f '.' j 
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*3. 



53- 



/ 



■* f(x) 



1*0 



30 



(-1,20) • 20 
(-2,9) • 



r 



• (M5) 



(0,13) 



• (3,>0 



• '(-3,-32) 



-1 0 



-10 



-20 

''• -30 



1 2 '3 

• (2,-7). 



Some Points, on Graph of 
: x'-i 2x3 J .-2 



3x~ r 12x + 13 
Figure l-4a 



/ 



Now'the problem is how best to draw the graph* We shall assume tha/t the 
graph has no breaks. The question remains whether the points we have already 
plotted are sufficient to give us a fairly accurate picture of the graph, or 
whether there may be hidden "peaks" anfl "valleys" not shown thus far. We are 
not in a position to answer this question categorically at present, but we 
" % can shed Wther light on it by plotting more points between ; those i |ljReja_^y , 
located. "By use of fractional values of. x and the me.thod of sytithetic ^ 
substitution, 'table 1-Ub is extendftfc as shown in Table l-i*c-. 



1-k 



Table l-l»c 



; Coefficients of f (x)- = 2x 3 - 3x - 12x + 13 



-3 



-12 



13 



2 


-8 


8 * 


-7 


. 2 

2 


2 


-6 




35 
2 


2 


* 2 


-ii 


-10 *r 
i 


18 • 




2 


-2 


-13 


11 

2 


2 


1 2 


0 


-12 


r5 


3 
2 


2 


2 


-7 


9 
" '2 


2 v 


2 


Ik 


2 


20 


I 1 
2 








*(x) 


X 



When we fill in these points on the graph, it appears that if we connect the* • 

j 

j points by a smooth curve, we pught to have a reasonably accurate picture of 
the graph of f in the interval from -3 to k* This is shown in Figure 1-kb . 
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* Exercises 1-k 

1. Evaluate the follow ingf""polynoraia Is for the given value^ of x. 

(a) f(x) * x k + x - 3; x = -2, X, 3 

(b) f (x) = x 2 - 3x 3 + x - 2; x ~ -1, -3, 0, 2, k ■ ^ 
; ^ (c) g(x) = 3x 3 '- 2x 2 + 1^ x = \, j, 2 

(d) r(x) = 6x 3 - 5x 2 - 17x * 6; x -| f |o 1 |, i, 2 

(e) s(x) = 6x 3 - 29x 2 + 37x - 12; x = 0, I, 2, 3, U 
* (f) F(x) = 3x k - 97x 3 + 35x 2 + 8x + 2; x = | 

(g) G(x) = x 10 - l*x 3 + 10; x = 2 * , 

2. If f(x) = *2x 3 - kx 2 + 3x - 2k, for what value of k will f(s) = 
• * •* -»/ 

. 1 3. If* f(x) = x 3 + kx 2 - 3x, for what value of _ k will f(2) = 2? 

5*ind the value of each of the following functions when x = VlV 

»* (i) * -»2 , , / , 

(ii) x -»2x -'7 

9 - fc -I ' v 

(iii) x -»2x - 5x - 7 ' *" 

( iv) * x -» ^x 3 - 3x 2 - 12x. + 13' ' 

** *' ' 

(b) Plot the^ graph of the function ^ • \ J , 

x -> 2x J - 9x + 20.- , \ 

* „ 9 

(c) Compare your** sketch of part (b) with the graph of » 
f : x -> 2x 3 - 3x 2 - 12x* +- 13. in K^gure l-l*b. ^ i ^ - 

5. (a) j Find the value of each of the following functions when x = 1» 

lr . , 

_ ^ x ; (i> x^2 . - ^ • • < - * • 

(Ui) x -»2x - x v - 13 ^ 1 

(iv) x ->2x J - 3x - 12x + 13 ' 

. (b) Plot the graph of a the function 1 » 

o 2 ^ 1 

x -> 2x J + 3x - 12x. ' ' 

S . . ■ ' > \ , • 

'(c) Compare your sketch of part (b) witn the graph of \ * 

/\ . f x ->2x 3 - 3^ - 1& + 13' in Figure \-kb. , 4 - \ v 

o - ; 5/ • 
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6. Plot the graph o£ each of the following functions and compare each -graph 
wittAhe graph of f : x 2x 3 - 3x 2 - 12x + 13 in Figure l-4b. 

% X "* " 2x3 + + ^ X "*" 13 

(b)^x -*2x 3 - 3x 2 - 12x ~ * \ 

Plot the graph of * each of the following functions. 



7- 



(a) 



,3 



.J 



(t>) x «■* x J + It 

x - (x - 2> 3 

Plot the graph of each of the following functions. 

(a) x -»x 3 +*^x 2 + 4 

(b) x x 3 + 3x 2 

(c) x^ (x + iy + 3(x + iy 



10, 

li. 



Sketch *the grfcph of- each of 4 the following functions* 

(a) x -» 2x 3 - 12x + 18 

(b) x 2x 3 - 12x b , 

3 (c) x -*"2(x - 3) 3 - 12(x - 3) ■ 

4 3 * 

* Sketch, the graph of ' x -» x over the interval - - < x ^ 

Plot the grapir of ^each of the following functions. v 

> • 

(a) • x -* x - 2x* - 5x % 6x ; t * v A 



(b) x -x 11 + 2x 3 +. 5x 2 



12. 



(c) 

For f 



4 3 
x -» x + 2x J 



•5x 2 



- 6x 
6x 



2 o 3 ' 4 • 
x 44 + 4xi - 13x * lox ■* 9x we give some of the functional 

r ' V| - • • . 

values in the following table. v - * * • 



1 


X 


-2 

~ i ■ - ^ 


-1 


5 

• f ' 


1 : 


r ^2 




/ . 


f(x) ' 


-304 


' 0 , 






* 0 


-304 



(a) JFrom the table* estimate the val^ue^oy x for which the fymction has. 
*a roa'ximunr value •'' k 1 

. « r- • ' 

(b) ' Sketch the graph of f, 'with sgecial care given to the interval 
. 0 < x , < 1 . 4 - * ' . 



13. Approximate-e3the< maximum value of the function 



f' : x -» 39 - 64ox 2 - !2jBx ? - 6|i0x^; 
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1-5 

1-5- Remainder and Factor Theorems t 



Momentarily we shall turn away from graphing and take another look at the 
process we. ^escribed in Section 1-1*. , in order to develop some theorems* that 6 
will be useful in finding the zeros of polynomial functions/ The synthetic 
substitution used. to determine f(2), given 



" ^k: x 3 - ^ 2 



-» - 7x + 3x - 2 
will be the basis for tfois. development, so let us examine it closely. 

1 * -7 3 -2 > | 2 



-7 

V 

2 


3 
-*P 


-2 
-ik f 


-5 


-7 


-16 



We' rewrite the first row in the synthetic substitution as the given*||jly\ 
nomial £by restoring the powers of x), and then attach the same power of x 
to each>ntry in a given column. Thus we obtain 





1x3 


-7x 2 +3x 


-2 






2x 2 - -lox 


-Ik 




- 1x3 


2 

-5x -7x 


. -16 



The polynomial in^the third row is the sum of the two^preceding polynomials. 
* 3 * 2 

Sftice f (x;) = x J - Jx + 3x - 2 - and f (2) = -15, the above addition can be - 
written *X * ' 

: , f(x) + 2x 2 - 10x * Ik = x 3 - 5x 2 - 7x^+ f(2)/ * '/ . 
* f , . . " < 

, t By factoring, we may write r % • * , * 

* { f(x) + 2(x 2 - 5k - 7) = x(x 3 - 5x - .7) + f(2).~ 

Solving for f (x) , we have % < 

f(xj.-x(x 2 r 5x*- 7) - 2(x 2 .- 5x - ]L+.f(2); , ^ - 

or f(x) a (x^ 2)(x 2 - 5x - 7)/'+ f(2) . 

The form of this expression may look familiar, 'it is, in fac$, an 

example of the division algorithm: • * • 

* / ^ 

Divfdeifd = (Divisor)(Quotien-Q* + Remainder. ' ^ 

In our*;example, if (x - 2) is the divisor^, 'then 

\ x ^ \ v ' 

/ * - p . 1 * * 

. " ' f q(x):= ~ 5x -» V - ' p ■ 

' \ I 

3 \ i 

er?c ' . .; . | _ . ' ]■;■■ 
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\is the quotient, and f(2) is £he" remainder. This result may be generalized 
[t is of sufficient importance to be stated as a theorem. 

REMAINDER THEOREM - If f(x) is a polynomial of degree n > 0 and if c is 
a number, then the remainder in the-division of* f(-x) by x t c * is 
f(c). That is, 

3 

■ , f(x) = (x - c)q(x) + f(c), 
where the quotient q(x) is a polynomial of degree n - 1. 

* * * 

Proof. We shall prove the theorem only in the case of the general cubic 
polynomial, 

f(x) = a 3 x J + a ? x •+ a x x + a Q . 

Following the pattern of the previous example, to determine f{c) we ^rirte 
the synthetic substitution 4 

a 3 a 2* a l. * a 0 

a c (,a c + a^)c (a c + a 2 c + a^)c 

1 ' J ~ 2 — ' 5 *S £- F *£% ' ' — ~ 

(a^) (a c + a 2 ) (a^c + a 2 c + a ± ) (a^c° + a^c + a^ + a Q ) • 

As before, writing in the appropriate powers of x > we S e ^ 
3 . 2* 

a 3 x + .a 2 x + a x x -; + a Q 

2 ' 2 

+ a^cx- + (a^c + a^cx * + ^ a ^ c * a 2° + a i^° 

o 2 2 *3 2 

a^x J + (a^c + ag)x + (a^c 4- a 2 c + a^x + + a 2 C + a i c + a o^ 

We note that the polynomial in the third row is the sum of the two preceding 
polynomials, that the Dolynomial in the first row is f(x) and that 
X&jX +*a 0 c + a c + a n ) is f(c), . Hence we may write 

«* 

^ f(x) + c[a 3 x 2 + (a 3 c + a 2 )x* + ia^' + a 2 c + a^] = 

'2 * 2 * " v -^"^-'^'^ 

x[a 3 x + (a 3 c + a 2 )x + (a 3 c + a 2 c + a^ ] + f.(c). 

Thus we have ■ ; • . •» 

, # f(x) = (x - c)[a 3 x 2 + (a 3 c + a 2 )x + (a^ 2 + a 2 c + « x ) ] + f(c} 

or , • f{x) = (x - c)q(x) + f(c). ' • 
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The process is the same for higher degree polynomials. It gives 

' f(x) = (x c)q(x) +.f(c),, 

where q(x) is a polynomial of degree n - 1. ' 

If the remainder f(c)_ is zero/ then the divisor x - c and the 
tient q(x) are factors of f (x) . Hence, we have as an immediate consequence 
the Factor Theorem.' 

FACTOR THEOREM . If c is a zero of a polynomial function' f of degree 
n !S0 > then . x - c is a factor of f(x), and. -conversely. ' . 



We Know from the Remainder Theorem (applied to a cubic function) flJat 
there exists a polynomial, q(x) of degree n - 1 such that ' 

f(x) - (x - c)q(x) + f(c). 

4 " -iff* ~ ~ 

zero of .then f(c) = 0- and ■ — . , 

- > I f.(x) =* (x - c)q(x), . ^ ' 

Hence, x - c is a factor of f(x), by definition. 

**■ >" , 

* Conversely, l||rx ; j c is a factor of £(x) 4 , then by definition there 

is a polynomials q(x) such that 



For* x = c, we obtain 



f(x) -,(x - c)q(x). 



f(c) = (c - c)q(c) * 0, 



J 
U 



and hence c . is a zero o£^ f. 



Example l-ga . Fipd the quotient and .remainder At 

' .f(x) - 6xL+ x - 5 

is divided by x - 3.~ . • 



-6 l. ' -5 



bL 



v. 

Hence, 
and 



q(x) = 2x + 1, * • ' 

. ' \ f(3) - -2, , 

^2x 3 - 6ic 2 + x - 5 » (x - 3)(2x 2 + 1) - 2, 
51 



Example l-5b.' Show that* x - 6 is a factor of 



f(x) = x - 6x + x - jS, 



and find the associated q(x) 



-6 ' -1 

6 0 

-i— 



Here, f(6) = 0, q(x) - x + 1, and 

f(x) = (x - 6)(x 2 +1). ' 

V , 4 

* In testing, for the divisibility of a ^polynomial by ax + b, a ^ 0, we 

write * — 

- ° ' * 

.ax> b •= a(x + £) =^a[x - (- £)] 

and see whether f(- j^) =0. By the Factof'Theorem, ax + b is a factor of 
" f(x) if and'only**if f(- -) = 0. (Note that - - is the root of ax + b = 0.) 

- a ^ a 

In applying the Factor Theorem, it may sometimes be easier to compute 
f(c) by direct substitution, rather- than by the method of synthetic substi-, 

tut ion. Thus, to show that x - 1 is a factor of 1 ♦ 

< » 

we note that . f(l) = 2-1-1=0. 

, Evaluating f(l) .by the synthetic substitution method would take considerably 
longer. ' *' 

At this point ^ou may wonder what to do when confronted with a polynomial 
such as ' rj , 

. 8x^ - 28x 3 -'62x 2 + 7x + 15,. . 

Jf which you might like to factor* ^Note that the Factor Theorem is* only a testing 

device. It does pot locate ze*os of polynomial functions/ (Methods, other 

tlian blincf guessing, 'for doing this will be developed later.) c - 

% « * 



\ 
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Exercises 1-5 * 

1. Find qW* and f(c) so that f(x) = (x - c)q(x) + f(c) i? 

(a) f(x) = 3x 3 + hx 2 - lOx -15 and c = 2 , 

(b) f(x) = x 3 '+ 3x 2 + 2x + 12. and c = -3 1 < 

(c) f(x) = -2x + 3x J + 6x - 10 and c = 3 * • 

(d) f(x> = 2x 3 - 3x 2 + 5x - 2 and c = i M 

2. Find the quotient and remainder when, ' * * 
• (a) x 3 + hx 2 - 7x - 3 is divided by x - 2 

(b) x 3 + 3x 2 - h is divided by + 2 j 

(c) 3x 3 + kx 2 - .7x + 1 is divided by 3x - 2 "* . 

3- K If f n (x) is divided by g^x) ^ 0 ' so that a quotient q(x) and a 
remainder , r(x) are obtained', what is .the degree of q(x)? of r(x)? 

k. Give a linear factor of each of the polynomials. 

, (a) r(x) = 6x 3 - 5x 2 - 17x + 6 V 

(b) s(x) = 6x 3 - 29x 2 + 37x - 12 

5* Consider the function f ; x -t x 3 + l*x 2 + x - 6. , , , 

(a) Determine f (-3) , f ( -2) , f ('-l) , f (0) , f (l) , f (2) , and f (3) . 
..(b) -Factor f(x) over the' integers / 

6/. l£ f(x) = 2x 3 + x 2 - 5x + 2, determine f(x) at x = -2, -1, 0, 1, 2, 



and - . Factor f(x) over the integers, 

^v 2 ' " / 



■ 7. If f(x) = x 3 + 3x 2 - 12x r k, find k so thai f (3), = 9: 
8. Find a value for k so that ' - . 

' ' — * K ■ ' S 

x 3 - x^ + kx /V2 < - 

» 

ijs exactly^ divisible by x - 3, ' 

f 

9* Determine f(l) if f(-l) = 0 and 

f : x -> ax 5 + ax 11 + 13X 3 - llx 2 - lOx - 2a. 

r 
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10. (a) Divide- x 5 + * - 5x 3 - x 2 + 8x - 1* by x - 1. 
Tb) Find g(l) if g : x -*.x k + 2x 3 ' - 3x 2 - **x + k. 

(c) Determine a, 0, and r if , mS ? 

* + x k - 5x 3 - x 2 + Bx - h - 2 , „ ' 
* = coc + px + y. 

(x - 1) 

(d) Determine, A, B, C, D, E, F if, for all values of x, 
(x - l) 3 (x + 2) 2 = Axp + Bx 1 * + Cx 3 + Dx 2 + Ex + F. 

11. Consider the function f x -* x - 3x. We submit a table to show three 
successive synthetic divisions of f (x) = x 3 - 3x and, resulting quo- 

, x . tients by x - 2. c 




(a) 


Determine 


. g(x) and. 


f(2). if 








f(x) = 


(x - 2)g(x) + 


f(2)C 


(b) 


Determine 


p(x) and 


g(2) if 








g(x) = 


(x'- 2)p(x) + 


g(2). 


(c) 


Determine 


q(x) and. 


p(2) if 






; \ 


. p(x).-=- 


(x.--,3)<}(x)-.+ 


p(2). 



"(d) What is 3(2)? * - , 

(e) : Show that, for all x, we can-write * • ( 

f(x) = (x - 2){(x - 2){(x - 2 : )q(2) + p(2)) * g(2)} + f(2).- 



1-5- 

tf) 'in Chapter 2 we shall find it useful (for analysis and translation) 
to be able to express a given function in terms of x - a.< We have 
already developed the equipment necessary to do this for a simple 
polynomial function such as f : x -» x 3 - 3x, with a = 2. Using) 
the^ results of , parts (a) through (e) of £his problem determine A, / 
B, C and D if, for all x, 

3 



f(x) = x- 



3x = A(x - 2) 3 + B(x - 2) 2 + c(x 



-2) + D. 



(g) Sketch the graph of the function 
» 

f : x x 3 - 3x. 

(h) Sketch the graph of the function 



F : x -» x + 6x + 9x. + 2. 



■ x 
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1-6 * -* ' • - * 

1-6. Locating Zeros of Polynomial Functions . 

Fr«m the discussion in the previous section we know * that a number r is 

a zero of a polynomial function f if JP(r) = 0. Furthermore we know that 

the zeros of first and second degree polynomial ^functions can be found by 

solving linear and quadratic equations, for* which there are simple formulas. 

* 

We know how to find the zeros of polynomial functions of the first and 
^second degree. * , 

If f : x ->mx + b, m t 0, then f(- -) = 0. 



/2 

If f : x -* ax 2 + bx + c, a £ 0, nhen f( — - ^ " ** ac ) = 0. 

Upon examining these solutions, mathematicians noticed that the zeros are 
expressed in terms of the coefficients by formulas involving only 1?he rational 
operations (addition, subtraction, multiplication, division) and the extrac- 4 
tion of rpots ^f numbers, and believed that it might be possible to express > 
the zeros of functions of higher degree than the quadratic in the same manner. 
In the first half of the sixteenth century such formal expressions for the 
zeros of "the third and fourth degree polynomial,/ unctions jwere obtained by 
Italian mathematicians. Unfortunately, these formulas are too complicated to 
be of. practical value in mathematical analysis. Mathematicians usually find 
it easier even in theoretical questions to work with the polynomial rather 
than with any explicit expression for the zeros. 

While these explorations produced some significant, if largely peripheral, 
results, they werelater abandoned to be replaced by better procedures. Having 
rejected the pursuit of formulas to solve equations of higher degree, mathe- 
maticians came lo believe that perhaps the most fruitful path was to guess at 
the solvit ions . 

Inspection of the x-intercepts #f graphs we have sketched in earlier* 
sections enables us to approximate zeros of polynomial functions. But plotting, 
graphs is ft t^me-consuming, and there are better methods. Inherent in She pro- 
cess of preparing a table for graphing, however, is information that helps us 
to make intelligent' guesses about the zeros. This information is contained in 
the following theorem. , ' 



/ 
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THE LOCATION » THEOREM . * If f is, a. polynomial function and if a and b are 
real numbers such thaj^ffa) and * f(b) have opposite^ igns, then there 
is at least one zero of f • between a and b. 



Geometrically this theorem means thaVthe graph of f from - (a ? f(a)) tc 
(fc,f(,b)) intersects the x-axis in at least one point. 

In Figure l-6a we illustrate the 
Location Theorem wit?! the observation 
that f(a) and f(b) are' of opposite 
sign so that f must have*at least 
one zero^ between" a ^.nd b. 




The Location Theorem depends upon 

the fact that the gra^h of a polynomial 

function has no "gaps", and hence can- 

not have both positive and negative 

values without crossing the x-axis 

Vi between. A complete proof of this 

makes Use of a suitable formulation of the fact that the real line has no t 

r? 

"gaps" and will be discussed further in the appendices. Since the Location 
Theorem seems intuitively plausible we , shall .assume that it is true and con- 
centrate on its consequences ° 



Figure l*-6a 



Example l-6a , Given that the polynomial function 



f : x -» 12x- 



8x" 



2lx * ik 



has three real zeros, locate each of them between^two Consecutive integers. 



We use the* Location TJheorem to search for values of f(^) that are 
opposite in sign. It is convenient to do this in*a systematic way by 7 syn-^ 
thetic substitution, setting down the wor$ aa ip. Table 1^6a. 
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*\ Table l-6a ■— ^ * *■ ^ iv ^^ s ^x t 



Lo6atjjag the 


Zeros 


of f : x 


- 12x 3 '- 8x 2 - 2lx + 




Q 

-o 


— £ J. 


ill 




12 
12 
12 


o 
-0 


-cl 

-IT 

«p 


1 If 

-3 
36 


4rzero *-,-->v^. 
•2- -/-—" - 


* . 12 


28 


✓* _ 
o3 


203 


3 ' - V? a , 


12 


-8 


-21 


11+ 


0 


12 
12 


-20 
-32 


-1 

^3 


15 
-72 


s -1 * ^ v . 




f(x) • 


x 



The intervals that contain the real ^eros of f are indic^f^d "fcy^the 
arrows at 'the right'in the table. Thus, we see that the real £eros -o&'f 
are located between 0 and 1, between 1 and 2, and betweenp-f£f^and 



^ We hasten to add that it is entirely possible for f to have zeros 
between a and b when f(a) and f(b) have the same sign. We illustrate 




Since the problem of locating zeros of a polynomial function fs^e&s en-* 
• tially a matter of trial, we should ask the very practical question:..; "How 
far should we extend the table of fc x and »f (x) when we search for tt\e loca- 
' tions of the^ zeros of t3 u > 4 In Example l-6b ttfis question arises. 




Example i-6b . Locate the real- -zero's of ^ f :/je — 2xt-- x 7) 2x + 6. 

We repeat a procedure similar to Example l-6a and compile Table l-6b. 

; *^ ^Table l-»6b ^ 

Locating the Zercrs of j ; x 2x J - ^ - 2x -k 6 



2 


• -1 


-sr ' 


» > 6 « 






' 2 

* — » 


-1 


-2 " 


.6 '• , 


N * 




2 


1 . 


-1 




1 




2 


3 






2 




2 








<* 

3, ^ 




v • 2 


.-1 


-2 


-6 . 


l ' 0 




2, 


-3 


1 


5 






" •%* 


-5 


' 8. 


-iq 






2 


- ? -7' 


19 


-51 








f(x) 


x 















The Location theorem tells us' that there is at^least&one rea^ zero r 
between -1 and *-2. 'We can then write , ~~ 



where has degree 2, say 



f(x) * [p* r)q(x) 



fit?) 

i2 



ax + bx + c. 



/ 



Depending upon the sign of t - kac, .tliis will have two distinct real zeros, 
one repeated %eal ^ero or tw6 complex zeros/. Thus; there are fcfar possibilities: 

(1) > there may be one, t&6 r< or three real zeros, all contained in the 
' interval between -1 ' and *-2, * .* * * 

(2) two zeros* may be complex, in which case tfieae is only one^real 
zero, ^ » - 

(,3) one -or* two real zeros may be in some other interval of the table ^ 
. between successive" integral values of x, or 1 ^ * 

[h) one or two real zeros may be in intervals outside the values of x 
shown in the table. . - * 1 



i -ft ^ 

While it is difficult to rule out the 'possibility of complex zeros or 
zeros between other entries of the table we can at least show that no roots 
can occur outside the interval -2 < x < 2. 

.Possibility (k) appears unlikely for the simple reason that when we 
evaluated f(2) = Ik, \ll the entries in the corresponding row of Table l-6b 
were positive. They will be still greater for gVeater values of^ x; the 
table shows this, for x^= 3, and you can che'ck it yourself for x = k. 'Thus 
it appears that for x > 2, f(x) must be positive, so that there cannot be 

• • - v »■ 

a zero of f greater than 2. We shall prove this, as well as the fact that 
t^re oannot be a zero of the given polynomial less than -2, by application 
of the follow ing, theorem. 

UPPER BOjJTO THEOREM FOR THE ZEROS OF A POLYNOMIAL FUNCTION* Suppose* f is a 
polynomial function with f(a) > 0 for a > 0. If 
f(x) = (x - a)q(x) + 4 f(a) a*id if all the coefficients of q(x) are 
positive, then all the real zeros of f are less than a. We then 
^ call a an upper bound, for the zeros of f . 

Proof., For x *= a, f(x) = f {af > 0. For x > a, by hypothesis, 
x^ - a, q(x)^ and f(a) are 'all positive. Thus, x >a is not a zero of 
f,* and all real zeros of f must be less than a. 



fyow you will see from Table l-6b that 2 is an upper bourfd of the zeros 
of the given polynomial. We really did not need to evaluate f(3)» 

What about a lower bound for the zeros? Since any negative root of 
f (x) = 0 " is a positive root of f (-x) = 0, if we find an upper bound for 
-the positive roots of f(-x) 0, 4ts negative will be a lower bound for 
' the -negative roots of f(x) = 0. Let us apply this test to our example. 

• From the given polynomial , » 

- , f(x) = ;2x 3 - x 2 - 2x + 6, ' f 



we find that 



•1 



• • / . f(-x) = -2x i '- x + 2x *- 6. " ■ . 

* 

Since we are .trying to find the roots" ©f the equatiqn,, f(-x) 0., it will 
fye les-e confusing to multiply each' member of ibhis equation by -1 in order 
to have a ta&ttve coefficient £or the third degree»term. ^Thus .we'have 

-f(-xT^2x 3 + x 2 7 2x*- 6. 
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Using synthetic substitution, we'obtain the resulta shown in Tabie l-6c 



for positive values cff 
V 


X. 




Tabie l-6c 


• 


/ 


Evaluating 


-f(-x) = 2x 3 


n'x 2 - 2x - 6 




2* 


1 


-2 


-6 






2 


1 


-2 


"6 .* 


0 




2 
2 


3 
*5 


' 1 

8" 


-5 

10 


1 

2 


* 


2 


7 


19 


51 


3 




4 






-f(-x) 


X 



This table tells us two things. FirSt, a positive root of j-f(-x) = 0 
occurs between 1 and 2 f which means ttet a negati-ve root of f (x%^= 0 
Occurs between -1 and -2, as previously shown in Table l-6b. Secondly, 
2 is an upper bound for the roots of .-f(-x) * 0, and hence*; -2 is 0 a , 
lawer bound for the roots of f(x) = 0. This is a the conclusion for which we 
have been searching. actual practice, nowever, i^ is unnecessary to 
evaluate -f(-x) to find a lower bound for the zeros of "f . Notice in 
Table. l-6b that the synthetic^ substitution for x = -2 gives* alternating 
signs for the coefficients of* q(x) and f(-2). * s 

* Suppose a "negative 1 number a is substituted (synthetically) in f(x). 
If the coefficients of q(x) .concluding with the number f(a) alternate 'in 
sign, then all of the real zeros of f are greater than a. We Vay that a. 
, is lower bound for .the zeros. 

In -Example l-bi, we have found that 2 is an ugper bound and -2 is a 
lower bound 'for the real zeros of the given function. Hence, all the real 
zeros of f are contained in the interval -2 < x < £ and we have found 
that one zero lies^between. -1 ^and -2. 

Methods for showing that, in fact, has only one real zero (which we 
know n must lie in the interval -2 < x < -l) are beyond the scope of this 
section. 
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. Exercises 1-6 '*."X' ■ ' ■ 

Find intervals between consecutive* Integers that oontain tne real zeros 
'of f," given that: / _ 

(a) f(x) = - 3* + 3 , •' ' ' 

(b) f(x) ="3x 3 + x 2 + x * 3 

(c) . t(x) = 9 - x - x 2 - x 3 

(d) f(x) = 3x 3 - 3x * 1 (Hint: evaluate f(|).) 

7 2' ~ / ' 

( e ) ffi) =-2x^ - 5x - x + 5 

(r) 'f(x) '=-^ 3 - 3x 2 + 6x - 9 

(g) /(x) - x k - 6x 3 + x 2 + 12x - 6 • 

Determine the values of k fc*r; which ^ f(x)^ = x° - 2x + 3x - k has at 
'least one, real zero between 

(a) - 0 and 1 

(b) 1 a-nd ' 2 *■ « V 
In Example l-6b we located at least one zero of 

f : x -» 2x 3 " - x 2 - 2x + 6 V 
between -2' and : 1 (Table l-6b) . While that example served primarily 
as a vehicle for the development of larger considerations we\ afford you 
the satisfaction of completing rt here. 

( a ) Eva luat e f( - « % * , / 

(b) Divide % 2x J - x - 2x + 6 \by x + - . 

2* * * * ** 

(c) For what values of x does 2x - hx + = 0?^ 

* "32 

(d) How many times does the graph of f : x -» 2x - X - 2x + 6 

cross' the x-axis? / ' . 

(e) How njany. real zeros has the function f : x ^ 2x - x - 2x' +, .6? ^ 

^ 2 

' (?) What are the zeros of f : x -* 2x - x . - 2x '+ 6? \ . v 
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U.« (a) Locate real zeros of each of the following functions." 

(i) f : x -»V - 3x . ' * ' 

(ii) F : x -» x 3 + 6x + Qx + 2 t * 

(b) Factor x - 3x over the reals. 

# • 

(c) < What are the'zeros of each of the following? (Consult^Exercises 

1-k, No. 11.) 

, *. 

(i) f : x -* x^ - 3x 

j. ^2 

(ii) F ; x -» x + 6x + 9x + 2 

5- Use the Factor Theorem to fi,nd a cubic equation whose roots are 1.,, 
and 3. * 



You are familiar with the fact that for the general quadratic equation 

■ 2 ' b " 

-ax + bx + c = 0, the sum of the roots is - — and the product of the' roots 

c 5 
is — ♦ Similar relationships exist between the roots and the coefficients 

of polynomials of higher degree. The' following problems (Nos . 6, 7, and 8) I 

are intended to illustrate, these relationships for third-degree polynomials! 

6. Use the roots of the equation given in Number 5 for each of v the following 



parts : 



(a) Find the sum of the roots. Compare'this result with the coefficient 

2 

of x obtained in Number 5. 

(b) Find the sum of all possible two-factor products of the roots. 
That 4 is, find (-2)(l) + (-2) (3) + (l)(3). Compare this result* 
with the coefficient of-' x obtained in Number 5..^ 

(c) Find the product of the roots. Compare this result with the con- 
/ stant term obtained iji Number 5* 

7. If the roots of a 3rd-degree polynomial equation are -2, and 3, 

find ' . * 

(•a) the gum of the roots, 

' (b) the <sum of all possible two-factor products of the roots, 

(c) x the product' of the roots. 

• / 

„ '♦fay Us^ng the results of (a), (b), and (c), write a polynomial 
k eqdatj.on of 3rd degree having the given roots. 

, m {e) Check your results by using the Factor Theorem to obtain the equation 

63 * '. 



• 1-6'. • ' S I • 

8. (a) Using the Factor Theorem, write in expanded form a 3rd-degree poly- 
nomial 'equation having the* roots r. , r 0 , and r . 

(b) From the result obtained in part (a), and from the fact that any -*-" 
polynomial of 3rd degree can be written in the form 



/ 3 : a 2 2 a l + a o\ 
a, x J + — x + — x + — J , 



3 

a 2 a l ~ a o 

find expressions for the coefficients — , — , and — in terms 

■3 a 3 ' a 3 

; of the roots' r^, r^, and r^. _ • " 

9. Find tha polynomial function f of, degree three that has zeros -1, 1, 

and h and satisfies the condition f(o) = 12. * 

s 

10. There is a theorem known as Descartes' Rule of Signs that states that the 
number of positive roots of f(x) = 0 cannot exceed the number of varia- 
tions in sign of the coefficients of f (x) . A variation in sign occurs 

whenever the sign of a coefficient differs from the sign of the next 

h 3 

nonaero coefficient. Thus, x - x + 2x + 5 has 2 variations in sign. 

Since the roots of f(-x) = 0 are the negatives of the roots of 
ffx) = 0, the number of negative roots of f(x) = ^0 cannot exceed the' 
. number of variations in sign of the ^coefficients of f(-x}. Thus 
' f(x)*= x - x + 2x +, 5 n as at most 2 negative roots, since 
*f(-x) = 3c + x - 2x + 5 has 2 variations in sign. 

Find the maximum number of pbsitive and negative roots of each of / 
the following equations. 

(a) x 3 - x 2 '- 2h = 0 (d) x 5 - l'= 0 

(b) x 7 - x k + 3 = 0 ' '(e) x 5 + 1 = 0 

(c) 3x^ + x 2 - 2x - 3 = 0 (f) x 5 = 0 
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1-7. Rational Zeros 




If f(x) is a polynomial a x n + a _x n " . + . + a^x + a^ t all of 

n n-1 1 0' 

whose coefficients a^, •••>' a 0 a re integers' , then we may find all 

rational zeros of f by testing only a finite number of possibilities, as 
indicated by the following theorem. 



If the. polynomial 
(1) f(x) 



\ 



n-1 \ 

, X + . . . + £k X + 



srx + a _x + . . . + a^x + 
n n-1 1 0 



and' if f t has a 



has integer coefficients a , a .... a 

n nrl ; ' C 

National zero £ / 0, q > 0, expressed in lowest terms ( 



that 



is, p and q are integers with no common integer divisor 

in 

f 



greater than l) , then p« is a divisor of* a Q and q ,is a 



divisor of a * 
n 

L 




We use' the following argument to establish the theorem*. 
If £ is a zero of f, then f(^), = 0. By Equation (l) 



f(£) = a (*) n + a r£) 
q n v q' n-lV 



n-1 



or, when cleared' of fractions, 
(2) 



a i0 + a 0 = °>' 



n 

a P -+ a , 
n' n-1 



n-1 

P q + 



+ a x pq 



n-1 



n 

,q = 0. 



Solving Equation (2) for a Q q n we obtain 



n r n 
•a n q = -lap + a _ 
0 n n-1 



n-1 nf-1, 
p q + ... + a x pq J 



r n-1 
= " p[a n P ' + Vl 



- PN, 



where N 



r r 

-[ a p 



n-1 



-n-2 



n-2 
P q + 



n-1 



n-1, 

+ a^q } 



+ a n-l P q + "' + a I q ^ is an inte 8 e r. Hence p 



divides a Q q a whole number, N, of times. We wish to show tfoat p divides 
a Q . To do this, we appeal to the Fundamental, Theorem of Arithmetic^ that the 
factorization of positive integers is unique; namely, we note that since p 
and q have ,no common integer divisor greater than 1, neither have p and 



d 
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q n . Hence, all the factors of p are factors of a Q , and p ^ is a factor 

of V • ■ 

To prove that q divides a 7 we write Equation (2) in the form 

(3) •' a/ = -qla^p 0 " 1 a^q"" 2 '- 

Then we reason that since q divides the right-hand side of (3), it divides 
the number a p n . Again, sijice p and q have no common divisor greater 

than 1, neither have q and p n . Hence,* all the factory of q are factors 

* • 

of- a , and q is a factor of a . ~ ' . 

n • n w % * 

The 'foregoing result may be easier to remember if we state it in words: 
If a fraction in lowest terms is a root of a polynomial equation with integer 
coefficients, then the numerator of the fraction must divide the constant term 
of the polynomial, and the denominator must divide the Coefficient of the 
highest power of" x. To keep things straight*, we can always see how the 
v theorem works for 

mx * b a 0, m £ 0. 

The only root is - - ; the numerator -b divides bjtf while the -denominator 
m divides m. * * r ' 

If the polynomial has, fractional coefficients, the theorem can be applied 

after t£e polynomial has been multiplied >by a- non-zero integer to. clear of 
/ •- * * 1 * 

fractions,' because the roots of f(x) = 0 *and the roots of k[?(x)] = 0 

(k -f 0) are the same. * t » 

t, , Example I-7a . What are, the rational roots, of 

^ ' 3* - 8x ,f*3x +,2 = 0?. 

*te It is clear that 0 is not a root. If jj- is a rational pot, in^ 

. lowest terms, then 

•p divides 2, q divides 3- N 

The possibilities are * r ^ » 

* < ,.'p » tXi t 2, Q^l, 3, , 
• ' w ***** 

so that . A 

q " -1 ' " 1 ' " 3 ' " 3 

' We test." these one*by one and find that, the roots' of the given equation are 

.... 1 ' " ' ' 



4 (Note that in the statement of 1 Theorem &2-2a, ye specified q > 0, jso? 

the possibilities for q .are all posiiive. .There is no point in testing both . 

1 1 -1 ■ \ ^ , l ' " •** 



- Eacnniplo 3 r-?fr : — FinU tne rational roots jpf 
# 

h J 

3x - 8x J + 3x + 2x = 0. 



Now, 

if and only if either 
or 

(h) 



,f(x) « 3x - 8x- + 3x~ +*2x 



x(3x^ - 8x^ + 3x + 2) . 
f(x) = 0 



x = 0 



3x/ - 8x 2 + 3x + 2 = 0 . 



^ By Example l-7b, 'the roots of Equation [k) are 1,2, and 
root. 0, we see that the roots of f(x) = 0 are 0, 1, 2, 

■ ' I ' 



- . Adding the 
1 

3 ' 



„ We can use our Rational Zero Theorem to establish a corol*lary for * 
integral z^jros. , - ^ 



If the polynomial 



xi/ \ n . i n-1 , 
f(x) = x + a' x + 
n-l 



has integer coefficients,, with the constant term a^ 4 °> an<a 

with the coefficient of the highest power of x equal to 1, 

then the only possible rational zeros of f are integers that 

divide a-, v ' 

♦ u 8 ^ 



We establish this corollary with the following short 4Poof 



Suppose £ (i n lowest terms), q > 6 is a' zero of f. Since 

?p=f(0)^0,^^0. By the Rational Zero Theorem, p divides a Q and' q 

'divides - 1. Therefore, q = 1, an<3 2 = p is an integer thatfdivides a 

H ' 0 
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Example l-7c . Find the rational zeros of / * 

•a . p 

f : x -* x^ + 2x - 9x - 18. 

Ey our corollary, the possible rational zeros are integers that divide 

~^5~ namely [ I, 1 a, f j, 1 C, 1 ?, + 18. By tri al-^. h e 7P ros of _^_axe, 

-3, -2, and 3- 

After we have found one zero of a polynomial function, f we can use 
-a special device to make it easier to find further zeros. By this device^ 
we can cut down the number of possible zeros we have to test, and sometimes 
we can even use it to help us find -certain irrational zeros. 

We know from the Factor Theorem (Section 1-5) that a is a zero of % f ^ 
if and only if there is a polynomial q such tTiat 

, (5) f(x) = (x - a)q(x). 

'Since the product (x - a)q(x) is zero if and only if either x - a = 0 or 
q(x) = 0, it follows that the set of zeros of f" consists of a together 
with the set of zeros of q: 

(6f {x : f(x) - 0} = {x : .x = a or q(x) = 0). ^ . ^/t 4 * 

Moreover, the degree of x q is one less than %he degree of f . * Thus, 'if we % 
can find one zero of f, Equations (5) and ,(6) allow us to reduce- the problem 
of finding the zeros o'f 'f to that of fading the zeros o'f a polynomial q 
of lower degree. Naturally we may repeat the process, with q in place of 
f, if we are fortunate enough ta find a zero of q, say b, for then we may 

' apply the Factor Theorem, to q and' write ' „ 

. ' q(x) = (x - b)r(x), 

... . • 

and 0 

/ '- " 

{x : q(x) = 0) = {x : x- = b or r(x) = 0}. < 
• > 

If we are successful in repeating this reduction until we have a quotient 
which is either linear or quadratic, we can easily finish the job by solving - 
a linear or quadratic equation. s > * 



i 
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Example l-7d . Find aJLl solutions of 

(7) - : 2x 3 - 3x 2 - 12x + 13 =s 0/ 

Direct calculation' shows that X is a solution of Equation (7) . There- 

V > ^ 2 ^ 

fore, x - 1* is a divisor of 2x J> .- 3x ^ 12x + 13. Performing the division, 



2 .3 


-12 


13 ~ 1 1 ' 


2' 


: 1 


'-13 . 


2 -1 


-13 


0 


Thu,s 






* ^32 

2x J> - 3x - 12x + 13 = 


(x 


- l)(2x 2 - x - 13X, 


and the solutions of Equation (7) are 


1 


and the "solutions of 


2 

% 2x - x ■ 


- 13 


= 0. * * 


By the quadratic formula, (l + A0%2. 


and 


<* 

' — are^the Additional 



solutions of Equation (7') . / . - 

Example l-7e . Pind all zeros of * 

f : x 12x^ - 8x? - 21x -V lfc . _ f 

This is the same function that, we considered earlier in Section 1-6, 
Example l-6a. At that time we found that there are zeros between 0 and 1, 
between 1 and 2, and between -2 and -1. Thus, we know that there are 

thrde real zeros, but we do not know whether they are rational or irrational. ' 
i '* " a" 

r If all three are" irrational, the best, we can do is to find decimal approxima- 
tions. But, if at lea st^ one zero is rational, then we can obtain a function of 
reduced degree -- in this case a quadratic that will "enable us to find the 
exact values of the remaining zeros whether rational or irraticfnal. 

If the function has a rational zero, it will be of the form 2 , and by 

the 'Rational Zero Theorem of this section the possibilities for p are t 1, 

t 2, t 7, t l 1 *, and for q are 1'/ 2, "3, k, 6, 12. Thus, there appear to be^ 

a good many values of £ to test as possible zeros of the given, function. But 

q 

since we already know something about the location of the zeros, we need test ^ 
.only those 'possible rational zeros between 0 and 1, between 1 and 2^ 
and between -2; and -1, .until a zero is found. - ' 
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Now the possible rational zeros between 0 and 1 are 

• piiiiJL 2 -! 

, q 2 ' 3 9 $ 9 5 ' 12 ' 3 9 12 ' 



By synthetic substitution, we 



find tha£ f{\) = 3- Since f(6) = and* 
f(l) = -3, the zero lies between; - and 1. Hence, we need not test the 
values - ,\ t , and . This is a p good example of how the Location 
Theorem (Section 1-6)' may save us unnecessary worjt. - 

Continuing, ve knov that the only possible rational zero between | and 
x ls | or i . Testing these, we find that f(|) = 0, and we have found 

the rational zero f . • fiy the Factor Theorem, x - | is a divisor of f(x), 

- 2 ' 

and the quotient, obtained from the synthetic substitution of - , 



is 



q(x) = 12x - 21. 



"The £eros of q are the roots of 



which are 

t > - t • 



arid 



12x - 21 = 0, 



Thus 



, the zeros of the given polynomial are — , 
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Exercises 1-7 



and 


find 


as 


many irrational zeros 


1. 


(a) 


' X 


->2x 2 - > - 2 


* 


(bf 


X 


^ 2 
-> 2x J - 3x - 2x 


v 2. 


fa) 


X 


o 2 
-> x J - 6x + llx - 6 




(b) 


X 


li o 2 
-> x - 6x^ + llx - 6x 


3- 


(a) 


X 


3 * 2 * ' 
-> x J - 2x + 3x - k 




•(b) 


X 


-> - 2x 3 + 3x 2 ^^ 


h. 


(a) 


X 


-> 2x 3 - x 2 - 2x £ 1 




(b) 


X 


4^2 
-» 2x - x^ - 2x + x 



? 2 
5. x • ^Ox + I9x + §i 

& x -» 3x 3 - 10x 2 + 5x + k 

*7. >x -» i+x 3 - 10x 2 + 5x + 6 

8. x -^x 1 * - # 2x 3 - 7x 2 + 8x % + 12 



9. x -*x k - 8x 2 + 16 

li q 2 

10. x -> x - 5x + 5x + 5x -/6 ^' 

11. x ->x 5 + 3x^ - 5* 3 - 15x 2 + kx + 12 

12. ' x -».3x U - 8k 3 - 28x 2 + 6lix - 15 % tv J 

13. Show algebraically that the equation x •+ i = n .has no real solution 

^ * V 

if n is a'real number such that |n| <2. - ~ : 

V * 

You are familiar with the fact that for the general quadratic equation, 
2 1 h 

ax + bx + c = 0, the sum of the roots is - - and the .product of the roots 

c 

is - . Similar relationships exist between the roots an# the coefficients, of 
polynomials of 'higher degree. The»f ollowing problems are intended to illustrate 
these relationships for third-degree polynomials. ' *> * 



e <h> • / • .• ■* . • ■ ' . 

•;••*.. - • . • • 

& * 1-8. Approximating Zeros t % M , j. 

N 

* ^ Methods for finding rational zeroS^bi; polynomial function; are discussed = 

^ in Section 1-7. A simple method, known as the method of repeated bisection -. 
cad*be used, 2long with the 'Location rtfeorem, to approximate roots (either, 
rational or iVrational) . This method' is easy to describe and id simple to * , 

? < • . a , * * V 

^ ^ogram on a computer. The arithmetic can tecome very complicated, however, k 

ajid the method is fairly slow. (Another, more powerful, method is described 

*f * * 

infection 2-10.) 

Consider tTte polynomial function ^ 
V ft . " 

f : x -> x^ + «,x - 1 . 

" 1 Since "^(o) « -1 < 0 and that f(l) - 3 > 0, we know (ty the Location Theorem) 

that there is at least one zero between 0 and 1. We take the average of 0 
" 1 

and p ^ 1, namely — , and find % , 
* * x 

' * ' ' % ' ' i 

Thfts, there is a zero between 0 and ;^ . We averse again to obtain* - . 
,Smce , 9 f 

/♦ 

*' *- ]_ * ! 

we know that there- is a zero between £ and ^ . Averaging these we 'get 1 



r 



< ^1,1 



_ £- 



f 



and since 



|*Jf . • % 8" 512 

we have ^.cJcated a zero between | and g . For convenience we now use 



w% deoimal notation and average again to obtain 

9 

\ 



. 0.25 ^0-375 „ 0>3125 . 

| I * 

Since f (0.3125) < 0 we know , 'that there is a zero between 0.3125~Nand % 

' .i ■ • 7 \ z€ 

0.375. / 



V. 
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We could continue the process to show (Exercises 1-8, No. l) that. -r she 
zero is between 0-31 and 0-35 • Having done . this we could ie certain tfrat 
^.the zero is 0.3^ correct ' to one decimal place. * 

For pbt&ining zeros of functions to som? prescribed degree of accuracy 
the method .of re'peated bisection is often ^sed on high speed computers since 
the process is easy to program. 

Without -a computer we try to soeed the crocess by shrewd guessing. For 
example, we might observe' that 



1 1 

is oorititfe for x > — . For x > — , **e r/jrve 
1 \ 

x 3 - 3x - 1 > (j) 3 - 3(j)'- 1 >0. 

We coyld then* test 0.333, ,0-33^ *"^-331i 0-330, 0.329, etc. until we 

obtain e. negative value; and then average to octa.in further sccura-cy. Does 
thif really speed the process 7 ' 



r 

Exercises 1-8 

Show that a zero of f : x -» x^ + 3x - 1 lies between 0.3 and 0.4. 

Extend the method of repeated bisection started 'in this section for the 
function , . * • > 

f : x -> x J + 3x - 1 

(a) to locate a zero of f between 0.31 and 0.35; * 

(b) to show that a zero of f, correct to two decimal places, is 0.32. 

Find correct to tfhe nearest 0-5? the real Zero of 
3 2 

f : x -A x - 2x - - 2x .+ 5 that lies between 3 apd h . 

(a) Find, correct to tfte nearest 0.5,' the real zeros of 

3-^2 
f:x-»x -2x + X- J.- 

(b) Find the zeros correct to the nearest 0.1. * < 
(a; Find a. solution of x + x = 3 correct to one decimal place. 

(c) * Find this solution correct to two decimal places. 

Find the real cube root of. 20 correct to two decimal places by solving 

- ^ 



the equation = 20. ^ 



1-9. Degree of Polynomial and Behavior of Graph 
Suppose f is the polynomial function 



f : x -> a- + a_x + a^x + 



+ a 



What kinds of information about the graph of f ca'n we get easily from this 
expression? For example, note that ' ' . 

f(0) = z- 0 '" ' - " 

so that the constant term- a Q & is the y-intercept, that is the graph crosses 
the y-axis at the point (0,3^). ' * . 

This observation is, of course, quite 'simple . In the next chapter we 
shall show that the coefficient is 1 the slope of the tangent line xo the, 

g/*aph of f at (0,a Q ). The othef coefficients of ^f t wi,ll also be of signi 
f icance jas we try to determine the behavior of f near the point (p,a ), 

Ibxe degree of f can also give us useful information. 

Suppose we wish to kno> how many, times a liffe* given by g(x) = mx + b 
can intersect the gr€fch of a polynomial function 

v *r ■ v 

\ - n n-1 2 . 

f : x -> a x + a _ x +...+ a^x + a„ x + a^ - 
n n-1 2 10 



■J 



That is, for how many values of x £$ it possible that f(x) = g(x)? In ' 
other words, we are asking how many roots the equation^ f(x) - g(x) = 0 can 
have, or the maximum number- of zeros of the function * 



t : x -»a x ri + a .x 11 " 1 + .. 
We assume (without proof here): 



+ a 2 x + (a 1 - m)x + (a Q - b) , 



(1) 



if f is a polynomial function of degree' fa > 0, then" f 

V 

has at most n 'real zeros. 



Since F is of the same degree as f we know that F has at most n ' real 
zeros. This means that a line can intersect a polynomial curve no more times 
ttoan the degree of the polynomial. 

The x-axis is a very special case of a line given by y = mx '+ b, where 
m 2nd t are both zero. Therefore, as a particular consequence of (l) we, 
have: * ' 



if f has degree n >"0, then the graph of f cdn cross 
the x-axis no more than n times. 



The expression for f(x) also determines the behavior of f for va 
of x far from the origin. For example, consider the function 0 . 

f : x -» 1 - 3x + 2x + x 3 . 

I£ x is far from Ye ro (that is,, jx| is large) then the cubic term x* 5 
dominates the remaining .terms. To show this we can rewrite the expression 
for f(x) ds 




1 - 3x + 2x + 



as |x| ^increases, the absolute value of eac^of the terms 



decreases so that 
whe^n |x| is very large 



1 -3 *2 "I I 

~> l2> and -x 



L \ 2 • 

7 " 9 + ~* + 1 is close to 1 
5 x x • . 



J 
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By,,this kind of reasoning, w& could show that for any polynomial function 
f, the term of highest degree will dominate all other terms whe^n x is -far 
from zero. This means that* the sign* of f(x) will agree with the signiof the 
term, of highest degree for |x| large, and hence the graph of f willTLie 
above or below the x-axis according as the^value of this term is positive or 
negative. * 

We combine this information with that previously garnered to sketch 
the possible graph of - 

2 3 

f : x -> 1 - 3x * 2x + x . 

We know that f(0) = 1, and, that the graph of f can cross any line, and in 
particular the x-axis, at moslj thr"ee times. Furthermore, the terw x > domi- . 
nates when |x| is large, so that for* x far ta the' right the graph of f 
must ^ce^ far above the x-axis and for x far to the left, the ^raph of f 
lies faKbel'ow the x-axis. In particular, the graph of f mus± cross the 
x-axis to the left of the origin (since f(x) < 0 for x far left and 
(f(0) > 0) . Some candidates for the graph of -f are sketched in Figure l-9b. 
Further information is needed to show which graph might *be*> an accurate pic- 
ture of f. In the next chapter we^sj^ll develop methods for determining the 
behavior of graphs of polynomial function? (e.g», locating maximum and minimum 
points J . For now we can eliminate five of the six possibilities pictured f We 
eliminate: - ' 

(i) and (iv) because no line should o be able to cross the graph 
* more than three times;* 

(jiii) because i](0) must be *p° s i.^i- ve: * - 

(ii) and (vi) because ^(-l) must -be ^e^ter thari f(0). I ' 
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(lit) 





- S (vi) • 



Figure l-?t. 



Candidates for graph of x ^ 1 - 3* * 2x +" * w 



•ERIC 



72 



1 



1-9 



Exercises 1*9 

1„ 'Plotting as few points as possible try to sketch the graph* of 



3x. + kir 



12x + 5- ' 



Plotting as few points as possible try to sketch the graph of 
f : x -» a? + "x* - 5x^ - x 2 + 8x - k . 

"If f and g are polynomial functions and f(x) -= 0 if and only if 
*■ g(x) = 0 ? - then f and g are identical, polynbmial functions." Befute 
• or> defend this statement. 



Suppose that- there, are only a finite number of selected points shown for 
a number of polynomial functions. One could only guesVat the complete 
graph. In each case indicate the minimum degree that a polynomial func- 
tion might have 'and still be satisfied by the^e points. 
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5* Suppose that f -is a polynomial funct/on of degree n and 

: x -» f (ax + b), where a and* b are constants,, a ^ 0._. 

- (a) ' Is g a polynomial function^ * If so what is its degree? If 
not why not?' 

/» " ' ^ ' ( 

, (b)^ If a = 1 how l^the graph of g related to the graph of f? 
• % » 

(c) If b = 0 how a're the, graphs related? 

(d) Use parts (b) and (c) to indicate* the relationship, between th4 
graphs of / and g for general- , a and b. Consider 
g(x) = f(a(x - J)) and g(x) = f(ax + \>)\ 



)! 



0 



80a 
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Chapter- 2 ' " 



THE DERIVATIVE OF A POLmMIAD jJ #tjNC , i:.ION 



Having discussed polynomial, functions in Chapter 1 we now turn to one 
aspect of the calculus of polynomial functions. The two basic ideas of the 
elementary calculus are derivative and integral. We can appreciate these 
ideas intuitively and understand their usefulness-kef ore we formulate them 
precisely. We begin with the idea of derivative. 

t * / * _ 

If we select any paint P on the graph of a polynomial •function and 

,s 

draw a line through P with a ruler, it will be possible to x gjioose the 
direction of the ruler so that very close to P the line seems to lie^alspg 
the graph . When this is done, * , / -** 

if we stay close "enough to P, ■ * 

.it will be impossible. to dis- * * 

tinguish between the line and the * 
• curve. We may appropriately refe*r 
to. the straight line whrch has this 
property as the best linear approxi - 
mation of the graph at P. The 
straight line is also said to touch 
oil, be " tangent to-the graph at P. 

In this chapter, we shall be concertretP ' 
with the precise determination of the direction of the tangent line at any 
point of a polynomial graph. 

?te that our use of, the ^word "tangent" here is consistent w^th its 
in the elementary geometry of circles, but it, is also more inclusive! 
of polynomial functions ma*y lie entirely on one side or the other of 
one of their tangents, as" circles do, but thly may also cross "^heir tangents: 








I ' . 1. . 

The derivative will hielp' us to determine the direction of such tangents, and 
also the shape of t}ie curve. * * 
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Once we know how to determine the tangent and the shape of the graph we 
shall be in a -position to find any points on a polynomial graph at' which the 
tangent line is horizontal ,and the graph nearby "is entirely above or entirely 
below the tangent. Such points are called minimum and maximum points, res- ' 
pectively. 

^ ' . max. point 



min* point ^ 

The problem of finding the tangent to a polynomial graph at a point P 
and the shape of the .graph nearby is particularly simple if *the point is on 
the y-axis. As we shall see, in this case the result can be written by 
inspection. At first we shall,* therefore, confine ourselves to this easy 
special case, and later turn to the case in which the point is not on the 
'y-axis. 

From these considerations we shall obtain a general' formula for tjtie slope 
of the^ tangent to the graph of a polynomial function f at any point 
(x,f(x)). The general result will be expressed as a^ new function, derived 
from f, sometimes thought of as" the slope function of f. It is" this slope 
function w)iich we call the derivative of the function f . In the final sec- 
tions of, this chapter we shatl apply .these ideas as we^xamine the behavior of 
polynomial functions and In later chapters we shall see that the same basic 
concepts can be used to discuss functions other" than polynomial functions. 



2-1. The Tangent at the y-Intercept of a_ Orfoh * p 

r " ' ■ s I , ' • 

. In tfcis section we shall illustrate, the method of obtaining an equation 

of the tangent to a polynomial graph at its point of intersection with the 

the introduction, the tangent we are seeking is 



y-axis. As indicated in . , 

defined here to be the straight line most closely approximating the c^urve at < 



a. given point. 

V 

/ 

For a polynomial, the 
degree is higher -fhan one . 



method cons^ts. merely of omitting every $eTm "whose 
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Figure 2-la * f 

G is the-granh of ; : x -> 1 +• x - Uyfr 
T is the. % graph of y«= 1 + x 



Moreover, since the omitted term -Ux is negative for- all values of < pc 
excent Ov I G lies below T exceot at P. (See? Figure '£> la . ) *• . « 



. Example 2-lb. The grarrtr G 'of f : x -> ? j- x~* >iHtfe*secsti& thc£ y-axisAat « , 

, ; — r 2 i - ' * ^ >L tf v • ■ - x v 

P(Oj,2). If we emit the x term-ahd write y = 2 we^^taiSn^he 1 equation of - 
th'e tangent T .through^ P. * In- this . case the tangent is, p^^fe^'to* the x-axls.. 
Since x 2 is positive for all x, except zerq, all points 0^vviV^ ce P^ 



^ie above the tangent, line T. 



Because P is the lowest point on G, it' is cal&ed the minimum, oointv 

. » C ■ — ~ J 

of the*graph. (See Figure 2-lb.) / ' »' «. 




Figure 2-lb < 

» y. * 2 
G is the graph of f : x -» 2 + x 

T is the graph "of y = 2 



0 



Example* 2-lc . The graph of 

3 * ' 

. f : x -> x + intersects the y-axis 

at .P(0,0). ^he- equation 

\L • . 

* y " x ' 

* * ' # 

of the tangent at ' P .is obtained fry 
^ omitting the x term. Since x is 
positive for positive x* and negative 
for negative x, "TJf is above T if 
'x > Oi and below T if x < 0. (See 
Figure £-lc.) ?he graph G therefore 
♦crosses from one 'side of the tangent 
io the other f P is called a point of 
. inflection of the. graph G. # 




I Figure 2-lc 

G i% the graph of *f : x x + x 
T is £he graph ef y = x 



Tne pictures for Exalnples 2-lsu, b^ and c seem to. indicate that the "pro- . 
cedure of omitting L ,e very tferm whose degree is higher than one does indeed^ 
produce the equation of Jhe tangent *to a polynomial graph at %t$ y-intercept. 
T<p explain why, we return to Exajnple 2-la. We obtained the equation ■ 



= 1 + x 



of the [tangent to the graph of 



9 
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at *(0,l) by omitting the term Ax 2 . We wish to justify this procedure by 
showing that the^'l^Lne obtained does represent the best linear approximation 
to the graph^at the /point P. TDhis will entitle us to call y = 1 + x the 
equation of the tangent to the ^raph at P. ' * 

From (l) we have ' * ^ 



fix) 



1 + X 



which may be written a's 
t 

(2) V/ 



f(x) = 1 f (1 - ^x)j 



If x is numerically small, the expression 1 - in parentheses is close 

to 1. In fact, we can make 1 - kx lie as close to- 1 as we please by 

making x numerically small. ^ 

* . **** ' * 

'Specifically, if we wish 1 - kx to be within .01 of 1 and hence tc 

lie between .99 and k 1.01, it will be sufficient to make kx lie *bet^ween 

-.01 and x .01, and therefore to mike x lie between -.0025 and .0025. 

This^esult has a simple geometrical interpretation (see Figure 2-Id) . 
Lei; us consider three lines L, L^, and through *P(0,l) with slopes 



1,1 + .01 and 1 



.01. These lines have the equations 
L : y = 1 + x w 



I^r-y = 1 -/l.Olx 



L 2 : - y = 1 *' "" X 
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slopes are so nearly- iegual that the differences caX>e shown on 
' Figure 2-ld only by distorting zhe scale, tet, AB' be the interval 

-.0 % 025 < x < .0025. „(5n this interval_ AB, the graph of f : x *-» 1 + (l - kx)x> 
^ll^is between L, and L 0 and, h§npe,*inthe )l^tched*region . 

The numbers chosen were merely illustrative^ They w£re designed to give 
a certain concreteness to the picture. "We can make 1 - kx lie between * 
1 + -€ and 1 - € for an arbitrarily small value of e, merely by, choosing 

We tfid not nsed to choose € = .01. '\ 

j Geometrically this means that if we keep values fof x clos*e enough*to 
zero the graph of : X -* 1 + (l - *+x)£ lies between/ two lines. / 



x between - r and r 
4 4 



: y = 1 + (1 + € )x M 4 
L • y - 1 + (l - € )x ' * 



wbich differ in direction as little as we* please.. The only>* straight line 
which is always included* between Such, lines ' L.. and L •* is 

" • * • •£ " ..... 

L : y = 1 + x. 

Hence^ see that L can indeed be regarded as the best linear approximation 

2 » .«►-"• 

to f : x 1 + x - hx at .x =-0. * ' * r 



We can confine the 'graph G of f:x~>l + x-i*x to a smaller part 
of the hatched region in Figure 2-ld &y noting that ,G lies below* <T exeept 
at the point P. Hence, on the intervaJL AB; *G ' lies, between IT and L p 
to the right of P and between L * and to the left of »P. (See Figure 

2-le.) 1 ' ' . ' ' * . ' 




Exercises 2-1 



For eacti of the following W ^ 

* * » 

(i) write the equation of the tangent to -the graph of the 

function at the poi^ of intersection of the graph of 

the function with the y-axis: 

* (ii) d^w the ^angent line and Sketch the shape of the graph 

1 hear its y-intercept. 

. (a) x -> 1 - x + (f) x r> 1 - x- + x^ •. >. . 

(b) x -> 1* - r . (g) x ->2 - x^'< - * \ 

(c) ^ ->2 r 3x - 2x k (h) X -> 1 + 2-x + x-* 

(d) x -> 3 + 2x + x ' (i) x -> * + x 5 

(e) - x -> 1 + x + x^ ( j) . x -> 

(a) For \f : x -» 1 + x + x 'show ,that if -.01 < x < .01, then 
% X ^ .99x-<£f(x) < 1 + l.Olx.. ' * 

(b) * Strengthen th» tt result of part (a) by showing that , * 

(i) 4 1 + x <"f (*) < !•> l.Olx, for x > A ' *' * - • 

(ii) - 1 t x < f(x) < 1 + .99x, for x <«0., * * fc 
Show the improved results on a diagram. 

(•c) Show that the results of pa^jt (a) can be obtained more simply by 

noticing- that except at<=the ^- intercept, the graph\f 

2 * m * « 

f: x -> 1 + x + x must lie- aiove the graph of y = 1 + x. " 4 

v ■ * / ' ' ■ . < 

In Example 2-lp-we could write f : x -> x + x as f ; x* -» (l + x )x. 

(a) Show 1 that ' * 

• (i) x < f(x) < l.Olx, for 6 < x ^ .1 ' * *" ' 
\ (ii) l.Olx. < f(x) < x, -for 0 > x > -.1 . , 

m c 

* (b) Draw a figure to illustrate the geometrical meaning of the results 
4 'tiy(a) and (b)-. v • * - 



ConsideV the function f : x 2*~ jx - .x"*. * . 

(a) At ^hat point does the ^raoh Df the function orooc the- ffx)' axis? 
t 

(l) dhow tkat if 'x«-< .01, 4 

, . * • . 3.01 >' § 3 - fc x > 2.99 ' . 

. and thit f(*x) lie% retween . ' , / 

* * » t " ^ r ;.01x and *■ 2'.Q?x. 4 . . 

(c) - tVaVf a figure to iliustrate the' geometrical meaning. 

CtrO:gthen v the re ait of \ *rr.ter 4 c\ noticing that the graph .of the 
function lies ; ^1o t * the graph of the ..traight. lm« 

• . . ' - - - - # . . j ". 

Vr.a t .a d d 1 1 i on a 1 r ef ; n erne nt - a*n r e "is-d ~ m t ne figure a s s oc i a t e 1 * i th 
N.meer U? ' . . 

tk . • • 

Consider the f unction 

f: x ->x*" - 2x - 1 - -1 + (-1 • xTx. 9 ' 

(■a) ohov that if ' 0 ^ x < .01../ then the graph of f lies tetween the 
lines who^e eauations 'are * ' 1 * * 

- -1 ^2.01x V 
• and * • • 

i 

= -1 - 1.99x. 

(t) D~aw a figure to show* the geometrical interpretation of this result 

S 2 ** * 

Consider the function ' s f x -> 3 - 5* - ^x 

*' v • » 

(a) For -.02 < x < .02 determine the slopes of. the lines between, 

*' which the graph' of f lies near the point (0,3)- « 

(b) If it is desired that, near (0,3) »tHe graph of f lies between * 

4 * * 

the straight lihes y - 3 - 4.998x and y = 3 : 5«002x, 'what / 
values may x assume? « , 

• * * 

* " V ■ 

/ * ■ - ; 
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If- f' is a polynomial function* of degree 'higher than ' 2, the best 

quadratic (or parabolic) approximation tt> f : . near its y -intercepts*- 

found by omitting every term whose degree is higher than two. Thus, the 
/' <• <*■ ■ ■ ■■■ _ t 

best quadratic approximatidh to 1 



x. 



X + X 



2x" 



/ 

is 



"g:x-»l— x+x. 
» » * i * 

(a]T On' the same set of axes 'draw "the graphs ofr f and its *best lineeTr 

* , «» and best^quadratic approximations near the y-ihtercept of f, 

.(b) If x = 0.1, compute f(x) - g(x) . 

(c) Jf * = ;o.Oi, , compute f(x) - g(x). 



(d) As x approaches zero, what value,* if any, d6es 
approaoh? * w ' • 



• f (x) - g(x) ' 
2 

x 



4 J 



The best cubic approximation to a v polynomial function at J.ts y-intercept 
is found by omitting every term whose degree is higher than three. ^ 

-(a) Determine the bes\ linear, quadratic, and cubic appVoximation£?to 



x 3 + 2x^ 

. „ « s 



yp ■ near its y-interpept £(0,2)'. 



f : x -» 2* 

'(b) Graph f near P(-0,S) , -making ^e of the- information you can 
Y ' glean from its best linear, quadratic, and cubic approximations 
near there. ' 



(ft). Let g(x) be the value of the best cubic approximation to the 
graph of near -its y-intercept. As x approaches zero, vh 
' valUQ, if any, does^ f ^ x ) ' §( x ) approach? 



( 
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2-2.' The Behavior of the ^ Graph Near an Arbitrary Point 

In Section 2-1 we restricted our attention to the behavior of the graph of 
a polynomial function' near its yninteVcept • Rov ve shall generalize ouj- dis- 
cussion to include. the behavior *f the graph of such a function near any point. 
In Section 2-1 the behavior near the, point for which x = 0 wag determined 
from, the expression for f(x) In ascending powers of' x. The behavior near 
the point for which ,x = ,a, say, can be determined^ if we 'have an exifression 
'for f(x) in ascending powers '♦of x - a. , . 



To tiegin we consider & specif ic* function, f ': x -* 9 
particular point, where a = 1. ' 



lOx + hx at a 



Example 2-2a . Determine the behavior of the graph of the function 
x -*9 - lOx + hx? near the point P(l,3)« 

Writing f(x) 1? powers of (x - l) -we find ,^ > . 

(1) \ mm f(x) = 3 - 2 (x^l) + Kx.- I) 2 /. 

(Soon shall see how to derive such 'a.n expansion for f(x), m but for the 



+ ^2 + kx' 

v 



3x + k = 9 - 10x + Ux 2 = f(xf 



1 moment merely check that ' » 

% 3 - 2(x - l) + H(x -l) 2 = 3 - 2x 
as desired.) 

In this form (l) the graph of f* may be interacted as the result of 
translating the graph of the, function g : x -» 3 - 2x + kx ^ one unit to ;the ' 
right. .(See Section 1-3.) Hence, the behavior of the graph of f near 
x = 1 ,is identically the same as the behavior of the graph of ,g» near 

x = o. *- y : 




Since the 'tangent to g a 
to f at .x = y l is give.n by y 



t x = cNt 



s .given by ^ 



3 - 2(x - 1), 



\ 



* 2-2 

3 - 2x, the 'tangent 
V ^ 

»: 2 



2 ' ° 
Since x >0 fcflCall x { 0, the graph of g ~i\x ^.3 -' gx + kx c lies 

above its tangent line y =» 3 - 2x, except at the point, pf tangency Q(0,3).f 

In the same,manner, .since (x - l) 2 > 0 fqr all * / i; ;the<graph of " < 



f : x -43 -'2(x - l) + k(x ~- I) 2 lies above its tangent^ 
except at the^oint of tangenoy P(l,3)^/ 



3 - 2(x 1) 



The foregoing discussion assumes that since ,y = 3 - 2x^ is. the equation 
of the tangent to gv^at x then the equation of the translated lifts; . 

y = 3 " 2 ^V 1 ^ wil1 represent the tangent to f at x = 1, Without trans- 
lating the graph of g we can verify that<the line given by y = 3 + 2(x - l) 
is the tangent to the graph of f at , x = 1, in m&ch the same way that we* 
^ried out the argument in Section 2-1 for tangents 'at t^e y- intercept 
Writing (l) in a factored form « « 

• fTx) = 3 + f-2 + k(x - l)](x- l), 

we note that if * x" is near enough to 1, that is v ff |x - l| 
small, the expression [-2 + k{x - l)] is arbitrarily close t 



sufficiently 
2. In other 



Drds/for any e, however small, f(x) lies between 

* 3 + (-2 + e)(x - 1) 
: . a ? d 3 + (-2 - s)(x - l) 

provided that \k(x *> l) | < e, that, is, that |x -> 

3 - 2(x*- l) is the best linear approximation to Ax) near x = 1" .and 
" TMs the-tangent to the graph G at the point B(l,3>. It should be noted 
t that we have followed the same procedures as bef/re with x - 1 in place of 




x. 



. Thus, to describe the behavior of the 
f.: x-*b 0 '+ b x x + b 2 x 
only express f(x) in t)ie form . 



aph of a function 4 



^ 1 ■l _ _ ■ v _ _2 , ' n 7 v • 

+ ...+. b R X near the pojnt where x = a, w 



e need 



c * C 0 l+ °1^ X " a ^ + C 2^ X 



+ c (x 
n . 



a) . 



The test linear ^approximation, to f at* x = a is then -y = c + c (x - a) 

'the eqUation of the tangent to x f aV xt c . The best quadratic ajfcroxima- 

" tion (See .Exercises 8 aVid 9, Sectaot/Vlj is given by ' ' 

x2 



c Q + c x (x 



0 + c 0 (x -'a) , 



- 91 ** 
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Nov consider the problem of expanding a given function in powers of \ 
(x r a) fo<r some a. We want ( f (x) + c^x 7 a) + c 2 (x 

+ c (x *- a) n . Note that upon dividing f(x); by (x - a) the quotient is 

» n 1 «»' • \ 

+ °2^ X " a ^ + "* +J °rS x *" ' 8nd the remainder is c o' Hence > t0 
'find the' first coefficient c Q * of the desired expansion we divide f(x) by 

(x - a) and record the "remainder. Similarly, to find , c^ we divide the 
quotient* * " $ " * ' w ' . v » 

[ C] _ + c 2 (x - a) * c 3 (x - a) 2 + ... ^.cjx - tf) n " ] 

by (x - a) agaih. * The remainder will &e arid the (second) quotient ^ill 

be * 1 » - " ' ' \ • 

[-c 0 + c_(x - .aV+ ♦ + c (x - ar" 2 ]. 

. 3 - \ ' 

"Continuing in this manner, 'we can find the coefficient' .for eac^ power of 
fx - a) in the^expansion of f(x). „ * \ - 

r ¥ 

• For example, to expand f (x) £ k - 3x + 2x 2 in powers of (x - l) we 
divide*' ?(x) *by • (x - l) . By synthetic division we have \ 

. < t * 2 -3. h U- ' _Af 



2-13 . 



indicating- that 
(2) V ' 



f(x) =- 3 + [2x - l](x 1)'. 



Now we divid^ the quotient (2x - l) py (x - l) again: 



2 -1 • I 1 

2 



• ;2 .1 1 . * 

.whicjj-t^ls-us'.that (2x - l) = 1 + 2fa t l) . 
* -Substituting in (2) we have' § * •* . 4 * 

„ " " % \ /f(x) ='3 + [1 + 2(x - l)](x'-i) 



or 



f (x) = 3 + -l(x - l) + 2(x - l)' 



Y 



Note that the coefficients % 3, 1, j|nd 2 are precisely the remainders under 
repeated division ^by (x * !)♦ , . 



* 

r 



2-2 

f * If. f (x) were an expression of higher degree, the process ^ould fce con- 
Jinued. We simply divide teach successive quotient by (x - l) ahd record the, 
remainder, until f(x) is completely expresse*d irr powers' of (x - J.). 

^* ' 

Example 2-2b . Determine #he behavior of the gra£h of . ^ 
f : x 2 ,+ 3x + x - x^ 'near the point at which *x = 2. 

<? • ' • ' ' . • . ' ' * 

-We need %o expand f(x) in powers of x - 2; that is, 'totfind the 
t '•k * « , • 

coefficients in t 

. ^ f(x) ='c 0 +' Cl (x - 2), + c 2 (x - 2) 2 A <^( x - 2) 3 . J * ^ 

As before, if, f(x) isrdivided by (x - 2) the remainder is c Q and 

2 

the quotient is ^ + c 2 (x - 2) + c (x - 2) . * 1^ this quotient is divided^by 

x.- 2, the remainder *is c 1 and the new quotient is e^.-f c„(x -2). A 

i 1 r 2 3 « 

further, division* of c 0 + cJx - 2) by x - 2 gives the remainder cl and 

the final quotient c . We proceed to carry .out these divisions synthetically. 

* • * 3 • , 

Dividing by x - 2 

f 

-1 +1 +3* +2 ' | 2 , , * 
-2 -2 +2 * ; 



We obtain :the first remainder c n = k and the quotient 



• 2 

-x - x + 1. 



-1 -1 +1 
-2 -6 



Dividing this quotient by x - 2 



-l -3 1-5 

gives the remainder c^* = -5 - and the new quotient -x - 3. 1 Finally, dividing 
this quotient by, x - 2," we have • 

' • r'i -3 f ' 



the remainder c 2 = -5 and the quotient -1. The Successive coefficients in ' 
the expansion of f(x) in pewers of x - 2 are the successive remainders 
obtained: c Q = k, = -)p, c 2 = -5; the final quotient, c^ = -1^. Thus we 
•can write . * 

f(x) = It - 5(x -.2) - 5(x - 2) 2 - l(x - 2) 3 . 

93 . 



Near the point where x f 2^ we conclude that:, 

^ *(l) tne value of the function Is k; 

(2) the equation of the best linear, approximation 'to the 'graph 

, of f is y = h - 5(x - 2) , thus the direction (slope) is 

-5; and • * 

(3) the jequation of the best* quadratic- (parabolic) approximation 
- p 

•to the graph of f is y = h - 5(x - 2) - 5(x - 2) , thus 

the graph lies be^Low the tangent on both sides of the point 
under 'consideration. * M 



104 



). 



^ 2^2 

f 

Exercises 2-2 - * . 

1. For. each of 'the following express f(x) in powers of the given factor. 
. (a) 'f(x) ='2x 3r '- 5x, ' (x*- 2). 

(b) f(x) = x 3 - 7x? + 3x + 1*, U - 2) ' • " , ' k 

. (c) f(x) = 3x 3 - 5x 2 .+ 2x + 1, (x + 1) 
' (d) f(x) L x 3 - 2x 2 + x - 1, • (x +- 1) 

. f ' ■ , 

2. For each of the following functions write the expansion of f(x) in , 

fx>wers of x - a and determine the equation of the tangent to the graph 

of f at ihe point (a,f.(a^).' , * / 

(a) f : x -> 3 + + 2x 2 + x 3 / a = 2. , % * 

(b) f : x -4 3 + 2x 3 + hx 2 ' a = -3 m \ 

o p *" . •«• 

(c) f : x kx J - 3x + 2x + 1, a = ■ * , „ 

(d) ,f : x -> 5x k - 3x 2 + 2x + 1, a = j ^ ^ ' 

(e) f : jc *J Iht ■ + x + 3x, a = 3 

(f) ~ f : x -> 2x 3 + x 2 - l6x - 2fc , a *= -2 

3. For eacn of the following write the' equation of the tatfgent at the 
specified po t int and sketch the shape of the graph nearby. 4 v 

N p ' ^ [ 7 \ 

(a) x -> k + 3x - 7x + x- 3 at (2,*10) 

(b) ~ x^x 3 -_6x 2 + jSx. - 1 at C3,-10) 

(c) x -^x^- **x 3 * - ' at .(1,-1) 

.(d) t ;*2t3 - kt 2 - 5t + 9 at (?,-l) ' * 

(e) x->2x 3 -3x 2 - 12x-k-U. at (l^l) 

(f ) * s ->2s 3 *- 6s 2 + 6s - 1 at (1,1) » . 

\ ^ ' * 

k. (a) f (xY = x* 3 - 3x i*n terms of ascending powers of x - 2. 

(b) Write inequalities to show the relative values of (x - 2), 

(x - 2) , and (x - 2) - near the point where x = 2. (F9r 

instance consider* x = 1.9. or x =? 2.1.) 

1 

(c) If y = f(x) = x - 3x write the value of y * whefl x = 2. " *** 

*■ - 

(d) Write the equation of the best linear -approximation to the graph 

- - % 
--.-of f : x -»y = x J - 3x near the pointj where x = 2. 
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(e) What is the direction (slope) of the (tangent to thfe) graph of 
* f : x ->x 3 - 3x near the point where x = 2? ' 

($) Write the equation of the best quadratic approximation to the graph 
of f : x ~>y = x 3 - 3x near the point where x = 2. 

• i 

(g) What is the coefficient of x 2 in the parabola- which best • 
represents the graph of f : x -> x 3 - 3x near the point where 
x, = 2?. 

(h) Near the point where x = 2 is the graph of f : x -> x 3 - 3x % ' 
flexe'd (concave) upward or downward? Why? 

(i) Compare the behaviorVof the graph of f : x -> x 3 - 3x near the 

point where' x = 2 with the behavior, of the graph of 

2 "3 

F : x -» 2.+ 9x + 6x + x 3 at its y-intercept. 
Again consider the function, f : x -> x 3 - 3x». * * 

(a) Beginning with- the simple statement x = a + (x - a), express^ 

. and -3x in terms of X - a. Write x 3 - 3x in powers'* of 
x - a, v , * „ . • 

(b) Make a table to indicate thre,e successive synthetic divisions of ' 
x 3 - 3x "and resulting'quotients by x - a. 

(c) /Use your table from part (b) to write x 3 - 3x in powers of X - a, 

(d) Write inequalities to show the relationships between (x - a), ' - 
;(x - a) , tend (x - ay when' x in -close to- a. . * ' 

• 3 ■ i 

(e) If f : x ^x J - 3x, find the v ( alue of f at a. 

(f ) What is the. linear function that best approximates the grapji of 
f* at a? ^ * • 

(g) What is the direction Aslope) of the (tangent to4he) graph of f 
J near the pbint where x .= a? * 

(h) For what .values of a does a tangent to the '^raph of f have 
2ero Slope? 

(i) At what points is the tangent to 4 t^e graph of f horizontal." / 

(j) What is the quadratic function that best approximates the graph* of • 

' f near the point (a,f(a))? 
/ \ * • • 2 * 

(k) What is the coefficient of x in the best parabolic representation 
to the graph of% f near tfte point «(a,f(a))? • ' 
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(l) For each of the points fQund in part (ij determine whether the 

(parabolic approximation to the) graph of f -is flexed (concave) 
downw*ard on upward. . 

(m)^ Decide which of the points found in part (>i) t is a^ relative maximum 
^ and^ which is a relative minimum. * t 

(n) If the ccreTficient of the x in the parabola which best represent 
the graph of f near some point (a } f(a)) is neither positiv.e nor 
negative, then the graph is neither flexed upward tior downward at 
i that point. (We refer to such a point, as a point of ^inflection.) . 
At what point on the graph of f : x -* x^ - 3x does this . 
phenomenon occur? ^ 

(o) Use information acquired in other parts of this problem to quickly 
ske'tch 'the' graph of f ; x -J - 3x. 



2 "3* The Sloqe as Limit of Difference Quotients . • . * 

To find the equation of the tangent \ine to the graph of a polynomial 
function f at the point (a,f(a)) we expressed f in terms of powers of 
x - a, and^hen omitted the terms of degree larger than 1., Thus, ve wrote 
the function ( 



f : x -»*b Q + b 1 x + b 2 x + 



. • . + b x 
n 



as 



+ c'Cx -.a) a ' 
n v * ' 



• f *: x-^c^+c-Cx-a) **c 0 (x - a) + 

to obtain the equation of the tangent line ' • 

y = c Q + C;L (x - a) 

* * ^ / * w ' 

to the graph of f at the point (a,f(a;). 

We now, describe an alternative procedure .for finding the slope c^ of 
%hls tangent line. . * , 

" Let P(a,f(a)\ be a .point on the graph of f and'let Q(x,f(x))^ be\ a 
nearby point on the same V ~graph. See figure 2-3a* where Q is to the right of 
P. ' * ,\ \ ' 

' " V ' \ 




Figure 2 -3a 



f 
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The line that- joins and** Q has the slope 



fQc) -.f(a) • • - v 

• * * . < ' • x - a * * . ' 

•• 

: ^ Consider what happens to this difference quotient 11 if ,we choose f Q on the 
• graph- closer |ind closer to P. * t ; 

- . Figure 2-3b shows intuit ivfely'that the slope of the' secant PQ is 
, , approaching the slope of the tangent PT. • t 



-"2 



- *. • . 
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Figure 2 -3b 
Td take a specific^ example, let ] ' 

/ f " f : x -> - ^x 

- and let P be the point (0,l). '^Then ; :,• ' < 



~^W'-"4?4 =XUL^JL(0) == (1 + x - Ux 2 ) - 1 = x*- 



' and , / 



0 m ' > ! 



x. - I s i » x - 0 = .x. 
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t 

The slope of PQ is 



2 



' * frftxV- f(a) o x - hi ^ 

*.i W x - a x * 

« • * * 
Sirfce x f 0, we jnay divide and obtain the Jesuit . „ 

* * sioW(pq) » ^JjeL^sI . i . Ik. ' \ 

^ N x/ x - a 

If x > 0 the slope of PQ is. less than 1, and if x <*0 the slope 
• of PQ is greater than 1,* „ > "W~5) 

To .take Q closer to P means to take x closer to^zero, and henqe to 
take kx - closer to zero/ and 1 - hx closer to 1. In fact, wef can make. 
> 1 - kx differ from 1,. by as small amount as we please by choosing |x| 
• » small enough. 



then 



In factj if x < f- , where € is^a positive $umber no matter how small, 



1 - kx > 1 - k(^) = 1 - €. 



1 + €. 



Similarly, if >x >'r| , 'Njhen 

t — f 

1 . 1 - hx <1 - kl-i) 

. Since the slopd of PQ is 1 - tac we conclude 

1 - e < slope(PQ) < 1 + € 

€ 




provided that - £ < x < ^ ; that is, if |x| < ^ - ; , 

For smaller and smaller choices of e (> 0) the slope of the secant PQ 

• is thus brought arbitrarily close to 1. We have "learned to describe this by 

saying that slope of* PQ approaches 1 as x approaches (£$ In this example 

• we shall call the number 1 * the limit, of* slope of PQ as Q approaches P, 

^or as s x approaches 0. In Figure 2-3b the* line *PT with this limiting 

slope is the tangent to the graph" - at the point P# 

-\ ' - • . ' i * *" 

Gen^palizfi^ f rom this example, we introduce ^definition- 





( r ■ | 

j * 

The slope of 'the taiigent t& the graph bt f at -ftie point * P(a,f(a)) 




is the limit of 






< 


"-f(x)-f(a) '* 
x - a - . 




as ' .x appfoaches a- 


■ <*« 

4 , 



0 
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A .convenient abbreviation for this phrase is , v . 

* ' ' , . * . > lim IM - f(a) 

x-*a - x * a 

to be read "the limit, as x approaches a^ of f(x) - f(a) divided -by 
i- a." . • . 

We illustrate 'this ♦definition by using" the same function 

.but a different point J>(l',-2) on i*ts graph. Let Q be the point (x,f(x))V 

' Then * . f slope(PQ) = f ( x ) I ft 1 ) ~ 

r — ✓ x - 1 . 
» - * 

'* , (1 + x : kx 2 ) - (-2) 

• • *' , • " x - 1 % 

• f < _ 3 + x - kx 2 

X - 1 > * ' 

* . - ' 1 * . ^ ^ 

* . • ,2 0 

J . 1 4x - ,x - 3 

*. i = - _ — afc 

x - 1 > 

a . (x - l)(kx -f 3) * . • 

X - 1 

* = -(IfX'V 3) [since x ^ l] 

Now lim -(Hx + 3) = -7' which is the islope of the tangent to the graph at 
. (1,-2). . ' V 

We illustrate the use of our definition jwith two further examples. 

\ / \f ' 

/ ^ * r r/ . ■ 

Example 2^a.- FiuS the slope of the tangent to the graph *of , 

• V f : x -> 2x - x J 

at the poinf* P(a,f(a)K The slope of the line through P(a,f(a)) and } < 
*Qtx,f(x)), x ■£ a, is" given by the, difference quotient - 



f(xV - f(a) (2x -i 3 ) -.(2a - a 3 ) 
x - a ~* x - a 

* 2(x - a) - (x 3 - afy 



x - a 



2 - U + ax + a J, x f a> « 



'y- »•— 



As x Approaches a the difference quotient approaches 

J 2 - (a 2 f aa + a 2 ) s 2 • 3a 2 , 

We conclude that 

2»- 3a 2 a slope of tangent to the graph of f at p(a,f(a)), 
v ■ 
Example 2-5b . Find the slope of the tangent to 

2 *h 

f:x-*l-2x + x - 3x 

at the point P(a,f(a)). . . ■ m * 

The desired slope *di be the limit of the difference quotient 

fix) - f(a) 

' ^ 1 , as x approaches a % 

Using the expression ifor f we *have * 

1 f(x) - f(a) _ (l-2xfx 2 - 3X 1 *) - (1 -'2a'> a3 - ggjj) ' 
r ,x - & x - a ■ 

• j 2 2 " " V 1* 

v x - a. x - a JN x - a 7 

+ * ± 2 + (x V a) - 3(x 3 + ax 2 + a 2 x + a 3 ),^ x aV 

As x ■ approaches a, i 

x + a approaches 2a 

and ' \ * / • 

opp*''Q ^22* ^* 

-3(x J + ax t a.x + a ) approaches -3(a J + aa + a a + a J ) = -12a 

so tfoat o * 

i £ M - ^( a ) ' approaches 2 + 2a - 12a 3 , ° the desired slope. 



v- 
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1. For each of the following function^ assume 'that x £ a larid.vrftje the 



difference 



Exerc\ses^2.-3 



quotient 



x"- a. 



in simplest form. 

(a) , f : $ -» x 

(b) ■ f : x -*x 2 

(c) , f : x -> x? 
(a)' f : x -»x* 



I 



2. For each of the functions in Number 1 evaluate the limit a^s x approaches 
a of the difference quotient r(x). * 3ft; . , 

3. Find the slope of the tangent to the graph of each of the functions in 
Number 1 : at the point . • (a>f (a)-) .< f . ^ 

h. Find the slope of^the, tangent to, the graph of each of the functions in t 
Number 1 at the point (0,0). • * ^ 

\5>. ?Wrixe the equation of the tangent line to, th£ graph' of each of the* * * 
\ '* ^fiinctions in Number 1 at* the point (a,f(a)). * * 

^ For each of the following functions, assume that x f a and write the. 
difference quotient 

; . '; {x) __ *(*?*- ■ 



I j til Simplest form. 

i 1 V 

(a 1 ) If : x -> mx + b* 



8. t 



ind 



f : x -^Ax + Bx 4-C 

3 2 6 
fS : x -»Ax^ + Bx + Cx + D 



,7. Jot <?ach of the functions in Number 6 evaluate the limit as x approaches 
\ ' of the difference quotient r(x) . I 



the s k lope of the tangent to the graph of each function in li umber 6. 



r at ibhe point .fa/f(a)). * 



9- Frinjd the slope of the tangent to* the graph of f : x -> 20x - 3x 
. point; . (a,f(a)). ^ *' t • * / 
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10*. Consider the function f : x -> 1 - x 



. (a) Evaluate lim f ^ ~ ; i.e., determine the, limit as z • 

2 4 X | 

approaches x, of the difference quotient 



tM ic f (*) 

2 - X 



- '(b) Evaluate lim f < x + h ) ' f M . . 
, h -» 0 . n /. 

,(c) What is the slope of the tangent to the gra&h of^jj^at the point 
(x,f(x))? * ' 



11. Consider the function 



2- , 



f : x- -* 1 + x - kx 

(a) Find the liml^as^ x approaches a of the difference quotient 

f(x) - f(a) 

• * - x - a , * . r 

(b) , What is the slope of "the tangent to the graph of t at the point 

(a',f(a))2 



(c)* Find the limit as h approaches 2*ero of thVdiffle 

' f (x + h) - f (x) \ 'A -j 

7 h 



* (d) - What is the slope of the tangent to the graph of at the point 



(x,f(x))? 



ence quotient sf 



V 
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2-k. The Derivative 

Consider the function 

✓ 

* • 2 

( 10 f:x-*l + x-l»x. , ' . 

Ifr the previpus section, we showed that the tangent line to the graph of f at 

(a,f(a)) has slope;' 1 - 8a. The slope of the tangent to the ngraph of f at 

the point (x,f(x)j is -given by 1 - 8x. (See No. 10(c), Exercises 2-3.) ' 

; \ \ ♦ 

The function ; \ 



(2)' \ ' x '->1 - 8x 



2 . ** 



is sometimes called the slope function for f : x -> 1 + x - hx since its 
value . 1 - 8x at a point (x,f (x)) gives the slope of the tangent line to 
the graph of f at the point (x,f(x)). The function (2) is more commonly 
known as the derivative of f and usually denoted by f ' . Thus the deriva- 
tive of * . } 

2 

f : x 1 + x - kx 
Is the function - . ^ v , - 

f 1 :,x -* 1 - 8». 

*The value f'(xT at a point (x,f(x)) is the slope of the tangent to the 
graph of f at (x,f(x)). For brevity, we will often refer to this, value 
f'(x) as. simply the slope of the* graph oi f at ~ (x,f (x) ) • 

Our purpose in this section arid the next is to ob'tain a formula f9r the {* 
derivative f ' (that is, the slope function) of an arbitrary polynomial v 
function f . , In tjhe previous section we defined the slope of (the tangent 
to) the graph of f at the point (a,f(a)) to be 



f , (a) . llm ' *(*) -f(a) 



(3) 

x -* a * 

An alternate form will be more convenient here. If we write (x + h) in 
place of x l in (3), and* substitute x in place of a, (3') becomes 

lot/ \ n f( x + h) - f(x) * ■ 

f (X) = , JS (x+h) -x > 

% * (x+*h) ->x v 

which .simplifies to ^ 

7* # ' < 

The name is reserved for this very special function, in spite of the 

fact that there are many, functions which could be, derived in other ways from, 
a particular function under consideration. * 



ERJC , 



Tl5 



It 



(•0 



~ n« ' * 
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if * 

'Note that f ( x * ft)* - >f fo) carf sttll be 'interpreted as the slope o'f a secant 
* n • * 

PQ/ where P has coordinates (x^ff(x)) * and Q 'has coordinates 



(x + h. , f(x,+ h)) t (See' Figure *2-^a.) < 



Q((x + h),f(x + h)) .• 




f(x + h) - f(x) 



• , m ' Figure 2-Ua 4 

•h^ . f(x + h) - f(x) 

It is clear from Figure 2-^a that the "slope of TQ is — g- L 

As in the last section we define the slope 1 of the tangent to^be the limit of 
this difference quotient as Q approaches P», that is, in terms of the. new 
expression (*0, as h approaches zero. We are denoting this limit by f ! (x) 
and calling f 1 the derivative' of f, 

, Example 2-Ua .fc piveiaut he, f unction _ _.f : x -» 3x - 2x + l i use (h) to 
find f f (x)^ and the slope of (the tangent to) the graph of f at the point 
(2,9)- ' ' - 

f(x + h) = 3(x +'h) 2 - 2(x + h) + 1 



= 3x 2 + 6xh + 3h 2 - 2x - 21l_+ 1 



* 4 ~ ' * f(x) = 3x - 2x + 1 , 

i f(x + h) - f(x) = 6xh + 3h 2 - 2h 

^ * f(x j h) - f(x) m 6x + 3h _ a 

lim + -„ f (*? : & . 2 = 'f • (xV. ' 

h-0 h 



JPhe'siope of >the tangent at (2,9) Is f ' (2) = 6 • 2 - 2 = 12 - 2 = 10. 
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Example 2-kb * To -find the equation of the tangent* to the graph of 



ai (1,1), 



f : x -»x 



3 



f'(x)v = . lim 



(x + h) 3 - x 



h -> 0 " . , ■ 

(x + h) 3 = x 3 * + 3x 2 h + 3xh 2 + h 3 . 



Hence 



and 



(x + h) 3 ' - x 3 = 3x 2 h + 3xh 2 + h 3 , 

(x + h)0 = 3x2 .; 3xH + h 2 f 



f'(x) = 3* • 



The required tangent has tfie equation % ' . 

. ' . y « f(l) + f'(l)(x - l) . 

» 1 + 3( x - l) , - ' / ■ 

* . , y = 3x - 2. - - 

This solution-has the advantage that it enables us to obtain tangents 
at other points with little extra work. .Thus at (2,8), the tangent has 
the slope f T (2) = 3 • 2 2 = 12. ' - 
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Exercises 



2± * ) 



v 2 4 
1. Consider the function f : X -» x - 1. <*■ 

(a) Find' 11m & + •, f ' •/' 

7 ' l» -» 0 ' - . • * 

- (b> Find f'(3) from part (a). • 

' (c) k Find f(3) as' lim f & * h > = ^ . 

(d) Construct a table of values for f ^ + h ^ using successively 

h = .1,4.01, '.001, and also h = -.1", -.01, -.00l\ 



- 2. Use the definition 



f(x i h) - f(x) 



■ n — h 

h -> 0 

to find f (x) for each of the following: 





>) 


f(x),= x 2 - X + 




(b) 


f(x) = 3x 2 + 1» 




(c) 


f(x) ..a 2X 2 - X ■ 


3- 


If 


2 

f : x -» ax + bx 




f« : 


x -» 2ax + b . 


it. 


Use, 


the definition ' 



t ,( x) a ltm f(x * h) - f(x) 



h -» 0 



to ff.ntf the derivative of each' o£ ^trie following: 





i a > 


'f(x) = X 3 + X 






(b) 


f(x) = x 3 .. - 3x 


1 , : - / " : 




(c) 


f(x) = 2x 3 + x 2 


i 

- 6x + 3 t 




If 


f(x) ■ ax 3 + bx 2 


2 ' 

+ cx + d,' show that ft(x) « 3ax, + 2bx + c. 


6. 


If 


f : x -* 2x '- 


x 2 , evaluate - * 




(a) 


f(a) 






*<b) 


f(o) ■ 


*. ;' (e) f'(-lO) • 




(c) 


r(i).""V- 





L 



x! 
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7. " If f : x 2x - x , find the slope of the tangent' to the g):aph of 

f at^each of the following points. ' * ( 

("a) (a,f(a)) ' * ' / 

(b). (C*f(o)) ' ^ " 

- (c) (|,fi|))' * ' ' . , 

' ' (d) (l,f(l)) , " % 

'• /(e) (-10,f<-10)> * 

' -8. ' If f : x -* x 3 - 2x + 1, find all x such that 

(a) f'(x) = k 

(b) f'(x) = .22 , . 

(c) f^x) =0 - • - \, 
• (d) f»(x) * -1 . 

9. Determine each of ^he following. «* ,0 

3 3 

( % a) . llm (* + ^4' *- * ' (The <3 ^boi : ' , >," read "delta x/ 

Ay — * f) • " 

"* ; ctften stands for "change in x." It . 

(b) lim x 8 is me . relv another name for the quantity 

x^Ta x ." 8 ' h in {k ) m) . 



(c) lim 



z - x 



z - x 
z -» x 



• (d ) llm Cx + h) 6 - x 6 • • k 

10. (a) What is the slope function of f : x -* x°? 

(bj What is the derivative of f : x -* xS 

~^j~~(c) What is the slope of (the tangent to) the graph of f : x •*> x^ 
: at | ne point (x,f(x))? 

- ^^(3) "What fs f r (x>o if f : x -* x 6 ? * • t 

11. Find f if, 

(a) ' f : x -» (x + l) - . m • 

r (b) f : x ^x(3x + l) 2 • \ 

( c) " f : x (x 2 + 2x)(3x - l) 



-id? - 
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12. The g*taph of f : x -» Ax + Bx + C, includes^ tne point (1,8), and the 
slope of the graph of f at (a ; f(a)) is w 6a. - 2. Determine A, B, 
and C. ' ♦ 



5 . 



V, 



/ t 
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2-5. Derivatives of General Polynomial Functions * 

In'Exercises 3 and 5> Section 2-Jfc you were asked to, show that if 

2 

*» ' f •: x -*ax * bx + c * 
f 1 : x -**2ax + b, 




3 2 
g : x -* ax J + bx + cx + d 



p then* g' : x -* 3ax + 2bx + c 

Such genera^ expressions allow us tb vrite derivatives of specific quadratic 

and cubic functions by inspection. Jor example, to obtain the derivative of 

f * : 

the function * ' * ; 



g : x -* 5x 3 - 7x 2 - lix + 13 



1^ - 



we merely observe that'this>is the above cubic polynomial .with a =^ \> - -J, 
c„= -11 anV <l = 13, so we know immediately that . t , 

' % fe'('x) = 3(5x 2 ) + 2(-7x)H (-11)^ 15xf ^Ux - 11. . 



These examples', and other exercises in Section suggest the following 

general -expressions £or derivatives of polynomial functions: 



(1) 



The monomial 



~ f : x - bx 11 



has the derivative 
f : x -* nbx 11 ' 1 ' 



> ^ 



(2) 











- The -polynomial - > f 


v. ■ _ ^ !! — 






» 2 * 
f : x -* b^ + b^x + bgX ,+ 

A 


, n-1 u n 
, « + b ,x + b x 
n-1 n 

«r 




** 


has the derivative 








V : ar -* b^j + 2b 2 x + 3'b^ 2 + . . 


+ (n-l)b .x n 2 + nb x n ~^" 
x ' n-1 - n 


I 





Because derivatives are calculated as limits o£, difference quotients, tfte 
pVocess of obtaining the derivative of a function is called diff erentiatioji . 



Observe, that (2) states^that the 'derivative of M? general .n^ h degree 
polynomial can be obtained by differentiating each term in the sum, according 
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to (l) . We are claiming t\iat'the derivative of such a sum of terras is simply 
.the sum of the derivatives of the terms. 7 - ^ 

Formulas (l) and (2) can both be derived by writing the expansions f6r 

7 ^ usin S tne Binomial Theorem, and taking the 11 jit as h' 

approaches zero. We shall' derive fl) \hts way. Fortunately, however^ we can 
deduce (2) from (l) wij^Kout a long algebraic argument by first justifying the 
claim we made above, namely, t t\\at t<he derivative of a sum of functions Is the 
sum of their" derivatives. 

To show (^) , let f ' : x -» bx n . Then according to the Binomial Theorem, 4 
* f{x + h) = b(x + h) n , 

= b[x n + nx D - 1 h + %^^ n -VVS^4 ( f^^"V+ ... +h n ], 
' f(x ♦ h) . f(i) = bfnx^h ♦ SkfH x n 4 2 + ... ♦ h n ] 

and * * ^ • , 

(3) # T(x j& - f(x) , = .^ [n /-l + + _ + \ , 

n » d. . t. 

Note that every term in (3) except the first term, bnx 7 > contains* ti jat 

C ^ 

least once as a factor. Hence, as h approaches zero^ all the terms in (3) 
-except bnx n ~ also approach zero. We* conclude thaj ^ . n 

. ' ' ' f (x + n) - f(x) , n-1 . 
lim V f — £ = bnx 

h-0 . h 

* * * * * n 1 " 

and therefore, that the derivative 'of f : x -* bx is f ! i»x -» bnx 



Now 



to see that (2) follows 6 from this rasu^t we must first see why the 
general property of derivatives mentioned above holds true. Suppose "s is / 

a function whose value s(x) equals f(x),+ g(x), vfere anh ' -g 1 are K . 

/ r 4' ■ * ' 7 ~ 

'functions oft'x. (For example, if »f„; x -> 5x and. jg^: x -»!3x then « 

j, • 7 * , • . « 

s : x -> 5x + 13x .) We may calculate the derivative, of «s in general 

' directly from'the definition, as follows: - * 

< — 

s , (x) = llm °(* + m - »(*> . ; • ■ * 

s(x + *h) = 'f(x + h) + g(x + h)' v 'J^ : 
and \ s(x) = f(x) + g(x) **** 



SO 
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~ > r ~ ^ st^jK h) - s(x) = f(x + h) - f(x)'+ g(x + h)' - g(x) • 

* L t ~ I 

Therefore 1 k 

. • ' • * ' | 

* S(X 4- h) - .s(x) t£x + h) - fCx) h - g(x 4- h) - g( X ) * - f 

„_ In the limit as— 4^ai*proa,ches zero, it can be shoftii*that* (h) becomes 

V * ~" -vi -V *~^>.> ~* . - - , • - ^ - - 

^ t -^"^ -V: ^-r^l.- -r ■ /OBp-fc)^*^*) * g* (x) , ' 
as clarmetf." ^ ^ 

- ■-*- * v The argument could easily be extended to sums* of three, four, or any 
number of functions. - Hence, we "see that we can differentiate the general 
polynomial function • ' I 

, f : x -> b n + b. x + b 0 x 2 + . . . + b x n ^ 
0 1 2- , n -* * 

1 * / 

term by term 6ince it can be thought of as the sum of (n l) functions. 

From (l) we conclude that ' '> 

.■ # . y 

f ! (x) ^ b: +'2b' x + 3b 0 x 2 + nb-'x"" 1 ; .// 

.,,.<* A ' 

Translation and the .Derivative v * , 

Now'let'Us consider what happens to our differentiation formulas if we 
replace x by x - a. To be concrete, we consider the function < . . * • 

2 *' ' ' 

k f : x ->2x - 8x + "9, 

' * * " ff 

whose derivative is ' v 

f ! : x -> i*x - 8. • 
Let g be the function * \ 

. ' ■ <t ' 

g : x ^2(x - a)* - 8(x - a) + 9, 

.that is, g(x) = f (x, - a"). If -a = -6", the graph 6f g, is obtained by 
transiting the graph of f^six units to the left. (See Figure £-5a.) 
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Figure 2-5a 



f : x -* 2x - 8x + 9 

g : x -» (2x + 6) 2 - 8(x + 6) "+ 9 



If a = 7, g becomes g : x -=>£(x - 7) - 8(~x - 7) + 9 and its graph is 
obtained by translating the graph of ,f seven units to the right. (See 



Figure 2 -5b.) 
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Figure 2-5^> 

f : x -* 2x^ » 8x + 9 

g x x -»2(x - 7) 2 # - 8(x - 7) +'9 V 
11 If * . « 



. 1 OA 
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NoTTuhder a~translation a line is carried into a parallel line*, and ihence, the 
slope of a tangent to a graph is unaffected by translation. (See Section 1-2.) 
Thus^-if x ~»f(x - a), /that is, the graph of *g is the resiilt of transr 

lading the. graph of f, then the slop e -o f t h o-gyqph of g, at" the point 
(x,g(x5) is the same as the sloperof the* graph of f at tlie corresponding 
point (x - a , f (*x - a)). For example, the slope of the graph of 
g s x ->€(x - 7) 2 - 8(x - 7) + 9 at (10,3) is exactly the same as the 
-slope of the graph of f- : x -> 2x 2 - 8x + 9 at (3,3), as shown in Figure 
2-5c% since T' is the image of T ander a translation 7 units to the 
right. - • 




Figure 2-5° 



Since the slope of the graph of a function is given by "its derivative, we have 

i f f 

concluded that J 



(5) 



if, g\-V;->~f(x - a), then g r (xj = f'(x - a), 



This conclusion enables us to differentiate, *g in the, above example 



rather easily. For the function 



f : x ->2x - 8x + 9 



we find the derivative* 
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f 1 : x ->kx - 8 
and replace x by x - a to obtain 

v * ' g f : x h(x - a)- - 8, 

115 
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For example, if = -6, we have 



g : x ->2(x' + 6) 2 - 8(x + 6) + 9 ' 



and 



/ * v , ' g » : x -> U(oc + 6) - 8 = + 16, , * " - ' 

We can also justify conclusion (5) algebraically using difference quo 
tients. - J 



We know that 

A 



(6) 



1. / \ \, f(k + h) - f (x) 
f'(x), = lim — — y — L 



h -> 0 



Replacing x by x - a in (6) we obtain 



f'(x»- a) = lim ± 4t-t 

K h -> 0 



f(x - a + h) - f(x --a) 



Now' if g(x) = f(x - a') we can rewrite/this as . 

f ! (x" P - a) = lim 



* six + h) g(x) 
h-0< h 



and the right-hand expression is simply the definition of g f (x)^ Hence, 

f'(x - a) = g'(x). 

In general then, * * *\ * 



(7) 



n 



The polynerfiial function 

g : x 4c Q + c^x - a) 4- c 2 (x - a)* + + cjx,- a) 1 
"has the derivative ' . . - - ; 

g': x ->c, + 2c n (x - a) + 3c 0 (x - a) 2 + ... + ncjx - a) 11 " 1 



i "1 



n 



Example 2-j5a, . Given the, function f : x -> 3* - 2x + 1, use? (2) to 
•find the derivative f ' and the slope of the graph of f at the point 

(2^9). * ■ ' • ; . 

Using (2), we obtain f»: f ->(2)(3x) - (l)(2> = 6x - 2; f ! (2) = 10. 
\ - The slope-of the graph of f at (2,9) is 10. 



\ 
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. Example 2-5b. Given f : x -» x^ - 3x + x - 6, find the equation of ' 

. the tangent line to the graph of f* at the point' where x = 1. 

Sinc^ f(l) = -7> the tangent passes through (l,-7). The derivative 
of f v is . - \ " ' * 

'". - f f : * -*5x^- 6x + 1 ' • 

so 'that ttfie slope of the tangent at (l,-7) ( is, f'(l) ^ 0. Thus, 1 the tangent 
line 'at (1,-7) is horizontal and has the equation^ 

V —7. * 

Note how"^iuch easier it is .to find the equation of this tangent by using 
the derivative formula (2) to obtain its slope at x = 2, rather than using~ 
theSmethod of expressing f(x) in powers of x - 1 as we did in Section 2-2. 

Example 2-5c , Find ''the equation of * the tangent to the graph of 
> y = -lix 3 - 7x + 1 at the point (2^-1*5) • 

Tt is common to denote the expression for the derivative by y 1 , so that 
(2) gives 

: > y» = -12x 2 - ?. 

This is the slope of the tatfgent to the graph at any point (x,y). To find 
the* slope of "the tangent at the point (2", -1*5) we .replace x by 2 to 
obtain 

-42 • 2 2 - 7 = -55- , , 

t 

The equation *of, the tangent^line is 

y = -U5 - 55(x -~2). 

Example 2-5d , For f : x -* - 3* 2 ', and g : x -» f(x - |) , find 

We have 

v 

f * : x -* 3x - 6x K 



so that 



fric 



5' : x -3(x -|) 2 - 6(x - |) 



and hence 



g'(l) =3(1 -|) 2 -6(1 -§) = 




V Example gjge. Suppose f : x -> (x + l) 10 . Find the equation of the 
tangent to the graph of f at the point (l , 1021*), 

\ We could use the binomial tbeorem^to expand (x + l) 10 , and* then 
differentiate. However, it Is easier to use (7) which gives % 

c f': x -* lo(x + IV 
so -that * 1 4 \ < - 



\ 
\ 



f f (i) = 10 x 2 9 c 5120 A- - 



Hence, the desired tangent has the equation 

% 

y = 1021* + 5i20(x - l) 





V 



/ 
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Exercises 2-5 * 

(a) F-Jnd f» if f : x -* x 2 + 2x* + 1 - using (2)*. • 

(b) Find g« if g:x->(x + l) 2 using (7). 

(c) Compare- f* and g f . * * • 

(a) Find the derivative of each of tfie following functions. 
9 ' ' (i)" f : x ->2x 2 - 8x + 9 

(ii) g x : x -> 2(x + 6) 2 - 8(x +.6) +9 J 

(lit) g 2 : x ->2(x - 7) 2 - 8(x.-' 7),+ 9 V 

(b) Find the slope of the* tangent to the graph of each of the functions 
in part (a) at *the point indicated: 

4 (0 t (3,f(3)); * 

(ii) g at (-3,g, (-3)); "i , 

(iii) gg at (10, g 2 (l0)). 

(c) Show that the* tangents^to the graphs of f, g^ and gg at the 
, points indicated in part (b) are parallel' lines . 

(d) Indicate the function obtained by shifting the graph of each of the 
functions in, part (a) as prescribed: 

Cfl) the graph of f two untts to*the left; 

(ii) the graph of g^ four units to the right; 

(iii) the graph of g^ nine -units to the left. 

f * t 

(a) ' Find the derivatives of each of the following functions. 

(i) F : x -» x - *3x 
' ' (ii) f : x -* (x - 2) 3 + 6(x - 2) 2 + £(x -'2) + 2 
(iii) g jx-»(x + l) 3 - 3(x + l) 2 + 2 

(b) Evaluate: 



(i) JK'(O) 
* (ii) f f (o) 
(iii) g f (0) 

(c) What is the equation of the tangent to the graph of' each of the • , 
functions F, f , and g at the y-axis? * 
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(d) Compare the functions F, f, and g. 
k. (a) F^Lnd the derivative of ^ 

? 2 ' 
F : x -» x + 6x + 12x + 8 • 

(b) - Determine f* if f : x -> (x + 2) 3 . 

* / \ w \ . ■» (x + 2 + h) 3 -(x + 2) 3 

(c) Evaluate lim ■ t-r - '— • 

„ h ->0 n ' ' - • 

' % . * -* * ' 

(d) Evaluate' F*(-l). 

(e) Evaluate f'f-l). 

(f) Evaluate lim ( * * ^ = ^ + 2)3 

x,-» -1 

5. Consider the function f : x -> (x + 1) . . 

(a) Find f*. V ' ' 

(b) Evaluate *f(o) and f(o). 

(c) What is' the equation of the tangent to the graph of f at the 
y-axis? 

(d) Evaluate f(-l) and f'(-l). 

(e) Find the- equation of the tangent to- the 'graph of f at the point 
* where x = -1. 

(f) Evaluate f(-2)' and 'f f (-2).^ 

(g) Write the equation of the tangent to the graph of f at the point 
r ' 

f where x = -2. * * 

4 

6. ^Consider the function f : x -> (x - 2) . ' , 

1 

, (,a) Find the derivative of f . ; " 4 ."•'>> 

(b) Evaluate' f'(l), f«(2), and £«(3). , 

(c) Find the equation of A the tangent to the graph of f at the point 

* (h , 32768). 

2 * 
7- (a) Find f • if f : x -> 3(x + 2) . 

2 

(b) What 'is the derivative of g : x -* 3* .+ 12x + 

(c) Compare f with g, and .f* with g* . 

(d) For F : x (3x + 6) 2 find F* . , 

(e) Determine the derivative of G : x ->9(x + 2).. 



(f) Compare F with G, and F* with G f . 
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8. Find f,'- JLf « . , _. r __ 

. <a) f : x ^'1 + ^ + |r/ + |r + fr \§r- * ' 

3 >p 7 9 
(b) f : x^x + §5 + fr +Jr ' 

■ * 

(Note: "nl", ^read ! 'n . factorial/' is the product of all the integers 
from 1 through the positive integer n. , * 



ni = 1 -2 ■ 3 ■ ... ■ (n - l) ■ n. * 

For example, 5'. =* 1 • 2 • 3 • k ' 5 = 120.) 

9- (a) Find two points where the slope of the gr£ph of- 
: x -> 2x J - 9x - 60x + 5 is zero. 

(b) What does the graph of f look like at these two points? 
10 • Consider the functions 

2 

f : x x 3 - 3x 2 + 1 ' and g : x ~> £1 - f x - % . 

\ ' d 3 o 

(a) Find the. associated slo£e futoctio^fe f 1 and g* . 

(b) Evaluate f«(l) and g f (l). ■ . ' 

(c) Ih each cas'e write an equation of the tone tangent to the graph of 
the function at the point where x = 1. * ' 

(d) What is the relationship- of these tangent lines to one' another? , 

11. (a) Using x = (x - a) + a and the Binomial Theorem express x^ in* 

powers of x - a. ' , \ 

* W 

7 _ 7 K • 

(b) Using part (a) determine - — a for x ^ a. 

x •* a * 

* n * n 

7 7 

I, (c) Evaluate lim - — : - a - . - ' 

x - a 

• x -> a 

/ \7 7 s 
(d) Determine ^ + ^ 7 X ^ to 3* °-- (See No. 9, Exercises 2-4.) 



As x increases by an amount Ax, the' change in y is 

7 7 * * K * 

(x + Ax) r x • Tnis quantity is often labeled representing t 

'"change in y. 11 Determine / 

* . . ' lim £ . • r 



(This limit is, of course, the- derivative of y = x , and is often 

V'- . '» 



symbolized by y 1 or •)' 



, 1 



) . 
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2-6. Applications of the Derivative to Graphlng_ - 

«The derivative f 1 of a polynomial function™ f .-is very u^ful for 
obtaining information'about the graph of f / In particular, the sign of 
f ! (x.) will enable us to determine exactly the intervals ovel- whicn the graph 
of ^J^J-s rising or falling ana to locate precisely the high and low points 
of the_graph. ■ 

- To be specific, consider trie function" ~* 



2x J 



3x- 12x— t 2 . - 



Its derivative is* given by 



t*6x 6x - 12. 



The value f'(x) -can be interpreted as the siope of the graph of f a^tfte 
point (x,f(x)). In factored forjp " 

f'(x) = 6(x + l)(x - 2), 

from v which it follows that v* - 



f'(x).>*0 for x < -1, 

f'(x) =0 for x = -1, 

, . f'(x) % 0 for -1 < x < 2, . 

• ' V(xT = 0 for x = 2f 

I 

and * • f\(x) > 0 for x > 2. 

^ 6 2 

See Figure 2-6a for the -graph of - f : x -> 2x^ - 3* - 12x + 2, together with 
these facts. 
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f * 

f (x) > O t 3 f'(x)<0 4 , - f '(x) >Q 



f ! (^l) = 0 




ysf(x) =2x 3 -3x 2 -12x + 2 



f f (2) = 0 



P -5 0 < 

The graph 4 of f : x -» 2x J - 3x - 12x + 2.' 

Note that a6 x increases, th.e graph of f riaes over the intervals 4n 
which f ! (x) > 0 and falls over the ^intervals in which f f (x) < 0. This is 
as we might expect from our experiences^ith positive and negative slopes of 
lines* 

We now show, for any function f, that if f'(a) > 0, the graph of! ;f 
is rising as x increases through a. 



» 
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?' (a) > 0 




# By definition, 



Figure 2-6b 



> f . (a) = UA f ^ a + h ) . " ti«> 

' h -» 0 



Hence, if f'(a) > 0, then 



!A f(a^h?-.f(a) - >Q> 
h -»0 h 



This limit can not be greater than zero unless 
(1) V ^(a * h) - f(a) > Q 



for sufficiently small values of ,h. Suppose we take h positive and small 
enough so that (l) holds. ' Then' multiplying by h in (l) we have 

f(a + h) - f(a) > 0 ■ : - 

» - r 
■ 1ft 
? r - ' ^ 

(2) ' f(a + h) >f(a) je , ~ . ' 

This inequality (2) says simply that the graph of f rises immediately to the 
right of a. (See Figure *2-6'c. ) ' 



125 
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a a + h 



* Figure 2-6c 

f (a + h) > f (a) for h sufficiently small and positive^ 

# • 

Similarly,, if we take h negative in (l), then ot^m^ltiplication by h, (l) 
becomes^ - , vy< & 

f(a + h) - f(a) .< 0 9 

or A f (a + h) < f(a), - 

which says that the graph of f falls away immediately to the left of a, 
(See Figure 2-6d.T ^ " * 




a + h ^ a 
Figure 2-6d 

v 

'** 

f(a + h) < f(a) for -h sufficiently small 1 and negative. 
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We ; have shown the following/ 



(3) 



/ 



If f f (a)-> 0, then f(x) /increases at the. point 
(a,f(a)), and thjs graph of f rises as x 
increases through the vsflue x = a. 



^ A completely analogous argument, may be carried out for the case in which 
f*(a) < 0. We merely state the result, . ^ 



If f ? (a) < 0, then f(x) decreases at 'the point 
(a,f(a)), and the graph of ,f falls' as x - 
increases through the value x = a. 



A simple but imp'oYtant corollary of (3) atnd (k) is the following. 



(5) 



The graph of f is horizont 
only if f f (a) =V - 



at ttje point (a,f(a)) 



9 

For if the graph is horizontal at (a,f(a);, then fCx) is neither increas- 
ing nor decreasing at x = a, f$ f f (a)' can neither be greater than .zero, 
according to (3), nor less than zero, according to (k) . Hence, f f (aX must 
be equal to .zero. 

* 

Returning *to the function f : x -* 2x~\ - 3x - 12x + 2 we note that we 

could iiaye predicted its intervals of increase and decrease without having 

seen the graph in Figure 2-6a. Furthermore, we could have pinpointed exactly 

the location of the poi#t (-1,9) where ^the graph of this particular function 

ceases'to rise and .begins to fall (as x is increasing). Such a point is 
# 

cfcdled a relatiy_e maximum of the' function f t because the value of f at that 
poinfevjjS^greater lihan all "the .values of f nearby. The point (2,-l8) is 
similarly called a relative minimum. • 



The point' (a,f(a)) is a* rela£§fe maximum of f y if and only if in some 
interval about a the graph t>f fL*^ris[es for x < a J and falls for x > a. 
. In* other , ho rds , 



tne^oi-nt (ajf(a)) 1 is a relative Maximum if and only if 



(i) f(a).« 0 - • J • 

•(ii). f f # (x) > 0 for x < al an<J close to a 
(iiji) if'(x) < 0 fpr x > a! and close to a. 
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The point (a,f(a)) is a relative minimum if a#d only if in some inter- * 
val about a the graph of- f falls for x < a and rises for x > a. In 
other words , 



the "point 


(a,f(a)) is a relative 


minimum if and only if 


(i) , 


- f'(a') = 0 




(ii). 


f '(x) < Q for' x < a 


« 

and close, to a 


1 (in) 


f ! (x) > 0 for x > a 


and close to a. 



A final word about notation: in discussing the intervals over which a 
function is increasing or decreasing, it is convenient to -use the symbol 
[a,b] to represent the closed interval from a to b, including the end- 
points a and b\ Tbat is, ^[a,b] is the set of all x such. that a < x < b. 
Often it is necessary to distinguish [a,b] Srom the open interval , denoted 
(a,b), whjfch excludes the endpoints a and b. That is, the interval (a,b) 
is the set of all x such that* a < x < b. Note, for example, that the 
derivative f ! of f : x -» 2x 3 - 3x 2 - 12x + 2 in Figure 2-68^5 strictly 
less than z-ero on tyie open 'interval^ (-1,2) while in the closed, interval 
[-1,2] this is n&t so? > 

9 O 
i « 

Example 2 -6a . Determine the relative maximum and minimum as well as 

< <• 2 ^ 

intervals of increase and decrease for - f : x -» 1* + x - x - x . 



We have 



* f 1 : x -> 1 - 2x - 3x 



-(3x - l)(x + **,)• 



The graph of f has a horizontal tangent when x = ^ and when x 
Examination of the signs of these factors, leads to the conclusions: 



^ f'(x) < 0 if x < -1 

f«(x) >X) if -1 < x < i 
f'(x) < 0 if x > | . 



Thus, f decreases if x < -1 or if oc > - and increased when 



is 



between -1 and — 



In particular I 
f(-l) = 0 is- a- relative minimum 



and 



1 ^2 5 
f(— ) = is a relative maximuto. 
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This -information ehables us to give a quick sketch of the gra]ah of f, 
shown. in Figure 2-6e* Of course, further accuracy'is obtained by plotting 
, more^aints, but Such quick sketches are often all we need to have. 



falling 



rising 



X 



^J>27^' * 8 re -*- ative ^xiraum 




(-1,0) 

a relative 
mi'nimum 



falling 



/ 



Figure 



2 3 
f:^-»l+x-x -x 



Example 2-6b . • The zeros of the derivative do not always lead to relative 
maxima and minima of a function. ' Consider the function' 



Its derivative is 



f : x -* x" 



2 



which has the zero x = 0 of multiplicity 2. The graph of f, therefore, 
has a horizontal tdRfgent at (0,0) but this 'point is 'not a high point or a 
low point on the graph of , f. In fact, the graph of f crosses its tangent 
at (0,0). Such a point is called a poiat of inflection / (See Figure 2-6f. f ) 
In this case ♦ 

f *(x) > 0 if x < 0 or if x > 0; 
that is, f ,is increasing on either side of the origin'. 
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increasing • 



graph crosses its 
tangent I which is 
the x-axis) at 
this point 



increasing 



Figure *'2-6f ^ 
This example serves to remind us that to determine the relative maxima 
and minima, we locate the critical points (that is,~the zeros of f f ) and 
test the sign of *f 1 on each side of a critical point to determine if that 
point is a relative maximum, minimum, or point of inflection. 



2 h "\ h * 
Example 2 -6c. Graph f : x -» kk + hx - l3x + lQx J - 9x first by- 
plotting points from the table below Figure 2-6g,and connecting them with a 
smooth curve, then by finding the critical points and intervals of increase 
' and decrease. 

J. ' 
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.y . . 


♦ 






\, * 




& 

:> 


'(o,W»)y 








(-1,0)/ 


\(2,0) 










X 












(-2, -30V) ♦ 


' \ (3,-30lt) 





from the ;table 



Figure 2-6g 

■ Plotting points for 

2 „ C U 

. f : x -» kk + fcx - 13x + l&r - 9x 







'-1 


0 


1 


2 


3 


f(x) 


| -30U 


0 


kk 




0 


-30U 



We have plotted a ; f ew points^ and connected them with a smobth curve in 
Figure 2-6g (using a compressed vertical scale for negative values of f ) • 
The graph suggests the possibility of a relative maximum point between JO, 1 * 1 *) 
and (\,hk). The derivative of* f is ' ~ 



f « : x -* - 26x +^kx 2 - 3^xK^J 



We suspect that f , (x) wJLll be zero somewhere in the interval 0 < x < 1« 
Testing x = |- indeed gives ' 



so that x -'s i;s' a factor ofi f*(x);. Upon factoring x - £1 we obtain , 



f : x 4 (x - i)(-36x^+ 36x - 8). 



2-6 V** . • 

We can factor further to obtain « 
f» : x ->-36(x -|)(x -i)(x -*|)«' 

Note that there are three critical points between (0,1***)* and 

The product of three factors, will be positive if and only if all three factors ^1 

• i 
are positive, or exactly one is positive. Therefore, * 

f f (x) > 0 if x < i , 

f*(x) < 0 if i < x 

/ 1 2 

f'(x) > 0 if ± < x < I 

f'(x) ,< 0 if x >| . 



We conclude that 



• f 1 12 
f is increasing for x < — and for ^ < x < — f , 



while 



1 s 1 2 ' • 

f is decreasing for — < x < — and for x > — . 

» » ^ \ 

In summary we can say that the graph of f 'rises until it reaches 

(5 , then falls to the point (|, f(|)), prises again to (| , f(|)) 

' 2 2 * ' 

and falls beyond (- , In particular we know that 

f(^) = hk ~ and f(|) = hk | are relative maxima, while 

''17* 

f (gO = M ^ is a relative minimum. 

We conclude that Figure 2-6g correctly indicates the increase for • 
x < 0 and. the decrease for oc > but is incorrect for the interval 
0 <"x < 1. A more accurate representation of f on this interval is sketched 
- in Figure 2-6h. * 

t {• i 

"# *\ * ' > • 1 ' 1 * 
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; Exercises 2x6 

Make a careful sketch on the interval [0,1] (i.e., 0 < x < l\ of the 
graph of the function 'ftx^l+x-x'-x^ given in Example 2-6a. 

Does the graph confine the conclusions of the text? 

For each of the following functions locate and characterize all extrema 
(maxima, and minima). On what intervals is the function increasing? 
decreasing? * J~ 0? 

(a^ ' f : x -* kx* - 8x 2 + 1 r 

(b) f : x -*x k - kx 3 

• i ' * 

- > P 

Prove that, for x > 0, f : x -* x is an increasing function. (That 
is, let x 1 > x 2 > 0 .and show that x^ > x^) 

» • « 

Employing information gathered by procedures suggested %n the text, 

sketch the graph of each o^ the following polynomial functions over the 

interval indicated using convenient scales. ♦ 

(a) % f : x ->x^ - 3x + 1, -2 < x < 2 * ^ 

(b) f a x -* x 3 + 3x + 1, -1 < x < 1 

(c) *f : x -+X 1 * - Ifx 3 - 8x 2 -2<x"<5 

t 

(a) Describe the behavior of the graph of f : y -4 2x 3 - 3x 2 pn [-1,2 J* 
(Maxima? Minima? Intervals of increase, defcre'jtse? 

(b) Sketch the graph »of f : x -* 2x 3 - 3x? on J / 

(a) Describe the behavior of the graph^of* f : x -> -3* . +* 8x 3 on . [-1,3}* 

(b) Sketch the graph of f : x -» -$c V 8x J on [-1,3] • 

4^ * a 

Determine the maximum valu£ of the function f i x 



* x 2 - 6x^+ 16 



What is 'the greatest possible number of points where the tangent to the 

2 

graph of a quadratic function x -*Ax + fix + C may be horizontal? 



9- Consider the function 

' 3 2 / 
f : x*-*Ax^ + Bx + Cx + D, A f 0. ^ 

(a) Find f 1 . • - ' 

(b) What is the maximum number of zeros thpt f 1 can have? 

(c) How many relative extrema | maxima and minima) can f -have? 

(d) If the graph of f has a relative maximum point, must it have a 

relative minimum point? Explain or give, examples . 

X x " 

(e) If f'faj) = f'(x 2 ) = 0, determine 1 g 2 . 

; . ' 

10. Consider the functions 

I f : x -* (x + l)^(x +, 2) 

and . \ g : x -» (x + l) 2 (hx + 7)V 

m '(a) How are the functions .related? 
(b) Sketch the graphs of f and g on ^the same set of axes. 

11. Suppose that x.^ and. x^ are zeros of k 

2 

f : x ->Ax + Bx + C, A > 0. r 
Show that f has a minimum at * 9 

X,' + x, 



2 '» 



12. Determine the relative maximum 'and minimum points of the graph of , 
f : x -» 3x^ - 12x 3 + 12x 2 - k. 



X * 1 > 
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2-7- Optimization Problems " a . 

The post office limits "the size of a parcel post j package by requiring 
that its length plus, its girth, may not exceed 72 inches. . [ 




Is there a package, subject to such a restriction, which has greater volume*.' 
than all other such packages? If so, what are its dimensions? 

In this form, 'the problem is hard to handle^ Suppose we simplify it by 
asking if- there is a (rectangular) package with a square ' cross-section which 
has maximum volume subject to postal regulations. If ,we let x -represent ®, 
the wfdth in inches of the sguare cross-section^ then the girth of the pack- 
age is ^ inches and its length is at most 72 - Kx inches, according $o 
the post office* ' ^ % \&> 

J 



Hence, the volume in cubic inches of the package is at most V=x • x • (72 - Ux). 
This formula defines a polynomial function 



(1) 



•72x 2 - kx 3 , 



and we wish to. find its maximum value. Note that V(x) has no maximum if .we 
do not restrict x: if x < 0, V(x) is positive and gets arbitrarily large 
as x /becomes negatively irifinite. HQwever,, this causes no difficulty because 
we are interested only in values of x between 0 and 18, because only in 
this* interval [0,18] are all the dimensions of the parcel post package sen- 
sible positive lengths. "* ' 

f 

Hence, our idealized model of the probleltis: # >& 

e 2 ^ 

Find the maximum value of the function V : x -4 72x - kx D 

for x in [0,18]. v ' 

The desired maximum may occur at one of the end points of the closed interval 
/[0,l8], if for example, the ^raph^of V looked *like one of the curves shown 
in Figure 2-7a. » 



/, 





Max. in [0,l8]-pt x = 0. 
ft 



0 18 
Max* in [0,18] at x = 18. 



Figure 2-7a 



However*, *if the maximum value V(x) occurs ^ between the ejidjwintk of the ^ . 
interval [0,18], i.e., for some x = a in the open interval (0,18), then 
the remarks in Section 2-6 show that V r (a) = 0. If V'(a) > 0, there Would 
be higher points immediately to the right of" "a, and if V ! (a) < 0, there 
would be higher points , : itffiediately to. the legfc^of .a. 



Thus the maximum volume for our parcel post Package occurs where 
V f (x) = 0, or where x = 0 or x = l8. 

If V f (x) = 12x(l2 - x) = 0 then ,x = 0 or - x = 12. 

The possible maximum volumes are therefore 

* * - 

} v(o) = 72.(o) 2 - Mo) 3 = 0 

' V(12) = 72(12) 2 r h(!2) 3 - 3^5 6 

' v(i8) = 72(l8) 2 - Mi8) 3 = 0. 

Clearly, V(l2) is the largest of these and "by the above ^/marks'" it must be 
the relative maximum of *f on the, interval [0,18].' Hence, the dimensions 
of the mostj voluminous parcel of this sort acceptable *o the post office are 

width = x inches = 12 inches, 
height = x inched = 12 inches, 
r • length = 72 - hx inches = 2h inches, 

and its volume is 3,^56 ^cubic inches; / 1 

The following examples do not begin to indicate the wide range of 
possible applications of £he method used above. * ^ ~. * 



Example 2 -7a . A man proposes to make an open box by cutting a square 

from each corner of a piece of cardboard 12 inches square and then, turning 

up* the sides. Find the dimensions of each ^square he mtfst cut*in order to 

obtain a box with maximum volume. 

%• * ^St" * 

Let the side of the square be cut out be x inchest The base of the 

box will be 12 - 2x inches on each side and the deptn* will be x inches. 



the volume V in cubic inches will be 

► 

V = (12 - 2x)(l2 - 2x)(x) 
2 7 * 




12-2x 



Figure 2-7b' 
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We suppose that 0 < x < 6, for otherwise V will be negative.' Our problem 
is to maximize 



f : x Ikkx - kQx 2 + l*x 3 
subject to the condition 0 < x < 6. The derivative is 



<■ f« : x -»lWt - 96x + I2x 2 =: 12(6 - x)(2 - x) 

§t> the fc£ros of f 1 are j 2, 6, We know^that this maximum must occur at one 
of the points f t 

c = 0, <* = 2, or c s 6. 

We find^that' f(0) =!f(6) = 0 and f(2) > 6, so that f(2) must be the 
largest value of 'f on the'^hterval 0 < x < 6. With a 2 inch square _cut 
from each corner, the bo^ will have dimensions 8x8x2. Since 
f(2) =8x8x2 = 128, the maximum volume is v 128 cubic inches. 



Example 2 -7b. We wish to plant one square and one circular flower bed, 
surrounding them with ^15 yards of fencing. What should be. the dimensions' 
of the two fences so as to contain flower beds of greatest possible area? 

Let t s- be the side of the square bed and r the radius of the circular 
bed. Denot^ the sum of the areas of the two beds by, A. Then 

(2) . % 

and > 

(3) I*s *+, 2nr = 15. 



r 2 2 
S + JKT 





Figure 2-7c 

Solving (3^ for s and substituting this into (2) gives, our. area in terms of 
the circular radius r: 

' A /15i 2nr*2* 2 
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We can suppose that 



the endpoints of this* interval corresponding to the respective situations of 
no circular bed and no square bed. Thus we seek to maximize the function 

2 " 



over the interval 0 <• r < ^ . The derivative is . 



Solving f'(r)ateO gives 



r - • ^ u * 



Hence, f must have its maximum value .on the interval 0 < f < £ at one 
of the points * 

We examine the values of f for each of these values of c: 

* * * 

f(0) = 1*1.06 



J '(STts) = 7.88. 



and 



f (§) c 17.90. 



We see tlia]b the' maximum" value of 



'/it 2 + kit\ 2 15*" 
f : r -( * i; O r - -f - r-+ 



' subject to the restriction 0.x r < ^ is attained at the right* endpoint — * 

Our conclusion is that the problem has no solution ^n the terms posed; a 
square and a round flower bed together will never encompass as great an area 
as a single round bed whose perimeter equals the total length available. 
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Similar problems requiring the minimization of a function- over an inter-" 
val often occur, and can be solved s similarly. t If f is a polynomial function 
defined on some interval Ja,h], the minimum value f(x) occurs either 'at 
x =• a, x = b, or where, f,'(x) = 0. f To justify this claim w,e rieed only ob- 
serve that if the minimum occurs att x a a < c < b, then if f f (c) > 0 
there are lower points fmmediately tp the .left of c, and if f f .(c) < 0 
there are lower points immediately tjo the right of c. 

Example 2-7c What should be'the dimensions of the*flowe.r beds in 
Example" 2-7b so that the least "possible area is encompassed? 

Following the analysis of Example 2-7b, we wish to minimize the function 
t Jr .(2i^L )r 2-.^ r + ^ ^ 

over the interval [0 f(r) 'is minimum either at r = 0, "r « P or 

where f'(r) = 0. In Example 2-7b we fotand that f'(r) = 0 if and only if 



15 



Hence, the possible minimum values for f are 

\ if(0) z 14.06 ^ " 
■*(5rH)-"T.88 

f(gj) * 17-90 

We "see that the minimum value of f occurs when r, = g . Hence, the 

combination square and circular garden surrounded by ^ 15 yards of f*encing 
has the least area when the circle has radius r = ^ g z 1.05 yards and 

the square has side s = i(l5 - 2itr) z 2.10 yards. 

• . " ' 1 . 

Exam P le ilZl- Find the point on the graph of y =*x 2 that is nearest 
the point A(3,0). , 

<v- r ■ ■ 

call that the distance between (x^y^ and (xg^yj is 



Rec 



I » 

- - x 2 f + ( yi - y 2 ) 2 : 



-v 
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The 



to a point P(x,x, ) on the .graph of y = x is s 



thus given by 



AP = /(x - 3 ) 2 ? (x 2 ) 2 , 
dllfte 



Our problem is to choose P so that this distance AP is least, "» 




— miniraujn distance 

• 4 



A(3,«0) * 



Figure 2-1 A 



This expression for the distance AP is hot a polynomial so our techni- 
ques cannot be directly applied * Note, however,, that 

(ap) 2 = (x - 3) a ;+ (x 2 ) 2 ^ * • 

ss 9 - OX +'X + X 

''which is a polynomial expression. Furthermore, if x is such that (AP) is 
least, then AP will also be least. Thus we^need only choose x so that 

A s 2 k * 4 i 

+ f:x-»9-6x+x+x 



has its least. value. * 

The derivative of f is 



f* : x -6 + 2xT7k 3 = (x - l)(kx 2 +M + 6). 



The factor kx +. 4x + 6 is always positive, since we can complete the, ' 

.square to obtain . i * 

4x 2 + kx + 6 = 4x 2 + kx + 1 + 6 - 1 
* ' ■ == (2x + l) 2 + 5 >5. 
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Thus, *ff(x) < 0 if x < 1 and f(x) > 0 if x > 1, Therefore, by the 
remarks in Section 2-6 wejenow that, f has a relative minimum at x = i. 
Hence, the-, point (l,l) is the point of the 'graph y = x 2 which isggjfcsest 
to A(3,|b). • 

j - ' 

! Exerc ises 2-7 

I - ; 

1. Consider the function 



f : x -* ^x 1 * + 4x 3 - 12x 2 * 5 . , 
Determine the behavior and sketch the graph of f . 



2. Find the extrema (maxima and jniniw) of the function 

t - / "+x^ - 5x - iiOx 0 + 100 1 \, , . 

on ,the 'interval -3 < x < 4. Sketch the" graph of f. _ ^ 

,3. #A ball is thronn upward so that its height t seconds later is V feet 
Pat$Qve the earth, where • • - * # " 



* s = j6t * i6t . 



What is the maximum height the ball wiU reach? 

*• • 
> - * 1 ' 

Show that of all the, rectangles having a given perimeter .p, tjie 

square ^has the largest area* 1 » ' 



\ *a box? 



Sketch the graph of the v function. ~* * \>. 

f : x -^-W 3 + p 72x 2 , ' % '" ' 

over the internal [0,l8i, indacatin^extrema . ' v * 

A -rectangular -box with square base and open top is to be made from a-" 

30 ft. square piece* of cardboard. -What is the maximum vpj.ume of such ' 



. 7- A rectangular field 0 is/to be ^adjacent to a river and is to have fencing 

on three sides, the sj.de 'on the riv^r requiring no" fencing. If .100 
yards of fencing ^available, find the dimensions of the field with 
largest area'. * A 

/* 8- The sum of two positive, numbers is N. determine the % numbers so. that*' 

thg. product of jDne and the square of the other will be a maximum. 



9- A wirej* 2h inches long" is- cut in twoj and then one pa^rt^is bent into 
the shape of a circle awti the other, irrtp. the * shape of 9 square. H&w 



4 . should it be cut if tie sum of the areas' is to be a minimum? 



ft 
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' * * i , . , 

10. Gj.yen the requirements of Number 9, determine how the wire should be cut 
if the sutn^ the areas i ; s to be a maximum. i 

ll^S^A fpur-ft. wire is to be cut into two pieces: one piece to become the ^ ^ 
perimeter of a square, the other t*je circumference Of a circle Determine ; 
hofl it should.be cut to enclose. ' 

(a) minimum area; ; ' ! ' * 

v ' l - i I i # ) 

(b) jnax-Lmum area.* ; ' ) > j 

r i 

12. "Determine the dimensions of the rectangle with perimeter ' 72 feet which 

will enclose 'the maximum area. * " ' 

13. Determine the" radius and height, of the right circular cylinder of greatest , 
volume that can be_ inscrib^^rr-ekjright circular cone with radius r and 
height h. * ^ 

Ik. A man has 600 yds. of fencing which he is going to use to enclose a 

rectangular fie^d'and then subdivide the field into twe-piot^ with a ^ 
fence parallel to one sld'e. What are the dimensions of such a field ht 
the enclosed- area is to be a maximum? . 1 * * t 

15*.. An open box is 'to be made by cutting ou| J squares from .the corners of a 1 

. rectangular piece of cardboard and* therf^turning up the s^ekrsv* If the 
» piece of cardboard is 12" by 2k" , what are the dimensions of the bpx 
of largest • volume raad^arin this way? ♦ . 1 

16. A rectangle has two of its vertices on the x-axis and the other two above. 
>the .axis *on the graph of the parabola,, y. = 16 - x . What are the dimen- 
sions of such a rectangle if its area is to be a maximum? 

17. A stone wall 1Q0 yards long stands on a retach. Part or all of it is to t * 
s . ' be used in forming a rectangular corral,, using ajf fetfditional 260 yards 

of fencing for the other three *sides. Find the m&yimum area which ean 

•Be so enclosed. ~ » i , 

; • ' . 1 • 5 * 

18. Find the, point on the graph ,of th,e equation y = which* is "nearest ; 1 



to the point (2,l) . 



19. Find the dimensions, of the r;Lght ^circular cylindef of maximum volume 
y*» - inscribed -in a sphere of -radius 10 inches* 



,20. What numbgr most exceeds its square? 



ERIC 



154 



Suppose that the base of the parcel post package mentioned in- the text 
is taken to be square. * • » 




Find\the package of this shape which has maximum volume subject to the 
postal restriction that the sum of its length and-girth may not exceed 
72 inches. , *~" 

A rectangle has two of its vertices on the x-axis and the other two ' 
above the axis, on the parabola y = 6 - x 2 . What are the dimensions' of 
such a^ rectangle if its area is to be a maximum? 

A rectangular sheet of galvanized metal* is bent to form the sides and 
bottom of a trough so f that the .cross section has this shape: j | 

If the metal is Ik inches wide £ow 'Seep must the trough be to carry 
_the'most wateV? 

A rectangular sheet of galvanized metal is to be made into a trough by. 

binding it sq thaX the cros S<> section has a • |_J shape, tf^the metal 

iS 10 ^ es % wide > bow , deep must the trough be, to carry the most water? d 

Pro^ that with a £ixed perimeter P 'the rectangle which has, a maximum 
area is a square. . J < ^ j 

Determine -the area of the largest rectangle that can be inscribed in the'* 
region bounded by the graphs of ^y 2 = 8x and x = J*. 

Show- that there is no, point on the ellipse given' by x 2 + ky 2 ~ 8 close* 
to the pq&t {1,0): than^ {\ , \ 7DT) .\ ' V ^ : J i < 

'* '' \ \ ] ' ^ % - -j 

Find the .a4tttude*of the 'hone of, maximum volume that can fie inscribe! in f 
a jsphere.Qt radius' r. * " * ^4 



29. 



30. 



A rectangular pasture, *with o»e side bounded by a straight rivef, is , 
fenced on the remaining three sides. If the length of the fence is J 
U00 yards, find the dimensions of "the pasture with maximum area. 

A farmer plans to' enclose two chicken yards, next to his barn with fencing, 

i 

%s shown. Find ' 

(a) the maximum area he can 

k enclose with 120 feet of 
fence; 

(b) the maximum ar£a he can 
enclose if the dividing 
fence is parallel to the 



Barn 




ba rn . .>,-.. 

4 ^ 

In the following problems (Nos. 31-35) meaningful replacements for the 
variables are obviously restricted to* positive integers, but we must consider 
the functions to be continuous in order to apply the techniques of this, 

chapter. > I 

• ! * j, 

31. A printer will print 10,000 labels at a base price of . $1.50 per 

"thousand. For a larger order the base price on the entire lot is 
decreased by 3' cents for each thousand in. excess of 10,000/ For how 
many labels will the printer* s^ross income be^ maximum? 

32. A manufacturer can now shipa^rgo of 100 tons at a profit of $5-,00 
per ton. He estimates that byj waiting he can add 20 tons- per week to 
the shipment, but that the prqtit on all that' he ships will be reduced 

' 25^* per ton per week. How long will It be to his advantage to wajt? 

33; A peach orchard now, has 30 trees per acre, and the avera&e yield is 

U00 peaches per tree. ^For each additional tree planted per sere, the % 

average yieid is reduced by approximately 10 peaches. ^How many trees 

? ,~- 

per -acre wilf give' the largest crop of peaches? 

■* 

3k. A potato grower wishes 'to sh?p as early as possible in the season in 
order, to sell- at tbe best price. If he sh£ps-July 1st, he can ship <6 
tons a^.a prof^ of $2*.00 per # ton. By waiting he ^estimates he can add 
3 tons per week to his shipment but that >the profit will be reduced by 
y dollar per ton per week v When^ should he ship for a maximum profit? 
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35. A real estate office handles 80 apartment units. When the rent of each 
unit is $60.00 per month, all units are occupied. If the rent is in- ' 
creased $2.00 a mon^ on the average one further unit remains unoccupied. 
Each occupied unit requires $6,00 worth of service a month (i.e., 
repairs and maintenance) . What rent should be charged in 'order, to obtain 

s the most profit? „ 5 

36. A right triangle wtth hypotenuse k is rotated about one of its legs.* 
- . Find the maximum volume of the right circular cone produced. 

37. Determine the dimensions of the rectangle with greatest area which can 
be inscribed in a circle of radius R. 

3o. Determine the dimensions of the rectangle with greatesjt perimeter which 
can be inscribed in a circle of radius R. 



9 

FRir 



2 ~8. Rate of Change : Velocity and Acceleration 



The derivative f T of a polynomial ^function f has been defined as the 
function whose value at a is the slope of the tangent line to the graph of 
f at the point (a a? f(a)). * ' ^ 

In many physical situations tile j^aliie f f (a) can also, be interpreted as 
velocity. Let us look^at an example. j , 1 t 

Suppose a solid ball is dropped from a- 2000 foot tower. Let s denote 
its distance (in feet) from the top of the tower at time t (in seconds) after 
it. is released. Experimentation has shown that s is approximately related to^ 
t «'by the equation 

s'= l6t^. 

Thus, we sometimes say that the fallen distance (s feet) is^a function of 

L 2 " 



time (t seconds). More precisely, the equation s = l6t specifies the 
function f : t -» l6t 2 . 

f< 2000 ft. ' 



1500 



10Q0 



500 




► s = 1600 



position at t = 10 



Figune 2-8a 

We wish to formulate a suitable concept of velocity, so that we can 
answer* questions suph as: How fast is the, ball falling after it has fallen 
"5 seconds? To do this we first define the . average velocity in the time inter- 
val t. < t < t as the ratio • * . 



\ 



2-8 



f(tg) - f(t x ) 

\ 1 t feet/second. 



This is just the ratio of the distance traveled in the time interval to /the * 
length of the interval. ♦ * 

For example, in the time interval U.5,5] (i.e., U .5-< t < 5) the 
ratio is • i 

16 - (5) 2 - l6-(k.5) 2 hob - jfeU — - 

5 - U.5 0.5 r 152# 

Therefore, the average velocity between I*. 5 and 5 seconds is 152 ft. /sec. 
In the time interval [*5,5. 2] the ratio is -7' 

l6.-(5.2) 2 : ,16 -(5) 2 = t3g~.ftTT6o T 



5-2.- 5 



0.2 /. 



= 163.2. 



.Whence the average velocity between 5 and ^.2 legends is 163.2 ft. /sec. 

Suppose that "h is a small positive quantity!" The average velocity in 
the time interval 5 < t. < 5 + h is then 



This is just our old friend, the difference (juotle^it used in approximating the 
derivative. We know that, as the time Interval becomes shorter, .h .approaches 
N zero and the ratio expressing average velocity approaches, f , (5'),' the value 
of the ,derivative-of the distance function f at (t =*5. We therefore, adopt > 
the, following definition: , . ' * 

* i"he (instantaneous) velocity Qf a body whose position ' ; w 

after % seconds, is given by f(t), is f'(t). 

In our example, f • : t -> 32t • and f'(5) * 160, so that the velocity after 
5 seconds is 160 ft. /sec. K j 

* .In summary, the function • \ 



K * f : t U s « l6t 

describes, the- position of the ball at time t, while 

f: t -» v a 32t 
describes ils velocity at* time t,. fr 
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Velocity is a measure of how the position of a moving body changes over , 

time, it is often 'characterized as a rate of change of position>ith respect 

to time. The acceleration of* a moving body is also 8 rate of change --it , , 
. — t j ■ 1 

mea^ure^ hoy the velocity is changing over time, -V / y 



Acceleration 



. \ ' We ihave, seen that velocity, like distance, 'can'be expressed ps $. fi^no- 
tion of time. As aT .solid ball falls from a tower, for example, ''ve^ocvfcy- 
(in ft. /sec.) after \t seconds is- feiven by ' ' x 

« . V - ; , ; 

y = 32t. 1 . ■ ■ ■ " ,- 

' * '- . 51 . 1 , , : 

y This formula specifies a velocity function 

«~ • ' • 

- g : t -» 32t,; ; - i ■ . 

and allows us to determine how^the velocity of the fallirig body \z changing 
over time. The rate of change of velocity with respect to time is called 
acceleration. ! 1 > » 

Just as-we defined average" velocity over a time interval, we can define 
ayerage acceleration over a time 'interval ft^tg] as the ratip of the 
0, change in velocity to the length of time t g - t^:- j 

4 

g(t 2 ) - g(t x ) ' •' ^ < f V ( • 

• V r *2 - *i . ' ! ' ; ; "' • 

In the time interval ,[U.5,5l the ratio is - 

32(5) - 32(U,5) _ 32(0.5)- _ ~> ' 
5 - 5-5 -,0.5 " 3 , ■ 

Hence, the average acceleration of a falling body between If. 5 'and v ,5 

h J 



seconds of lapsed time is' 32/ft./sec, per sdcond. , j .* / 

In a short time interval [t^t + h], the expression for the*aVerage c 
acceleration is ' ^ 

t V h) - -g(t) 
h ' 



As the time interval becomes shorter, ^h approaches ( 0 and „t££ ratip 
expressing average acceleration -approaches g f (t), the derivative of thejt ^ 



velocity function. #fAs before, we therefore defined 



The (instantaneous) acceleration of 'a body whose velocity, 
a^fte^r t* seconds, is given by g(t), is" g'(t). 



15c 



160 



Irl bur example, g : t ->32t and : t -V32, indicating that the accelera- ' 
tion of a falling body in the absence of air resistance is a constant approx^ 
' mately equal, to 32 ft. /sec. each second. 

In Chapter 7 we shall see that constant acceleration of an .object , 
(e.g., a = 32) guarantees that its velocity *s a Linear function of time, 
(e.g., v = 32t) and that the .distance At travels is a quadratic function of 
time, (e.g., s = 16t 2 )^ ; { 



Example 2 -8a. . tffiaix iJnbTie velocity of the ball dropped from the top of 
6 the/ 2000 foot building, at^the time it strikes the ground? 

The distance- function is^ " 

* * ' ' , f': l t^l6t 2 

and"the ball .is*dropped from a, height of 2000 feet. Setting 

• ' i ■ 2 , - ' 

l6t = 2000, - . 

f * * x# 

* we see .that the ball strikes the ground when m 7 

. /2000 _JI 



Since the velocity function is 



' \ t % : x -»3?t, 

we find f'(5v^) - ,357-8. Therefore the (impact) velocity after 5^ s*ec. 



is approximately 

\ 



. * . 357-8 ft/sec. • 

• * 
Example 2 -8b . A> car is being driven at the rate of 60 jni./hr. 
(88 ft./se^.) when the brakes are' uniformly applied until the car comes to a 
qpraplete stop. Suppose that the function ; 

describes the distance s * t(t)* in £eet traveled in, t seconds s after the 
brakes are applied. \ < ^ w 



(i) How many feet does the car move before it stops? 

(ii) .Show that the acceleration is negative and oonstant. 
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The velocity function is ' ■ 

and the car will stop at the point where the velocity is 0. Solving f f (t) a 0 
gives t = 5. * Since f(5) * 220 the distance traveled in 5 seconds is 220 
feet. 

" i 88 • 
The derivative of the velocity function g : t -> 88 - y t (renamed for 

convenience) is the acceleration* function 

y ' . * 88 - x 

> . g':t->-y. 

88 

Therefore/' the acceleration after t 'seconds is - y feet per second per 
second, which is indeed constant negative acceleration (deceleration). . This 
reflects the physical fact that the car is slowing down due to the applica- 
' tion of the brakes. The fact that the acceleration is constant is Sased oji 
the assumption that braking ^is uniform. (Due to brake fade, the pressure 
applied to the brakes must increase to maintain 'a 'uniform deceleration.) 

It is often useful in" other situations tp interpret the value' of the 
derivative as a rate of change'. Given a £oly*nomial function f : x ->f(x), 
the average rate of change of f in the interval [a,b] is defined to be 

' f(b) - f (a) 
; b - a, 

* 

Since the. limit of this as the length of the interval approaches zero (b 
approaches a) is f'(a), At is appropriate to refer to the derivative f 1 * 
of f as ttJj) (instantaneous) rate of change of f at the point x = a. 
This is cpnsistent with our interpretation , of f'(a)^as the slope of the 
tangent line at x = a, for the slope of a line does measure its rate of « 
rise (or fall). The tangent line is the line of "best fit" near (a,f(a)) 
and hence its slope (rate of change) gives a measure of the rate of change 
of f at tha£ point* 



/ 
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Example 2-8c- The volume pf a sphere is- a function of its radius. Find 
the rate of change of the volume with respect to the radius. What is this 
ra,te of change when the radius* is 6 inches? S ; 

* - ' <r 

Letting 'V denote the^ volume (in cubic inches) and r the radius (in' 
'inches) we have 

V = |nr 3 . . ' .\ 

In other words, if we let f denote t*he function f : r -* it ^ f the ^i^e 
V. is given by V = f(r) (in cubic inches.) . The 'derivative of f is 

f : r -»(| n)(3r 2 ) = W\ 

The rate of change of the volume V. with respect to the radius 'r is thus 
hnr ; when r - f>\ 'the volume is changing at the rate of 
\ ) ■ 

Ihkx in./ unit change in radius, 

' Speed " ■ " " ^ I . / . 

We have defined velocity as the ( instantaneous) rate of change, of the <p 
position of an object with respect to -time. This definition implies that 
'velocity has direction, because it involves not only how fast the object is 
moving, but t also from where to where. For motion along a straight line thgn, 
the velocity of a moving object is a signed quantity: it is positive if the 
motion, is in the direction we deffne to be positive, and it is negative if the 
motion is in the opposite direction. What we intuitively think of as the 
speed of the object is independent of direction. We define speed to be the 
absolute value of velocity. The following familiar example (Exercises 1-3, 
•No, 12) will make the distinction clear • * 

'* • • . 

Example 2-8d . Suppose that a rock is thrown straight up from the ground 
with v an 'initial speed" of 64 ft. /sec. Contrary to our analysis of the ball 
' dropped from the* 2000 foot tower, let us take "up" as 'the positive direction 
^and "down" as 9 the negative, direction. Hence, the in^ial velocity , of our rock 
is +64 ft. /sec. ^ * , * - o 

We know 'that if the rock were* not acted upon, by gravity the position- of 
.the rock after t seconds would be given by the function 

f : t ->64t. m? t 



>> ' . - 153 res 



But^the force of gravity acts on the rock, just'as on the ball dropped from 
the tower, adding a downward (in this case, negative]/ component, -l6t , to 
the position of the rock at time t. Hence, the function t 

f : t -> 6kt * $t 2 

describes the position of the rock at time t, and 

f 1 j t -> 6k - 32t «, 

gives the, velocity of the rock after t ,secc*nds. We note that/ 

for ( m t< 2; f'(t) > 0, " 

for ' t = 2, f ! (t) = 0, 

and for * t > f'(t) < 0, ^ 

indicating that between 0 and 2 seconds the rock is 'rising (meving In the 
chosen positive direction) while after 2 seconds have elapsed the rock is 
falling (moving, in the negative direction). 

At t = 1.5 seconds the velocity of the rock is 

* JB. 

f ! (l.5) ft. /sec. =12 ft../sec. 

At t = 2-. 5 seconds, the velocity is 

f ! '(2.5) ft. /sec. = -12 ft. /sec. 

We conclude that the speed of the rock is the same' at t « 1.5 and t = 2.5, 
namely' 12. ft. /sec. Similarly, the initial speed and the final (impact) . 
speed of the rock are the same since the inittsl^elbclty^s -^6h ft./jsec. 
(up) and the impact velocity is -64 ft. /sec. (down). 

Renaming the velocity function " ^ 

g':' j -*6k - 32t, • ' 

we see that the acceleration of the rock is givea fty • 

g*: t -(-32, . • - _ v 

indicating that gravity accelerates the rock a% th,e rate of* 32 ft. /sec. 

eachVsecondl^ downward, *of course. Note that this negative acceleration 

decreases the rock's velocity constantly ;«on the way up the, qe creasy in 

velocity amounts to a slowing of the speed of the rock, while on the way 

* * ?! ° » 

down the "decrease" in velocity (be'coming more negative) creates an increase 

•ip the speed of the rock. „ * / ^ ^ * 



- • * 

^ Exercises 2-Q 9 ' r 

^ ~(,a) 1 .Determine the rate of 'change* of the area of a circle with respe<s<^ 
i ^ to J ts ^ ius r - Compare your result with the formula for 'the 
circumference C *wof a circle in terms of radius r. 

(b) What, is the rate of change ^the volume of a sphere with respect 
. ' to its radius 'r? s Compare this resulii\with the formula for the**"' 
surface area s Sf- a sphere In terms of radius r. 

Ascertain motion is described^ from the time t = 5 juntil the lime 
• <t =.8, by the equation . ' [ 

s = f(t) p 2t 3 ~- -39t 2 + 252t - 535. <J 
(a) We submit tlTatNfr the distance s .at Mme t'aLis given by 

. '-s *>f(t) ^2t 3 - 39t 2 + 25W - 535, 




*en the velocity v „at ^me t is giv>ri by 

) v -= 6t 2 - 78t + 25I 

Explain why .this -is true. ' 
(*b) • Sketch the graph of the function . * * 

. $ J : t ->s'= 2t 3 -39t 2 + 252t f - 535 ~ 
on the interval 5 < t < 8% - ' - 

(c) Sketch the graph of . - ■ : « - . • 

r ^ 

- *. • • f, 1 : t v = 6t 2 - 78t + 25*2 

on the same interval 95,8}. * 
• , > ■ » 

(d) ^ Determine the zeros of f 1 . . , 

(e) ' When does the particle whose matidn Is being described' come to rest - 

#> 

for an instant, as' it' shifts direction? " . * ' 

*(f) When, is the particle the .greatest distance from its starting point • 

(g) /.What is the greatest distance of the particle from its starting / 

^point on [5/7]?. , ' 

(h) When is the' next time on [5,8] when the distance? of the particleT 
^ from its starting-point is as great as its 'greatest distance on % n 

* 15,71* * . / s " » 



Ci.) When is the particle the greatest distance from its starting point 

on [5,8]? s * 
(j) When is the speed of the particle the greatest on [6,7l? 

What is the acceleration at time t of the particle whose motion is 
considered fh Number 2? 

tfecall Example 2-8b,- ^ 

(a) For a car traveling at 60 mi. /nr., how 'many seconds are required 
^after the brakes are applied (and held) before the car caraes^toa 

♦ complete stop? 

(b) How far will a^ car traveling at 60 mi./hr,, go after the brakes- are 
applied? • . * 

(c) Suppose at time t = 0 the brakes are applied on a bar moving at 
velocity 60 mph and kept on until the car is brought to a stop 
producing *a constant deceleration (negative acceleration) of a 

- ft. /sec 2 . Given an approximation for a ,to ensure that the car 
wi£l continue to travel only 100 f Rafter the brakes -a re applied. 

(d) Usljng your approximation for-^a from part (c), determine the dis- , 
tar{ce the car would require to stop if it were traveling at 30 

* mph'. . - » ' 

i 1 

Let us assume that a pellet is projected straight up and after awhile^ 
comes straight down via the same vertical £>a€h to the place on the ground 
from which it .was launched. After t seconds the pellet is'*s 'feet 
a^ove the, ground. Some of the ordered pairs (t,s) are P given in tne 
following table. 




t| 0 


-1 


1 2 




k 


' 5 


' 6 


. 7 


8 


9 


10 


s| 0 


Ikk 


256 


336 


381* 


1*00 


38U 


336 






0 



We shall intentionally avoid certain physical considerations such as air 
resistance. Moreover x we shall deal with simple, numbers rather than 
quantities measured to some,, prescribed degree of accuracy which .might 
arise from the data of an actual projectile profcrlefl^in engineering. 

'(a) Interpolate from'tlfe data given to determine the height of the 
projectile a^fter eight^arid nine seconds respectively. (Guess, 
using symmetry as your guide.) Does extrapolation to find values 
of s 'for, t. = -1 or t = 11 make sense _on physical grounds? 
.After how many seconds does the projectile appear to have reached 
its maximum height? What seems to be the maximum height?* 

' * ' 156 



(b) Does s appear to be a, function of t? .If so, discuss 'the domain 
and range, taking , si cal considerations into account. 

(c) If we\ere to plot a graph of s = f(t), 

(d) is it, plausible on physical' grounds to restrict our/ graph to 
the first quadrant? 

(2) Does the dat$ suggest that the scale on the s-axis> (vertical) 
should be the same as the scale on the t-axis (horizontal)? 

(d) Keeping in mind* your responses to part (c), plot the ordered pairs 
(t,s) frQm the table. Connect the points with a smooth curve- 
What is the name of the function suggested by the graph? On 
physical grounds is it feasible that there would be a real value of 

' s for every real^umber assigned to t over the interval 

< t < 10? Were we probably ^Justified in connecting the points^ 

— « ^ — O 

(e) Assuming that \he equation s = f(t) = At 2 + Bt + C /was used to 
develop the entries in. our table, find-values for constants A, 
B, and C. . * ' * 

(f) Sketch the graph given by the equation s = l60t - l6t^ over ihe 

* interval 0 < t < 10. , Using a more carefully plotted graph of the 
above set, connect the point where t = 1 with the point where 
t x 2 with a chord. What is the slope of this chord? Estimate 
the, slope of the curve at t = 1 and t = 2. 

(g) If the units o£ s are 'feet and the units of, t are seconds, what, 
are the units 'of slope? What word is -commonly associated w A ith this 
ratio of units? What would you guess are the physical interfyreta-. 
tions*of positive, zero, and negative values of this ratio? 4 

(h) Draw the graph of v = l60 - 32t over the interval 0 < t < 10. 

Compare the values of • v for t = 1 and t = 2 respectively with 

2 

your estimates for. the .slopes of the graph* of s = l60t - l6t # in ■ 
part (f). 



• Y67 



4 

4 * 



S-8 



(i) Average the* values of v for t and t = 2 .and compare this 

average with the slope, of the chord connecting the points where 
t = 1 and t = 2 in part (f) . 

(4). If .the units of <v are ft. /sec. and the units of t are seconds, 
^ what are the units of 'the slope of the line v = l60 - 32t? What t 
word- from physTcs is commonly associated with this ratio of unit?? 
Does the minus sign* along. with the particular numerical value of 
this slope have any special connotation from your experience? 

Ajprojectile is fired straight up and after awhile comes straight down 
via the same vertical path to the place on the ground from which it' was 
launched. After t- seconds the projectile is, s = l60t - l6t 'feet 
above the ground. * 0 



(a 
(b 
(«c 
(d 
(e 
(f 
(& 
(h 
( 



After how many seconds ,A oes tne projectile strike the ground? 
What is the velocity of the projectile after t seconds? 
What is the initial velocity? 

What is the impact, velocity? , t 

How high is the projectile after ^"•seconds? 
How high is the projectile after o seconds? . ". " 

After how many seconds does the" projectile reach its maximum height? 

• r * • - 

How high does the projectile Tgo? \ 
How far has the projectile traveled after ^6 seconds? \ 



7. A "ball is thrown upward from the ground so that after t ^seconds its ♦ 

height *s feet 13% given by\the function - " \ 

K • • < - : 

f : t -» s = 96t - l6t 2 . * 1 

' # * ♦ 

(a) The path of the ball, is straight up and straight down. What is the 
graph of the function f ? - 9 * *! 

(b) What is the derivative of f? What is the" velocity function? 

(c) How high is the ball after one' second?, " % 



(d) How high is the ball after 5, seconds? 

(e) { How far has 'the ball traveled after 5 s * 

(f) What is the initial velocity of the ball? 



(g) How long is the .ball in the air?* 

(h) What is the impact velocity whe^ the ball strikes the ground?'' 

(.i) What is the^constant acceleration acting upon the ball? ^ 

(j) Give a distance function g : t;-> s, where s is the number, of 
t .> * 

feet above the ground after t 'seconds, appropriate for the situa- 

tion if the ball were thrown straight upward with an initial velo- 

l> city of 96 ft. /sec. from a toj/er 200 ft. high. 

(k) Give a' distance function G : t j> s, where s is the number of-* 
feet-above the ground after t seconds appropriate for the situa- 
tion if the ball were thrown straight downward with an initial 
velocity of 96 ft, /sec. from a tower ,200 feet high. 

(£) Give a distance function 'F : t s, where s /is the number of 
feet displacement from the top of the tower after t .^seconds if 
the ball is simply, dropped from the -top of a tower. - 1 J 



The velocity of an object, whose location on a straight line at time/ 



f = t is given by s 



f(t), is the limit of the ratio 
. f(t) - f(tj ' 



as t approaches* t 



This limit is the value of the derivative^ f 1 at 

covered 



t = t . Experimentally it has been established -that the distanc 

in time t by a freely falling body is proportional to t , anolSf?re- J 

2 / f 

fore it can be represented by -the function f * : t -» ct , where c is a 
positive constant. Show that £he velocity of a freely falling/Body is 
directly proportional to the $Lme. 

Suppose a projectile is e j'ected \rth initial velocity* of v^ /yPeet per 
second, at a point P which is 20 feet above the ground . ^Neglect 

* / 

friction and assume tha% the projectile moves up and down to a straight 

' * . * it 

line* Let f(t) denote .the height (above P) in feet that/ the projectile 

attains t seconds after ejection. Note that if' gravitational attraction 

•were not acting on the projectile, it would continue to move upward with 

a constant velocity, traveling a distance- .of v^ feet esjth second, so 

that-i^a height at 'time t would be given by f(t) = vA. We .know 'that ^ 

the force of gravity actirtg on tfte^ projectile causes it to slowdoj^n_jmtiL- 

^ts/velocity is zero and then traxel~-baek-tcrthe earth* On the basis of 



/ 
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physical experiments the formula' f (t) = v t - | t , f where g represents 
the acceleration of gravity^ is used to represent the height (above P) of 
the projectile as- long as it is aloft. Note that * f(t) = 0 when t = o' 

and when t =" — - . .This means that the projectile -returns to the initial 

v ?v o 

20 foot level after seconds. . * ' 

* , 8 , 

(a) Find the velocity of the projectile at t » t (in terms of v Q 
and g) . 

(b) Sketch the s vs. t and the v vs. t graphs on the same set of 
axes. • ' 

(c) Compute (in terms of v Q ) the time required for the velocity to 
drop to zero . ' • 

(d) What is the velocity on return to the^initial 20 foot level? 



(e) Assume that the projectile returns to earth at a point 30 feet 
below the initial take off poinV~P. What is the velocity at 
impact? 

10. Show that if a ball is thrown upward with an initial velocity of V n 
ft. /sec, it will reach a maximum height of gjj- feet. 

11. "Elsie can throw a ball -1^8 feet straight' up. ,How fast does it 

» * go when it leaves her hand?"* (Assume that when the ball- is released her 
.hand is *k ft. above the ground*) 

12. ' A ball is thrown upward w^ith an initial speed of 6h ft. /sec. 

Simultaneously a ball is dropped from rest at a height of 128, ft. 
When, does impact' occur and how fast* is each ball going at the time of 
impact? 

13. Determine the average velocity of a car for a total trip if it averages 
60 miles per hour going and - 30 miles p£r hour returning. 

1^« Find the velocity of an object whose location along a straight line is 

* described, by .the .equation s = 128t - l6t 2 . Sketch the graphs of s vs. t 



and v vs. t on the same set of axes. 



(a) During what time interval or intervals is t& object moving toward 
the location s = 0? - ■ 

(b) What are the values of v and t when s is a maximum? 
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^15* A ball is thrown" upward with a velocity of 32 feet per second* Its 
height s in feet after t seconds is described by the, equation 
s = 32t - l6t 2 . : 

(a) What is the velocity of the ball when its height first reaches^ 
12 feet? When it again reaches 12 feet? 

(b) »How high does it go', and how long after being thrown does the ba^f 

• reach its highest pos^Jition? 

"V 

16, An object is projected up a smooth inclined plane in a straight line. 

Its distance s in feet from the. starting point after t seconds* is 

* * 2 ' 
described by, the equation s = 'Sht - 8t . After the*object reaches .its 

* highest point it slides back along its original path to. the starting 
point according to the equation s = &(t - t R ) . Here s is the dis- 
tance of the object from the highest point and t is the time i't takes 
the object to -reach the highest point. 

(a) Determine/ how long.it takes for the object to make the up and down 
trip. ' • 



(b) "Sketch the s vs, t graph for the up and down motion iising oae set 
of coordinates. Do the same for the v vs. t graph'. ; 

















a 


'''///.'■'/' 

' '+ - / <> ' 




1 






* . r 

1 


















• 

* 




• 










*• 




v * 


\ I6il 71 






ERIC 


f 


t i 

a * 

\ . 




* • 



2-9. The Second Derivative 

In the proceeding section, we found that the function expressing the 
acceleration of an object with respect to time is ttie\ derivative of its 
velocity function, which is in turn the derivative of/ the function f des- 
cribing the object's position at time t. Hence, tf\e acceleration function 
can be obtained by differentiating' f twice. .For any funcfion^ f the ~ 
derivative of f 1 is called the second derivative of — Ibe-second deriva- 
tive, -denoted by f ,f , gives us valuable information about the graphs of both 
f'*and f. % ~ 



4* 



Consider the function 



Its first derivative is 



3x. 



and its second derivative is 



f ,f : *-»6x. 



Since f" describes the slope of the tangent to the graph of *f ' , and 
since f"(x) = 6x < 0, for x < 0, then f 1 is decreasing as x < 0 
increases. Now to say that f 1 , the derivative of f, is decreasing over 
.an interval, is the same as saying that the slope of f is decreasing over 
that interval. From the 
sketch of Figure 2 -9a we 
see that if~ t the slopes of 
successive tangents to the 
graph of f are decreasing, 
the graph Si? f iS?" bending 
down." Hence, we are led to 
believe that the' graph of the 
function • 




3x 



"1 ~2^ "3 
Figure §-9a 



is similarly "bending down" as x < 0 increases, since f"(x) < 0 for. x < 0 
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In like manner, since f"(x) - 6x > 0 for x > 0, the slope of f,^ 
given by f'(x), is increasing 



for x > 0. Figure 2-9b indicates 
that in such a situation the graph 
of f ? is "bending up." Putting 
these two pieces of information 
about the graph of f : x -* x - 3* 
together with what the first deriva 
tive, f f ~, tells "us about it, we 
obtain the following graph of f . 




Figure 2 -9c 

i 

The 'second derivative, f" (x) = 6x, indicates that for x < 0^ the graph of 
£ is bending downward, and for x > 0 the graph is ben^lg upward. At 
x = 0, f"(x) = 0 and the graph is apparently 'changing ^^m one to the other. 
The first derivative, f'rx -* 3x - 3 = 3{x nl)(x + l), indicates that the 



slope of the_ graph is zero at x 



1 and from the way the graph i^ bending 



we conclude that f has a relative maximum* at x = -1 and a relative 
minimum at x = +1. > 
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A 1 more rigorous interpretation of "bending'^tpward" or "downward" uses the 
notion of the convexity and concavity of the function f We say that a func- 
tion is convex in the interval [a,b] if its graph in- this interval lies,-., 
above each of its tangents in the interval. Figure 2-°>b shows a function 
which is convex in the 'interval shown. Similarly a function is said to be 
concave in an interval [a,b] if its graph lies below each of its tangents 

in that interval. See Figure 2-9a for an example of a concave function. 
" \ t' 

Some texts use concave upward in place of convex and concave downward in 

place of concave. The ideas of convexity and concavity are said to describe 

the flexure (bending) of curves. ' , 

Tne intuitive remarks motivating the use of f" in graphing 
f : xj^-k^ - 3x -lead to the characterizations that: 

(l) a function f is convex in the interval [a,b} if and only if, 
f !, (x) > 0 for all x between a and b (a < x < b) . 



and 



(2) a function f is concave in the interval [a,b] if and only if 
f"(x) < 0 for a^.1 x between a jand b (a < x < b) 



An important consequence of these two characterizations is that if the 
i of a polynomial^ f crc 
P(c,f(c)), then f"(c) = 0. 



graph of a polynomial^ f crosses its tangent at the* point of tangency 




Figure 2-9d 
The graph of f crosses its tangent at P. 



The reader familiar with convex regions from a geometry course will 
observe' that we are defining a function to be convex over the interval in 
which the region above the graph of f is convex. 



in 



'For if the graph of £ crosses T at (c,f(c)) therTnear x = c (see" 
Figure 2-9d),'the graph must lie .above the tangent on one side of c and 
bellow the tangent on the ot'her side of c. Hence, f"(x) > 0 for x . on 
one side of c and -f"(x) < 0 oh the other. Thus, f n (c) = 0 since a 
polynomial function must pass through zero as it passes from positive to , 
negative, . 

If the graph of ' f< crosses its tangent <g$dhe point of 
tangency P, ttfen P is called a point of inflection 
of f, s ' 

* The above argument shows that 'if P(c,f(c)) is'a point of inflection 
of f, then f"(c) = 0. * • r ^ ' 

The converse of this may be false, however. It is quite possible tnat 
f" (c) = 0 at points ^(c^c),) where the tangent dog& not cross the graph 

of f. Consider the graph of f : x -> x at the origiji, (See Exercises 
J 2-9, No. 2,) " 



To summarize, it* is instructive to view the graphs of f, f' ; . and f" 
together to see how the zeros of ft and f" affect the graph of f. To. 
show the relationships most vividly, we illustrate the graphs in Figure 2-9e 
without y-axes. * 
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i 

Note that a relative maximum occurs at (c,f(c)) when f '(c) = t 0 arfd , 
f"(c) < 0, sii\ce the tangent to the graph of f at x = c must be hori- 
zonisl and the graph must be concave. Similarly, a relative minj.murif occurs 
when f'(c) = 0 and f"(c) > 0, since the tangent muslT be horizontals 6 
before, but here the gra x pli must be convex. * 

A point of inflection occurs'at (c,f(c)) when f"(c) = O^^and <£ M (x) 
is positive immediately to one side of x = c and negative immediately to 
tt\e other side of x = c. - ° 

Example 2r9a. Determine the intervals over which the function 

k 2 " ' • « 

f : x -> x -. 2x + X 
***** • , 

is increasing, decreasing, convex, and concave, and locate all relative * 

maxima and minima, and* all points of . inflection^. . / 

Intervals on which f is increasing and decreasing can be determined by 
the sign of the derivative 



V 



V : x -> **x 3 - kx = kx(x + l)(x - 1)/ 



\ 



> The critical points (points where f'(x) '= 0) occur where x = -1, x = 0, 
and x = 1 . ^ b " • • f 

" * * 4 

f'(x) <0 for ^<-l -V 
r f f (x) >0 for -Kx<0 V 

f 1 (x) < 0 for 0 < x < 1 

, T 

f 1 (x) > 0 for 1 < x t ; 

From these signs we conclude that'as x increases a the graph of fa lis for 
x < -1, rises between -1 and 0, falls again m between 0 and 1, and 
finally rises again for x > 1. " 

Intervals' of convexity and concavity can be determined by the sign of 
the second derivative 

f": x ->12x 2 - k = k(3x 2 - 1) = k{xH - i)(x^3 + 1) 

f"(x) =0 if and only if x *= J\ or x = - J\ . f"(x) < 0 if and only. 

if (xi/3 - l) and (xi/J 4* 1) have opposite signs, which happens if and only 
. if (x/3 + 1) % > 0 and (x/3 - l) <*0, that is, if and only if - — <x < — 
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Similarly, f"(x) > 0 if and only * if ' (x/3 - l) and jx/3 + l) haye the 
same sign, which happens if and pj^ly if N \ 

x/3 + 1 < 0 or x/3 - 1. > 0, • 

i.e., if and only if x — Q or x > — . V/e conclude ,that f is concave 

3 . • /3 • /3 . '4 

1 1 5 1 

over the interval < x < — n and convex for all x < / — * or all 

g g - n 

i ' * ' ' l 

x, > — . The graph of f thus has points of inflection at x = — and ^ 

^ . • ••/ \ ; ' ' ^ - 

x _ i since f 11 ft — 1 = 0 and f is convex on one^side of each of these . 

pointj and concave on the other side. Together; with the information that the 
U?-irst derivative of f is zero at x = -1, 0, and -1, these intervals of 
convexity and concavity show that 

f has* a relative minimum at x = -1, 
T 6 has. a relative maximum at x = 0, « 
an4 ' ' f has* a relative minimum at x » 1. 



Finally, 'the graph of f has points of inflection at x = - — «nd x - — 

" " vj /3 



s^jpoint 



, since f It — \ =0 and f is convex on one side of each of these points 
and concave on the ■ other* side . 



In Figure 2-9f we sketch the graph of f using the foregoing informa- 



tion. 



\\\ . 



-convex 



(-1,0) 




• Figure 2-9f 

k 2 
f : x'r> x. - 2x +1 
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Exercises 2-9 * 



1. Determine the second derivative of the, function 



2. 



t \ t -> 2t 3 - 39t 2 +.>52t - 535- 

Characterize the origirf^for each of* the following functions (by aeter- 
mining whether it is a relative max, or min. , or point of inflection}*.* 

(a) f x x^x k 

(b) f x -> x k - luc 3 S . 
.Consider the function ' " 

f : x -> kyP + 5x** - 20x 3 - 50x 2 .- l*Ox. 

(a) v Find f'(x) and f"(x). 

(b) Characterize each of the points* (-1, f(-l)) and (2, f(2)) as 



5 



2x J 



+ x on [-2,2]. 



maximum or minimum . 
^Consider the function *f 

(a) Determine 'f'(x). . ' 

(b) Determine* f"(x). 

(c> Evaluate- f'C-l). - , \ 

(d) Evaluate ' f"(-l)jf # 

(e) Describe the behavior of - .f on (-2,2] -(by determining sub- 
intervals of increase, decrease, convexity, arid concavity, and "by, 
locating 'relative maxima and minima and point % of inflection, i/' 
any of these occur). 

(f) Sketch the graph of f on [-2,2]. ' * * 

Determine the relative maximum point* and relative minimum point of the 
graph -of 

f : x -»(-x + 2) 2 (x - 2} . * 



6. 



7. 



Sketch the graph of 

f : x ->ki? + 5x^ - 20x^ - 50x 2 - kQx. 
(<£ee Ho. 3, ) \ ' - 

Sketch the graph' of 3x - 12x + 2, indicating relativ 

extrema (maxima anfi minima) and points of inflection. 



8« , The. point (1,X) lies on the graph of each of the following polynomial 
functions: For which is this point (i) *a relative maximum, (ii) a- ' 
relative minimum, (iii) a point of inflection, (iv) none of these? 

(a) x '->2x 3 - 6x 2 + 6x - 1 

(b) - x ->2x 3 -k£ * 

(c) x ->2x 3 - 3x 2 + 12x - 10 v 



(a) 



3 ' 2 
x -> 2x J - 3x 



12x + Ik 



Consider the function f 

-2e< x < 2- . 



h 3 
x -> x + x J 



2x w 



3x jover the interval " 



10. 



(a) At what points is a tangent to the graph of f horizontal? 

(b) What are the relative minimum points?, 

(c) What is the minimum value of f? 

(d) What is the maximum value of f? 

(e) Sketch the graph of f..,, - , 

Classify each of the points (l,0)> (2,-2), and (3, A) on the graph 

J 2 * * 

of 3 x -> x - 6x + 9x - k as a relative maximum, a relative minimum, a 

point of inflection, or no% 'of these. 

11. The figure at the left sl\ows four 
polynomial graphs and their common 
tangent y "= 3 +' | at '(0,3)- 
Matcn : each graph (A, B, C, D) 
with one of the following equations. 




.(a) 


y = 


3 


X 

' 2 


x3 


(e) 

• * > 


r 


. (b) 


y = 


3 


X 

" 2 


2 

X 


.' ' (f) 


y 


.(c) 


y = 


3 


-i* 


2 

x , 

1 


(g) 


y 




y =■ 


3' 


x , 
"2 + 


x 3 


(h) 


y 














r 



x 3 
3 + 2 " x 



x 2 
2 " X ^ 



3 + l + x 3 



v, , " 
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12. Classify (see 'No. 10) the point ' (2,0) for each of the following functions 

(a) 'x ->(x - 2) 2 ' . * 

(b) x - (2 - xX 3 f 

(c) x -> (x - 2) 1 * 

.15. Find ang classify each critical point (local extremum or point of 

inflection) 'for each of the following functions. ,• ' 

(a) x 2x J + 3x - 12x - 7 



17. 



(b) x ->x 3 - 12x + 16* . 

(c) x -> -2x^ + 3x w + 12x + 7 



(d). x r> (x - l) (x + 2) 

flk. Consider the function^ f : x -> x 3 - 9* 2 + 2i+x - 18. 

(aj Determine f 1 '. • * * \ 

(b) - Loca$£ the relative maximum and minimum points of f . 

(c) Determine f " . , . 

.(d) What is |^e point of Inflection of the graph of m f ? 

(e) What is the slope of the tangent to the graph >of f at (3,0)? 

(f) Determine f'(3+k) and f f (3-k). 4 . 

(g) Sketch the graph of f. r 

(h) Discuss the symmetry' of the graph 'of f. 

. ( +' 

15. Show that ;t he graph of a cubic function must have a point' of inflection. 

* . f - 

(a) Sketch the graph of , . 

f : x -> x 5 + x k n 5x 3 -V 2 + 8x - f < 

Respond to each of the following by inspection of your grap*h for <part (a). 

(b) What are the zeros of f? 

- (c) Describe" the flexure of the graph of 

f(x7*o. • 



f at the points where 



(d) Describe the. flexure of the graph of 
€'(x) = 0 and f(x) > -5. 



f at Doints for which 



termine those points on •He £raph *of f 
t^e flexure is neither upward nor downward. 



X* >•* 2x 2 
x ~* - rj- *\x at which 
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18. Characterize the point (|*, - j^) on the graph of 

f : x -> x** - 2x 3 - 7x 2 + JLOx + 10. i 

19« Characterize the points , (0,0) and (-1,-11). on the graph of 
f ; x#&*&£ + $yP + lOx. 

20, Consider the functions f : x -> (x + l) (x - 2) and 
g : x->3(x + l)(x - 1). 

(a) What is the relationship between f and gF V 

(b) Characterize each of the following points on the graphs of f and 







(i) 


UiO) 


(ii) 


(0,f(0)) 


*(ili) 


(0,g(0)).. 


(iv) 


(i,gCD> 


(v) 


d,f(D) 


(vi) 





0- 



f (c) Sketch the graphs of f and g on the same set of axes, * j\ 

21. Consider the function f:x->x^-3x + 2/ 

(a) - Locate the zeros of f . . 

0 

(b) Locate* the relative maximum, relative minimum and point of inflec- 
tion. ^ _ » * • 

(c) Sketch the graph/ ' i 



« 2 

22, Consider the function f : x -> x J - 3x + h. , 
Locate the zeros of f. \ 



J 



(a] 

'(t>: 



i 



Locate the relative maximum, relative minimum and point of inflection. 



/ (c) Sketch the graph. 



► jlx 2 ^ Bx + C, 



23. Show that the grap^of f : k -» Jvx ^ Bx + C, A ^ 0, -.has no point of 
inflection. 

! * • C 3 2 , ; 

2k. Find an equation pf the tangent to the % graph of f : x ~* x"' + 3* - 4x - 3 



at its point of inflection. 
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2-10. Newton* s Method 

In Section 1-8 the method, ^of repeated bisection was presented as a means 
for approximating zeros of a polynomial function. In this section w^ present 
another method, known as Newton's method for approximating such zeros. This 
method makes use of the derivative and is more efficient ttyan repeated bisec- 
tion. - 

Newton* s method proceeds as follows. Suppose \f is the given polynomial 
function and we wish to approximate the real zero r. By inspection of the^ 
graph of f , synthetic substitution, repeated bisection, or some other device 
we obtain a first- approximation of r. Let us call this first approximation 



(x x ,f(xjjj) 




If the graph of f looks like, that,shovn in Figure 2-10a, we should* 
expect that* the tangent line at (x^,f(x^)) will intersect the x-axis at a 
point 'x*, * which 4 s aloser to r than is; x . The tangent line at 
(x^ffx^)) has the equation - % s 

* r " • j y = f(x £ ) + f f (x^)(x - x^: 

This crosses the. x-axis at *(xx,0); that is, . v 

•r .'• , 



0 = f(x x ) + f(x 1 )(x 2 - x x ). 
Assuming that f, ( x ^) f ®> we can -solve for -x^, obtaining the formula 



'(A 



v \-. 



v - lfV XS3 



\ 1 
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We can now repeat this process, using x^ . instea^of x^, to obtain the 
new approximation , - • I "* 

s 'f. 



(See Figure 2-10b.) 



x 3 = X 2 " f*Uj 



7: 
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a 




x i 


b 




* ^^^^^ 


- • V 

•Figure 2-lDb * 







Repeating again, using .x^ in place Qf x^' we obtain the fourth approxima- 
tion ' ' 



f(x 3 y 



Thus, equatioi^' (l) if the basis for an i'teraiive " process; having arrived at 
the approximation x r , w j define a .new approximation^ x r+1 by 



I 



02) 



x n+l "* X n T f*( x J 



Example 2 -10a. For the polynomial function ' 

« 

, • — f : x -» x J "+ x •+ x - 2 

/ * ' • i ' * / »/ • . • * 

estimate the value of /the real zero which lies between 0 and 1. 

I; - • ' j- . ' > 
• *A meth<?d of calculation which'consists of the repetition (iteration) 



6 



A meth<?d of calfcrulaUpn which consists of the repetition ^iteration; 
of a basic process, ertspecrally useful for writing a program for a eompudfcig 

" . * Ilk 



machine*. » 



\ 



FRir 



Since f(0.) < 0 and f(l) we know that -there isjat least) one* 

real zero between 0 and 1. Further calculation shows that 



f(0.8) < 0 and f(0.9) > 0, - 

so that the desired zero lies'between 0.8 and . 0.^2 Le^i 
r as our initial estimate. We have f(0.8) = -O.OW. Since 



us take = 0.8 



f • : x -> 3x + 2x + 1, 



we have 



f»(0.8) = 



whence formula (l) gives the second estimate * 



/ 



8i. 



Now we calculate to obtain 

f(0.8l) .= -.0021*59 
and * f»(0.8L) = 4,5883. 

We use (l), with x^ replaced by x^, to obtain the third estimate 
Correct to two decimal places the zero of f* is 0.8l. 



J Since ?fi> is a rcjot of t^e equation x^ = 3, ^must be a zero of the 
ion , - 



Example 2 -10b . Use Newton's Method^to estimate , 



f : x ->x J - 3. - 

Since. f(3$ ' and f(2) ^have opposite signs we ta£e x^ = 1,5 as our first 
approximation. The derivative of f is 



• f » : x -> 3* 



so that (l) gives 



= 1.5'. - 3 



,3(1.5)' 



Using 'l.M as our second approximation?* we obtain 



9 
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x - 1 kh fy 1 '**) a 1 hho 

3 . FTT755T 1 ' 442 ' 



.Correct to two places ^-/^ ss l.kk^' 



\ . * % J ' - Exercises 2-10 * 

' - N %> " 

1* Use Example^ 2-10a to respond to each of the following. , 

* ' / 

x (a) What is the slope of 'the^tangent to the graph of 
3 ' 2 

f : x -> x J + x + 2 at the point (0.8, -0.01*8)? 

M Write the equation of the tangent to the graph of - f - at thl point 
(0.8, -0.6W). , . ' ' 

fc) The line tangent to the graph of f , at the^point (0.8, -0.0U8) 

intersects the x-axis at a point close to the place where the graph 

f Crosses the x-axis. ,What is the x-intercept of this tangent 

line? : - - 

2. Use Example 2-10b to -respond to each of the following, . fc 

(a) -Find the slope of the tangent to the graph of f : x -> x^ - 3 
at tie point (J..5, 0.3?5). - 

(b) - What is the. equation of the tangent to the graph of f at 
* (1.5, 0.375)? . " 

(c) Find the value of x ai .which the tangent of part (b) intersects 
t)ie x-axis. 

3» (a) What is the positive zero of the* function f : x -> x 2 ~ '2? 

(b) Show that a zero of f lies between 1 and 2. 

(c) Use Newton's method to approximate - 72 to three decimaL-pi^es. 
1*. Consider the^unction f : x -> x^ - 12x * 1. j 

(a) Shov that there is at least one. real number r such that, f(r) =0 

and 0 < r < 1. * 

t* * 

M Find fV, 

(c) Evaluate <f(0) and f'(0). 

(d) To- two as^^m^Iaces approximate x 2 if Xg = ^ - % an* 
x. = 0 * ' / * • * 1 

(e) Use your estimate "from* part td) to show that 

f(x o y « 0.01*0512 
< • ,2 < ^ 

and. r : f'fxj a -U,S#08. • 



/ 

(f) Use Newton's Method and the results of parts (a) through (e) to 

compute the 2ero of f between 0 and 1 to three decimal places. 

Calculate to two decimal places the 2ero of 

\ 2 
f < x -> yr } 3x + 2 . 

which is' between 2 and 3. " . 

Find an approximate solution of „ 



♦ * ' x ? + 3x = 7 * - 

correct to tw(5* decimal places.. * ^ 

Suppose f is a polynomial function and f ( r) = % < r < 

(a) If the derivative f'(x) changes sign over the interval*** [*a,b], 
it is possible that Newton's method will fail to generate closer 
and closer approximations to r. Sketch a picture* showing such a 
situation, / 

(b) If f"(x) changes, sign over the interval [a,b], then even if ' 
f'(x) does not change sign it is possible for Newton's method to 
fail. Sketdna picture showing such a situation. 

(c) In vi£y-t5r (a) and(b), what precautions s'hould you take in applying 
Newton 1 s method? 
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2-0.1. Higher Derivatives and Notation * ^ 

We have denoted the derivative of the function f by the symbol f 1 

There are other notations in common use. In graphing f, we often write 
y = f(x), so it rs natural to write 

} < , _ ' y« = f«Ocy 

for the value ^of f* at x. 

Another alternative symbol for f*(x) is 

" Df(x). 

4 

This notation -allows us to abbreviate such statements as 

2 

- if f : x -» ax + bx + c 

a 

then f ! (x) = 2ax + b, 



' '"by "writing 



D(ax +'bx + c) = 2ax + b. 



The symbol 



djr 
dx 



<which vas introduced by Leibniz (l6k6 - tjl6) to represent f»(x), t is suggested 
by the' difference quotient used to calculate it, Vjjshave defined 



:< r(x) = llm f(x + h) - f(x) 



-h -> 0 

If we replace h* by the symbol 11 Ax" (read u delta x") to ir^icate a differ- • 
ence in x- coordinates*, the difference quotient becomes 
v» . . f(x + Ax) - f(x) ' 

... - . . * j 

The ^cpressionj f(x + Ax) - f(x) ..stands for the corresponding difference in 
y coordinates, so we write ' y 



This prompts the dotation 



ffcx + Ax) - f(x) = A£ 
Ax Ax 



' lim £ = fl 



J Ax->0 



Ax dx 



for the value of the derivative 'if jf= f(x). ;f The- symHo& t£ is not a rati|; 



^ERLC 



.ft. 



it stands for the limit of a ratio. It is a tribute to the genius of Leibniz, 
Jjpweyer, thCTlie^^ha^ a notation which, as we shall sfce, anticipates some> 
properties of* derivatives which permit us to handle their values as though 
they were common fractions* " 

. V 

a Corresponding jjjB tjie foregoing symbols for the first derivative, we have 
,the following symbols for the value of the second derivative: 

f"(x),y", D 2 f(«), , 



2 

a: 

,2 



dx 



> « d y. 

The Leibniz notation — is again suggested by the difference quotient and 

\ f . dx ■ , ' : 

the A symboX for "difference " / 5 * 

f f (x + Ax) - f'(x), _ Ay 1 ^dffi / ■ , . 
* "Ax Ax 7 Ax . 

• * r " ' 

• . ; - d(g) , ' ■ ■' ' ;.. 

To symbolize the limit as Ax -» 0. we write '*-z or v in the' short- 

• 7 . dx - dx* dx ; 

H 2 * " V - 

hand 2JL. ' • * 

dx 4 



We iiave seen how to differentiate 'any* polynomial function of the form - 

f : x -* a- + a. x + a^x w *+ ... + a x V r . — 

•Since the .second derivative of £ is still a polynomial we may compute its. 
derivative and call. i^-the third , 'derivative of f,_ ^denoting its value by any 



of the symbols* 



\5 



) 



c 



3 

Similarly, we could find the fourth derivative .off ' f „yy differentiating, jbhe 

J ' 1*^ ■ *;(•' - ■ \ • * 9 . 

third derivative, and so on, to fifth, s.ixth, ^W-£vem higher- derivatives . 

Geometrically, we have seen that f*(x) can t?e&if£erpi , eted as the slope 
of the tangent to the graph of f at the point (x,r£5$Jji£ and thafc second 

. ' ' > ' * ^■jlJV*, ' l*. ' ' \ 

derivative cafo be" interpreted as an indicator of. the cu5yl?ture of the grar>n* 

•j * 4 v ' , > » < ;* * i 

Highek derivatives do not nave such viyid geometric .interprets tionsyf or 

but Jhey do have, important algebraic relationships to**th$ coefficients o!f the 

termi of f . ' * . • r- i' u : • i 



2-11 



To be concrete let us look at a general third degree polynomial function 

2 3 

(l) f : x -* + a^x + a^x ■ + a^x . 



> * We observed in* the first chapter that 



f(X>) % = a Q . 



If .we obtain ihe derivative 



v f • : x -» a 1 + 2a 2 x + 3a ^x } 



we observe that 



f*'(0) =-a r 



We .differentiate f * to obtain the second derivative 

f" : x -»2a' 2 +.2 • 3a x/ 



and observe that 



f"(0) = 2a. . 



If we differentiate f 11 , we 'obtain the third derivative 
v y . f M, y x -*2 -3a,- 



"In« tfcis case 



.f*»(o) = 2 • 3a 3 . 



We summarize:, for the cubic polynomial function 



f : x -» a^ + a^x + a^x + a^x~ 



the /coefficients *are related to the values of f and its successive deriva- 
tives f*,. f M , and f m ~ at^x = 0, by the formulas: 

\ > 

■ 0 -*(o) ; 



.a 1 = ^(0) 
a 2 = \ f(0) 



1 I 

a 3 = 2.x 3 



f tM (o) , 
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(2) 



Now we express f in terms of powers of x - a: 

f : x ,->tj 0 + b x (x - a) + b 2 (x - a) 2 + b (x - a) 3 . 



Such an expression for, f can be found by synthetic division as in Section 
2-2. We can showj that the coefficients b Q , b^ bg, and' to are given by 



(3) 



b^= ft( a ) 

* 2 = §*"(a)< 



b 



3 2X3/ 



f m (a). 



obtain 



To show that b Q = f(a), we let x = a in the expression for f(x) to 



f(a) « b Q + b x (a r a) + bg(a - a) 2 * b (a - a) 3 = b Q . r - 

The remaining results (3) are almost as easy. We "differentiate / f to obtain 
the derivative ' ' % 

, ft : x + 2b 2 (x - a).+ 3> 3 (x -.a) 2 / _ ' 



whence 



f •(a) = b 1 + 2b (a - a) + 3b (a - a) 2 = b r 



Differentiating -f 1 we obtain 

f" % x ->'2b, 



Therefore, wfe 'have 



, wj? 'h 



3b (x - a) . 



\f"(a) == 2b 2 ,- so that ' bg = I f"( a ). 



Another differentiations gives" 



f m : x -> 2 * 3b. 



so that 



Using the foregoing process for a fourth degree polynomial function 



we could obtain 



CO 



- a) 


i .2 ' 
+ b 2 (x '- &Y * 


b (x - a)-* + j b J| (x 


• 


A 

• 


* t 


b = 
0 


ffa) ' 




b l a 


f»*(a) 




'' b 2 = 


|f"(a) 1 


■0 J 


b 3 = 


2 x 3 fm(a) 




\ = 


» 2. * 

2 x 3 x k f ^ 4 



where f'w is the fourth' derivative of f; Tjtipt is, f« M ! is. the derivative 
of flj*. It is common to Write , r' * > 

* -f V, rather t"han f»« * 

for thfe fourth derivative of f; similarly we us e the notation f ^ . f^L 
; . ^ 
for the fifth derivative, the sixth derivative-, etc. It is also common 
* , * * "* 

to use the factorial notation • 4 *» 

» , •» * 

' % 

k!*= 1 x 2 x 3 x ' k x ... x k* 
with the convention that 0! = 1. % f & 

Our results can be generalized: A polynomial function can be written as , 

f : x -*b Q + b x (x - a) + b g (x - a) 2 + . . . *+ b* n (x -'a) n , , _ / , 

where \ 

{5) h 6 = m f ^> 



'and 
(6) 

7 



31 



ff m (a)/ 



eric-: . 



pi 



18; 
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Sample 2 -11a- . i Express f \ x -* 3 - 2x + 7x in terms of pavers of 
x + 1. We have the successive derivatives: 

1 • • f • : x -* -2 + 28x 3 , 

t 

* f"<< x -*81*x 2 , 
• ' : f ,n : x -» l68x, 



t^t x -» 168. 



Since x +* 1 = x - - (-1)7 we need to find the values of these- functions when 



x = -lj we have 



' f(-l) 


= 12; 


b o 


f'(-l) 


= -30; 


b l 


f"(-l)- 


S 8h - 


b 2 


f'"(-l) 


= -168; 






= 168; 


\ 



\ 



0 " 0! 

1_ 
1! 

J_ 

1 



Thus, we can write 



• f : xV>12 -•30(x+ l) + l*2(x + l) 2 - 28(x + l) 3 +~7fiT+ l)\ 

* / 

The same result can, "of course, be obtained by' synthetic division. (See 
Exercises 2-11, No-. 6.) ' 



I83 
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Exercises 2-lsL 

1. How many nonzero derivatives can an n-th degree, polynomial function' 

fcave? . " . . 

* # f • • 

2. If we write a .fifth degree polynomial function in the form * 

/ f ! x ^b Q + b x (r - a) + b 2 »(x- a) 2 + b^x*- a) 3 * + b^(x r a) + b^x - a) 5 

then >tv = k • f^(a). 'what is the value*" of k? 

*3. We. repeat ^art> of Number 11 of Exercises 1-5 and again consider the func- 
tion f : x ->x^r 3x. We submit a table to s£ow three successive syn- ^ 
r -thetic divisions of fix) ^x 3 ^-_3* .and resulting quotients^ by„ 



i 

K 1 



1' 


0 

' 2 


'-3 ' 0 
' k 2 


'..Li. 


1- 


2 


-1 . £ 




1 


2 


1 . 

8 


* 


: 1 




9 




1 


2 




• Li 


f- 1 


6 




♦ 



(a) Determine g(x>' and f(2) if / 

"f(x)"= (V- 2)g(x) + f(2). 

(b) Determine p(x) # .and g(2) if _ 

4 : g(x) = (x - 2)p(x) +>(2)r ■ t . 

(c) Determine q(x) and p(2) ' if 

p(x) = (x - 2)q'(x) + P(2). 
'(d) What is q(2)? 1 / 

(e) Show that, for all x, we can write m 
f(x) = (x - 2){(x - 2)[(x - 2)q(2) + p(2)] + g(2) ) + f (2) . , 

(f) Using the results of parts (a)' through (e) of this problem determine 

A, B,.C, and D if, for all x, " 

: . 1 . 

f(x)-= x 3 - 3x = A(x - 2) 3 t B„(x - 2) 2 + C(x - 2) + D. , . • ..." 

(g) Find the first, second and third derivatives- of f : x -»x 3 ^3x, 

* , ?-/ 

191 



(h) Evaluate t (2) , f '-(2) , f" (2) , . and f«"(2) . 

• /,\ r. \ 4. 'f(2) * f* (2) ' f"(2) f»«(P) 

(i) Evaluate , -^-L , -^4- , a«d Kjf 1 



\ 



\ 2 / U 



('j) Compare the results, par::£ (f) and (i) . t " " 

k. i* Consider the functions j' 
*G. : x -> x 3x 
»' * f x -» 2 , e 

> . ' • g .: x ->2 + 9.(x - 3) • I 

h : x -»2 ^.9(x ^.2) + 6(x - 2) 2 ,. . . 
? •: x, 2 + 9(x - 2) + 6(x - 2) 2 + l( x - 2) 3 . 

(a) Find the value of each of these functions when* x = 2.1. 

(b) What, quadratic function best Represents the cubic function 1 

< .' 3 . 

G : x -> x^ - 3x' ne*ar /the point where x = 2? 

(c) What faction ^erves as the best linear approximation to G near 
the point where r *x =?"2? « 

(d) What function selves as the best quadratic approximation to G 
, * near the' point where x = -1? , 

(e) What .function serves as the bes^t quadratic approximation to -G 
near the point where x = a? 

5- \ Find the first four derivatives of each of the following functions 



• (a) . F . : --i/TT + 2T + 'fT^ + |r 

x x 3 x 5 x 7 x? - x 11 
K ' 1 * V. 3*. 3'- V. * 9*. 11 '• 
■■ 2 . ' k 6 ,\8 10 



•J 

4 



1 ? ! 

6. .(a) .Compile a table similar* to Number 3 to 'indicate four successive* 
. * - t synthetic divisions -of 7x - 2x + 3 by * x + 1. 

(b) Us'e.the table of part (a) to^write* f : x -> 7x - 2x + 3 in terms 
of powers of i x* + 1. Compare your result w'ith the result of 
Example 2-lla* fir' . • , . • * . 



V 



. 185 r , 

195- ■ 
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(c) 'Write the functions which 'give the best linear, quadratic and cubic 
approximations to the 'graph of f : x -4 7x* - £x + 3 near the point 

(-1,12). ' * ^ 

" * • • •* 

(d) At the,£oint (-1,12). is "tJt4 graph of f rising or falling? i Is 

• the graph 'of f fluted upward or downward near the point (rl,]_2)? 

.7. Show that the third derivative of the function " • 

• , «■ • » * 

• - * <% 

N 2 v / 

: • 1 - f ; x -» ax + bx t e, a- ? 0 

*• * 

ie the. zero 1 function . ' ^ . 



' ) 



J 



7 



186' 
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Chapter 3 

* ■ CIRCULAR FUNCTIONS * • * 

* * r U 

Unlike the polynomial functions we have considered in the first two 
£fcapters certain functions have the property that their function values repeat 
•Dhteiftselyes in the same order at regular intervals over the domain. Functions 
'having this property are called periodic. Included* in this important class 
are the circular (/trigonometric) functions. 
v .' / 

* 4. The v sim P- lest periodicj motion is tha-t of, a wheel rotating on its' axle. 
Each complete turn of the 'wheel tarings it back to the position it held at the 
beginning. After a point of the,, wheel traverses a certain distance in its 
path about the axle> it returns to its initial Dosition and retraces its 
course again. The distance traversed by the point in a complete cycle ol its 
motion is aga^ a period, a period measured in units of length instead of ' 
units* of time.- If it should happen "that equal lengths are traversed^ in equal • 
"times, the motio'n becomes periodic in time as well and the wheel can be used 
as a clock. ^ * . y 

The model of a wheel rotating provides a basis for our definitions of 
# the sine and cosine functions, whose values are defined as the second and ' 
first coordinates) respectively, of points on a circle of radius one. These, 
definitions are^ compatible with thos^ of ratios of sides of right triangles. 
By defining the sine and cosine, functions 4n terms of a unit -circle, their 
periodicity is immediately evident. Furthermore, we can use the geometric 
properties of circles. to obtain the properties and graphs of these" circular- 
functions (Sections 3-1, 3-2, 3-3). t 

These definitions and 'results are applied to uniform circular mo.tions 

(*such as rotating wheels) in Section 3*h.' J The basic addition formulae are * . 

derive;? in' Section 3-5, again by making use of the geometry of circles. These 
■are applied in the next section to the study 5f purfiJiSves, the simplest type 
0 ot periodic motion, while the final section points toward some of the ways. 

^ffiWk tb&Jj»rcular functions can be used to analyze more general periodic 

phenomena*. 



>1 
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^ ' 3-1- - Jlrae Bine and Cosine . Functions 

/ 



We assume that. you have*some familiarity with the sine and cosine func- 
* • * 
tions, so that much of the material in this chapter is review. You may have 

previously def inedrthese functions in terms of ratios of sides qf right tri-' 
angles. We pref eryinstead, to define the sine and cosine as functions of arc 
length on a circle. The usual angular definitions in terms, of degree measure- 
ment can be obtained" f rort our definitions by a suitable change of scale. .Our 
•definitions, in terms of the circle, ha*ve two great advantages: first, we 
can easily read off many properties of sine and cosine from properties* of the 
circle; second and more* important, our choice of scale will simplify our ' 
differentiation formulas* " i 

For convenience of definition we use the circle with center at" the 
origin and radius l',. t the unit circle whose equation is 1 

, U' +. V s= 1 . . 

The circumference, of the unit circle is 2jt urfits. For any real number x 
we measure 'X units around thi^ circle beginning at the point (1,0) . If x 
is positive* we measure in >a counterclockwise direction and if x is negative 

we measure in a clockwise direction. We obtain in this way a "po*int P wi*th 

' ** " 2 " 2 

coordinates (u,v) on the circle given by u + ^ = 1. The first coordi- 
nate of P is called the cosine of x, while the second coordinate of P' 
'is called the sine of x. (See Figure 3-la % and 3-lb.) \^ ^ 



pU,v) 




Rote that x > 0 " and we 
measure in a counterclock- 
wise direction, obtaining 
P(ti,v) with *u = cos 5, 
v = s,in 3 



.Figure 3-la 



9 

EMC 
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P(u,v)_ 



♦ • 

Note that x '< t), and we * > 
measure in a clockwise / 
direction, obtaining P(u,v) 
with u = cos(*l), v =* sin(-l). 
f 



Figure 3-lb 



Two functions, cosine and sine (abbreviated cos "»and sin), are defined 
as follows:- 



(i) 



cos : x -> u = cos x = the first coordinate (abscissa) of P 
sin : x -» v = sin x = the second coordinate (ordinate) of P. 



The values of cos and sin are easily obtained in certain cases. 

.For example, referring to Figure 3-lc, we see* thafsince P* is the point * 

(l,0),\ we Have, by definition 

> \\ 

cos 0 = 1 and .sin 0 = 0. <4N» •* 

Since the unit circle hps ^circuH&erence 2n units we can measure 2n unit* 
around (in either* direction) to Waiti again the point P % of Figure 3-l<5. 
Thus % 

• * * ' 

/ cos 2jt '= cos(-2n) ='1. 

sin 2* = sin(-2jt)' = 0 . 



This point 

has coordinates 

"(1,0) 




To measure 2* units 
around from • P. returns 
us to P. 



Figure 3-lc 
189 
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To traverse one^-f ourth of the way around the unit circle is to move , 
through If = I uni4ts * 'Thus -if x = | 'have with coordinates (0 

so "teat i, • * * - 



cos | = 0*, sin j = 1; 



if x = w - then we get with coordinates- (0,-1), so that 



. db*(* |) = 0, -sin(- |) = -l. 



(See Figure 3-ld.) „ 





V 


' (0,1) 




\/ 


r 


^^^^^ 


: = 2 

| * 






V 


1 / 








JT 

P 


* 

t 

t 









" ' ^ Figure 3-ld * " 

• y 

^Further calculations are indicated at the end of this section ar)d in 

the exercises.- , * c , . */ 

* . • * i 

# The sine and cosine are of*ten defined in terms of ratios of sides of 

right triangles. In Figure 3~le, the sine and cosine of angle" A0B t are* 

defined by * 



(2) 



, /A - opposite AB 

sin ZAOB = . = t£ • 

hypotenuse OA 



;os mob i 

* " hypotenuse OA 
/ » A 



hypo£enus'e 




adjacent 
Figure 3-le 



^0. 



opposite 



To relate *hese definitions # to oyrjearlier^ ones, we, can* place the u and v 
axes, as shown^ in Figure 3*Xf, letting -,.x denote the. distance along the circle 
-from;,R(L,0)' ' to P. The coordinates of P* are (cos x } sin x) . 




Q fiM b u 



Figure 3-lf 



Whether OA > OP (as shown)* or OA < we^have, by similar triangles that 



and 



OB 

ccrgrx = OQ = =* cos ZAOB 



AB 

sin x, = PQ = — =/sin ZAOB, • 



Tflus the angle AOB corresponds to an arc of length x and cos x and 
sin x are respectively cos ZAOB and' sin ZAOB, 

The right *tripngle definitions are somewhat restrict ive as the angle 
AOB Wst always be between % the zero angle and a* right angle; "that- is, the 
arc length ~x- must be between 0 and • Our definitions (l) involve no * 
such restriction and enable us to define sin x and cos x for any real 
number x . Thus (l) gives us a "natural" extension of the* definitions (2) ♦ & 



3-1 

Angular Measure 



a. 



It is also common practice to measure angles in degreefe,*. Degree measure 
is established by dividing the circle into 360 equal units, measuring an 

angle AOB 'f£y the number of units of arc it includes.- For example, if MOB 

1 ° * 
includes ■? of the circumference we would say that the angle measures 

" ( - f ' 4 . \x 360° =6o°" \ 

We ca-n also measure angles by a*rc length. 




Note that ZAOB determines 
the arc length x Units 
(on the unit circle). * 



Figure 3-lg 



( 



In Figure 3-lg atfgle a cuts off an arc of length x -on the circle given by 
~2 * 2 . 1 ' * 

u + v =1. We say that a measures x units.' Thi^fe type of measure is 
cabled >radiati measure, its unit being called radian. ^In Figure 3-lh we 
illustrate an angle of 1 radian. 



5 





- • 


1 / > 


l/ \ 1 


• / 

» ' / 






' 1 ] 

/ % 




' ; / 


^ Figure 


3-lh 



'measures 1 radian. 
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, A 'moment's '^hoaight-tadrcates the relationship between radian qnd degree 
^measure. Clearly, if the radian measure of an angle is doubled, the degree' 
measure also, doubles . The same result is Qbviously true for halving, tripling, 
etc*. In general, we m have that the degree measure' M of an angle a is " 
,y directly proportional to the radian measure x . Thus 

M = kx 

where k is constant! Since M.= 360 when x = 2n we have 
. • ' > : \ 360 = k(2n) m * , * 



yo we mus*t have * k 



160 



Thus 



(3) 



1 , . « ' * ± ' i8ox . * 
x radiaas corresponds to * degrees. 



We thus yfeee that degree measure is obtained from radian measure by changing 
scale. * " . 



We note the following co^sequences > of (3). 



(>4) 
•a*nd 

. (5) 

1 



180 



1 radian corresponds to » 57*296 degrees 



- • if 

„ 1* degree corresponds to ' Y$q z °*Wi*5 radians. 



/ 



In working with radian measure, § it fs customary simply to- wrdte, for 

, if ft i 

example, £ tfhen we mean ^ , radians. With degree meLasucf we shall always 



3e the degree symbol, such as 90 y i*5 } etc 



Example 3?la . Evaluate sin $90°. 
We see tfiat ? 990° corresponds <o 

x,990 = -^r n> radians. .We measure 

11 ' *~ 

« .units- around the unit circlf in 

v a counterclockwise direction. If we 

V 



write 



we indicate two times around the circle 
plus a f .turn, suggesting arrival at 
the point <0,-l).* (See Figure 3-]#i) 
Thus sin 990° -l v . 
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Figure 3-li 



■ Example 3-lb. If' x is any multiple of |, determine *os'x* 



and s^n x. 



X J * * Tt 1 V ' 

Solution. The arclength — is g th of a circle and hence corresponds 
to an angle of 6Q°. At Figure 3-1 j shows we. thus know thajfc. angles POQ and 

' i 

OQP are equal and hence tha^t OR has length - and PR ha*s length. -~ • 



Hh,4) *». 




P 3 (- 1,0)/ 2 | 



P 6 (1,0) 



Figure 3-1J 




P (i - j5) 



Thus P has coordinates »' 



cos - = 2 an<a sin 3 2 

Measurements of & , ^ , & , 2jc give the respective points ? 2 , ?y P^, 

Pg of Figure 3-lk % The coordinates of the^se points are easily ^found using 
the same techniques as above. This gives us enough information to find '90s x 
*and. sin^x • for x any integer multiple of ^ . for example, if we wish to 

find cos( " r ) , we o"bse*rve that ' ■ , ,v 



-l6n 



3' 



-5n -3 



We measurer in a ,clpcl$wise direction first 5n then, ^ units to obtain the 
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Pg. Thus cosf-^—^I) s , the first coordinate (abscissa) of ?^ 

Throughout our "discussion we make use of ijhe facts ^that . 

, . sin(x - 2nV » sin x 

• . cos* (x - 2jc) = cos x 

The general "form is stated* as (5) in 'Section 3-£. 



point 



(6) 



Exercises 3-la * 
1. Change the following ^radian measure to degree measure. 

. Wf V ' * .-(g). *' 

(bf |; • v - • .( h ) .a* : 

* - ' (J) 4.5 

' ' ( e ) , 2« . s ' ( k ) .7 : 

?.-r^2a^e--±1rs 'following degree measure to radian measure, 
(a)' 270° " "(g) 810° * ■ 



(o) -30° ' / ' ( h -) '190° 

(c) 135°* '• '. * * ' (i) 18° 

(a) ^3o° ' ' • fj) o.U° ' 

195° 4 ; (k) 1620° 

(f). -105° 1 .'(I) 18 ° 



3. Express the following radian measure, in terms of the smallest positive 

angle: * ' 4 , 

> » » » 

u (a) What is the suni of the measures of 'the angles of * triangle?- * 
of a 'fectangle? % * 

(b) Given:"* a polygon of n sides. What is the sum of the measure * " 
of the interior angles? of the exterior angles? * % t ' 

» ; " * * 

(c) The smaller of the two angles between the hands of a clock 'at' * 

11:30 has admeasure of . 

' i * 

(d) Over which part of a radiak does the miJhute hand of a clock move 

" in. 15 'miAutes? in 25 minutes? ' v > / - ■ *' ** * 

(e) ' How many radians does the minute-hand sweep out in' 1- hou^s? 

in 3 hrs. 50, min.? * * ' . s \ 
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Give the coordinates of the point on^the 'unit circle corresponding to 



(a) 300° 

(b) ' 1200° 



(c) 



22it 
(d) 15? 



5. Express each of the following angles in terras of a pasitive angle 
. between 0 and 2n radians 



(a). f« 



(b) 



3" 



t \ 16 
(c) — it 

(«)" - g « 



6. 'Wr^ite two equivalent expressions for each of the following angles in 



terras of „ 

(i) n (2*V + a 

, >(ii) n (n) + a 

(iii) , n (|) + a» 



n integer, |a| ,< 2n 
n integer,* |a| < n 



n integer, |a| < - 



7.. (a) .Extending the information readily 
available from the 30-60-90° ; 
r J . ^rjifngle in Figure 3-ij, find * % 
, /cos x and si,n x for x, a 
multiple of ^ , by drawing a 
unit circle similar to the one jC ^ 
to the right and* labelling the 
^' * coordinates (cos x, sin x) . 

For ' Q 1 , Q^, . . . , (similar 
' ' to .Figure 3-1*0 
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(b) Which of these points duplicate multiples &f 5- in Figure 3-lk? 

/ s 

(c) Which of the points Q^, "0^ * have coordinates for the° 



multiplies of £ ?. 
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V ^ Since ^ is midway between | and | , ' conjecture whether or not 

you cap deduce ccjs jj- by averaging the value of cos | and cos | 

Can you make a general statement about reading off values of such 
functions from* the drawing " ** 



2- -fetrtr^bos jU ± 



^§ (a) Using relationships between the 
sides of a U5-U5-90 0 triangle, 
. ' find cos <x and sin x for x, 
a multiple of ^ , by drawing 
a unit circle similar to the one 



COS 7- + C OS j 



to the right and labelling the 
coordinates! (cos x, s,in x) for 
\> Kg, Kg. 




(b)* from this circle read off .the" foilowing values: 

1 (6) cos 135 0 ^ 



CO sin^L 



(?) 



* 7it 

C 5 S T 

. (3)' sinijji 
.(A), -cos & 



(5) sin (- ^) 



(7) sin 315° 

(8) cos (-225°) . 
'(9) -skn ( : -l35°)'" 
(10) cos (3 -360°-+ !»5°) 



Using the coordinates of the points/ 
indicated on the unit circle to the 
right answer the following:' 



Find the 


value 


of 


. Jt 
sin g^, sin 


jt . jt 
£ , sin - ; 


jt 

cos z 


s 

, COS 


jt jt • 

¥ » cos 3 • 


What is the relationship 


between 






. Jt 
sin z 


m and 


COS J t 


. jT 
sin j 


and 


COS jr/? 


sin r 


and 


cos If? 










In this fi**st quadrant, what is the sign of the sine? # of the cosing? 



(b) Find the value of sin ^ , of sin ^p,/ and. of sin ^ ; _ 

of cos -g- , of cos , and^of cos~-y . 

In this second quadrant, what is. the sign of the sine?^ of the 
* cosine? * \ ' 

{<i). Find the value of sin , of sin ^ , and- of sin ~- j 

x. 7« x» - 5^ ^ ' ' tot 
of^ cos -g- , of cos ^ , and of * cos ^-y . 

^In^th^s^third quadrant, j what is the sign ^of the sine? of j the 
cosine? 



3* 



2jt 



(d) Find' the value of sin i|5. , ° 0 f sin and of sin ^ ; 

of cos -g- , of cos , and of cos — . r 

In this fourth 'quadrant, what is the sign of the sine? , of the 

f * ■ 

* cosine? ' 
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(e) (i) In which quadrants is^sike positive? sine negative? 

(ii) In -which quadrants is Cosine* positive? cosine negative? 

(iii) In whic^ quadrant is»sfne po'sitive and cosine negative? 
sine negative, and cbSine positive? ,botfy positive? both 
negative? 

10. (a) What are the coordinates of P, 
indicated on -the> circle to the 
right, if the circle has a radius 
of 1? '2? UVJ ? R? 



(b) What are the coordinates' pf * T, 
indicated on the circle to t)ie 
right, if the arc measure is x 
and the radius is 2? v 7? . ' 



2? 

2 ' 



* 11. Given a circle of radius 1 

An arc which measures 1 radian has 
.... , length 1; 

• ^ an aijp which measures x * radians 
has length x y 

, Given a circle of., radius Ri 

An arc which measures 1 r.adian has 

length R; . • v*-. 

an arc which measures' x , radians \ 
has length xR. 




(a) Show by similar triangles that tiie length of the arc is proportional 
to the measure of t£e arc^and the constant of proportionality is,, 



the radius, pr 



s = Rx 



9 
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(bf- The minute hand of a clock is k inches long: Approximately how 
- far does its tip travel , in ''15 minutes? 



(c)"A Circle has a radius of 15 inches. How long is the arc* which 



measures 6o°? 72°? 



(d) 1 What^ is the radius of the 
circle to the right if the 
measure of Kb is g } 

atid the length of AB is - 



(0 


gin. 


(ii) 


fin. 


(iii) 


10 in. 


(iv) 


x in. 


(v) . 


3x .in 




and 



12. 



(e) What is" the radius of a circle if the measure of X§ ; is 
the length of J?B is x? 2x? lpx? t ' 

J ! * 

(f) If an arc of length ?t fias a measure of — , what is the leigth 

of an arc of a semi-circle? of one-third of the circumference I 

From geometry we know that in any circle the areas, of twjp sectors o? a ; 
qircle are proportional to the measures of their % arcs; for example: 

^Aj/ea 'sector AOB 



Area sector AOQ 



x 

TV 

2 



Oy iff? 

i.e,. , -Area sector AOB = ~ ■ 7^- 



R 2 x' 
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(a) This formula can be re-stated in this way: 

In a given circle the area of a sector 

AOB = constant X arc measure Kb or A = kx, where 

2 

the constant of proportionality, k, is ; that' is, 



A, = '|. R 2 * 



What is this constant of proportionality for a circle of radius 1? 
2? • 4? ■ 1 

(b) In a circle of radius a, if a given arc has a. measure m, what is 
the area of the sector? 

(c) . In a given circle, how is the area of a sector 'affected if the arc 

measure is doubled? halved? tripled? 

(d) In the beginning of this probleg^ we stated that the area b*f sector 
AOB is proportional to the &yc measure. Obviously, the area of 
sector AOB is also proportional to the arc .length. What is this 
constant of proportionality? 

(e) Wha$* is *the area of a sector of a circle of radius l6 inches if 
the' arc of the sector is 12 inches long? ' ' 

t (f) How is the area of the sector affected-if the arc length is doubled? 
*> 

, halved? tripled? > 

13 ♦ (s) Illustrate (6) geometrically; that iis, show </ 

sin (x - 2n) = sin x 

cos (x - 2tf) a COS 'X. 



(b) Show that 



sin (x'+ 2n n) = sin x 



cos (x + 2n n) = cos x 
where n i& an integer, * : 



.20: 



The Use -of. Tables ' _ *\ 

»» 

In a separate booklet ^we give tables of approximate values of cos x 
and sin x' for decimal values o'f ,x up to 1.60 which . is slightly more 
than' |. (l}ie number x, of course, represents the measure of 'aft arc length 
on the unit circle, i^e., r,adiau measure.) * More complete tables, tables in 
terms of degree measure and tables for converting from radian to degree mea- 
sure are also found v in the Booklet of Tables. 

The following. Examples 'indicate some of\the ways of using these tables: 

Example" 3-lc * Find, sin .73 and ■ cos .73. 
We simply read from the tables the values 

- sin^ .73 « .6669 v 

cos .73 « .7^52. 



Example 3-ld . Find sin 6.97 and' cos 6.97. - - - . 4 
White our tables do not include 6,97, we do know that 
\ sin x sin(x - 2jt) and cos x = cos(x - 2n) . 

Using M» 6.28, "tie* have 

.1 sin 6.97 » sin .69 3 .6365. 

and 

U * t 

cos 6.97 » cos .69 a .7712. 



Example 3-le . Find sin g . 
Using In » 3.1te we have 



The tables give - . 



'Interpolating 



-er|c 



I a .52**. 

sin .52'» .U969 
sin .53 * -5055 



, we obtain 



sin .52V a .l#69 + (-5055 - A969) . 
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Therefore, sin | - .5003- 

Of^course, we can observe' that 
g (radians) corresponds to 30° 

apd'read the r.esult iin | = |. 

from Figure 3-1^. , * \ 
# 

V 



/<s 1 • - 




Figure 3-1 



S Example 3-lf . Fitid s—sy^ch that 0 < x < | and sin x s .8850. 
From the. tabl&s we see that 1 



and 



Interpolating we get 



sin 1.08 a .8820 
sin 1*09 a .8866. 



x » 1.08 + |g ( .01) a 1.0865 a 1^087. 



Example 3-lg > Find sin 2/ 
1 t 

Referring to 'Figure 3-lm we see that 

x sin 2 = sin (it - 3) 
Y" - ' t !?sin(3^- 2) 

» sin 
» .9086 Y 



•4 < * 




'Figure 3-lm 
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Example 3,-lh . Find jsin 100. 
.To find where the sin 100 is^ located 

on the unit ciVcle we ask how niany times 

* • * * 

•2* divides 100. Since 2* 3 6.293 we 

100 

guess that -gj- 2 l6. Ir\ fact 4 ' 4 

* , m 

16 x 2* z 16 x 6.2^3 « 100.528,. so -that , 
100 = 16 X 2ir - .53* We show (Figure 3-ln) 
-that poin - ^ P is 100 units around the 
'Unit circle (counterclockwise) from % (l/0) 
or .53 units short of 16 revolutions . 
The tables give 




sin.;5J* -5055 



Figure 3-ln 



so that 

sin 100 



-sin .53 « -.505^. 



Find cos 2000 * 
^o 



Example 3-li . 

Since there are 360° in one revolution .we write 
2000 = 5 X*360 + ^x 360 + 20. Five and one-half counterclockwise revolutions v 
plus 20° gives a point on the unit circle 20?- into the third quadrant* ' ' 
We have cos 2000° = cos 200° = cos(l8o° + 20°) =x -cos 20°. We use the 

table of No 'I 5 of Exercises 3 r lb to find £hat -cos 20° z -,oAQ. To use our 

* * //'*■* 

radian tables we first note that fc 20° corresponds to «35. (approximately) ? 
so that ' % " • * ^ 

» m i cos 2000 » -0.939^- 



AC, 



2(A 



21,4 



f . * 
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Exercises 3-lb 



For problems 1, 2, 3, 4 use TaJ)le 3 in the Booklet of Tables 
1. Find *sin x and cos x when x • is equal to 



(a) 0.73 " ! 

• * 

(b> -5.17 

Find x A when a < x < % and/ 

(a) sin x Z O.i.098 „ - 

j 

(b) cos x » O.9I3L 



'(c) 1.55 

(d) 6.97 (Hint; 2jt « 6.28) 

(c) sin x a O.6518 

(d) cbs'x « 0.5^03 



3. Using * s 3*-l4, -approximate the following, interpolating where 
necessary. 



/ x .11 

(a) ^ jt . 4 

(b) cos £ 

4,* Find ' x where 0>< x < I.57 
(a) sin x = 0.2231 
fb) cos x = 0.7135 



lc) sirf 11.5^ 
(d) cos 417° 



(c) sin x = .87U 

(d) cos x = .1759 



Below* is a table^giying values of sin x and cos x when- x is given 
in degrees ... Sin x° and cos x° for angles between 0° and 1*5° are 
read from the top and left,, sin x° and cos x° for angles between 
45 and 90° are read from the bottom and right. For example, " 
si/ 20° = cos 70° » 0.3^2. . • 



> x 



10" 

15° 

20° 

25° 
30° 

35° 
40° 

45° 



Jsin°x 



o 

CQS* 



0.000 
0.087 
0.174" 

0.259- 
0.342 
0.423 
0.500 

0.574- 
0.643- 
O.707 



1.000 
0-.996 
0.985 
0.966 
O.940 
•01.906* 
0.866 
.0.819 
0.766 
0.707 



m 



mm*- 



0.707 . 0.707 f|2jg 
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Usin^jbhe table above finci the values "of the following: f 

(a) sin 75° - • (c) 'sin U80? 

(b) cos 140° • \ 1 . (d) cos (-WO 0 )* 



Usiijg the tabj.e in Number 5, find two values for x in degrees 
0° <x° < 360°. ' ■; . ./ / 

(a) %n x = 0.57^ 

(b) cos x = 0.6^3. \ 

• 1. . 

\ t . I. J 



(cj^ sin x = -0.819* 

(d)l COS X a "-Q.087, 



r 



• 4 
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* 3-2. ' Properties of the Circular Functions 



We have defined the circular functions, cosine and sine., by measuring 
' arc length along the unit circle u + v = i. Many properties of these two , 
functions are'easily derived -from* this definition. In this section we derive 



a few ofl these jpflpperties . 




The valu^F cos x and' A sin*x 
were defined as the coordinates (cos x, 

sin.xj^jf a point P on 'the circle 

2 " . • - 

u +' ; v = 1 such as in Figure 3-2a. - 

Therefore, the coordinates .of P must 

satisfy this equation, that is: 



P(cos x, sin x) 



(i) 



2 - t 2 
-cos x + sin- x 



' This identity, will often be useful. 

We, have followed the usual convention 
2 

, ' of writhing cos x rather* than 
(cos x) , \lri N x rather'^than 




Figure 3'-2a 



(sinxr, • M * 

Since a square is never negative it follows that 



2 2 2 

cos*4x < cos X%+ sin x, 



and 



2 2 2 

sin x < cos x + sin x. 



Combining £hese with (1) gives^the two inequaliti 

x 



2 " 2 

cos x < 1 and sin x < 1, 



which can be rewritten as # 
(2)' ' -1 < cos x <1 and -1 < sin^x < 1, 



Another^cp^se^uence of (l) which will be useful in our approximation • - 



discissions in the next chapter is the inequality 



(3) 



0 < 1 - cos "X < — . 
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To establish (3) we use. the familiar .distance^ formula to get (in figure 
' 3-2b) the distance from -P to Q: 



/(!• - -cos x) * sin 













i 

P(cos 






1 x 




\ 


/ Q(VO) 
/ S 


9 v 

< 













Figure 3-2b 



TAs distance canrjfrt exceed |x|«, 'sincere shorty distance between two 
points is measured along the straight l^ne J6ining tlra&w Thus~ 



/(l - cos x) +- sinvx <J X I; 

v 2 



' Squaring and then multiplying out t *(l"r # c .os ^x)j , glVes: . 

\ 2 2 2 

. - - ^1-2 cos x + cos x + sin ,x < x , 



and^hence (l) gives; 



2\- 2 cos* x < x - 



Dividing by 2,^ we jget 1 cos x < ^ Noting ^at , cos x < 1 _and hence 
0 < 1 - cos x, we complete the proof .of , ^ * 




Periodicity and . Related Results , # • 

Theje are several formulas which 1 
relate the values sin x and cos x 
at different points. For example, if. 
we traverse the unit ^circle *2it. units, 

we. arrive at our initial position, since 

-22 
the circle u + v = 1 has circumference 

2n. (See Figure 3-2c) Thus we have 
sin {x + 2«) - sin x 
cqs (x + 2n) = cos x- 




Figure 3 -2c 

^Functions which repeat their valuejs at equal intervals are said to be 
periodic . ^In general, if there is a number, a > 0 such*that 

f(x + a) = f(x)° for all x ? 

then we say that f u is periodic with period a. Thus the functions sin 

and. cos are periodic with period '2*. As consequences of (k) we have - 
* * • * ' 

sin (x + ii^L = sin ((x + 2n) + 2n) 
, . \= sin (x + 2n)* 

= ■ sin x * J ' 

i 

sin (x - 2jt) = sin ^(x - 2n) + *2*^ / 
= sin x * , 

r 



and 



&* m m Intact, for --any 'integer n* we can make the general statements 



(5) 



sin (x + 2mt) = sin x 
cos (x + 2mt) = cos x. 



Other useful formulas can be "read off" from the proper/ties of the unit 
2 2 * . . * 

circle given by u + v =1. For example, the points' (u,v) ^nd * (u,-v) 

are symmetric with respect to the u-axis. Consequently, we ; see (Figure 3-2d) 

that 7 ' N , ' 



(6) 



cos (-x) = COS X 
•sin '(-x) = -sin x 
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P has coordinates 
(cos X, sin x) 




, Q has coordinates 
(cos(-x), sin(-x)) 



Figure 3~2d 



Using the unit circle we can also derive the two familiar formulas: 



(7); 



sin(|- - x) = cos x 



cos(|- - x) « sin x 



Irl Figure h-2e triangle OPR is 
congruent to triangle OQS/ (Why?) 
Then P(u,v) -ana QCu^v^ are 
related so that u = and v= U]/ 
It follows that 



cos x « OR = Q3 = sin (>£ - x) 



and 



sin x = PR = OS = cos (§■ - x)^ 



Q(u 1 ,v 1 ) 




Figure 3-2e 
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The useful formula 



I cos x = sin (x + |) 



dan also be derived ,by geometric arguments using the unit circle. Here we 
, derive it using (6) and (7), as' follows ' 



cos x = cos(-x) = sin [| - ( r x) ] 



sin (x + |) / 



We have given but a sample of the relationships which can be derived from 
the unit circle. Other such results will be derived in the exercises a^id, as 
we naed them, in Sections 3-5. and h-1. 




\ 
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* gxercises 3-2 
Using f(x + 2n*) = f(x>, and f : x -».cos x, find 

(a) f(3«) U) f(^) •• 

(b) - f(^) * ' .(e). ff-7*) 

(c) £ff) ' • . (f) f(- ^) - • 

If V : x ->'s*in x> find the values of -f *in Exercise 1 above. 
For what values of x (if any) wilL 

(a) sin x = cos x? 

(b) sin -x = -cos x? 

(c) sin x = sin (-x)*? 

(d) cos x = cos (-x)? m • 1 

Hint: Use the fact that (cos x,. sin x) represents a point on the 
unit circle. 

(a) Using* only the definition that sec 6 and esc 6 are reciprocals 

of cos 6 and sin 6, "respectively, show that the expression 

sec 6 ., . . .... i ^ sin g 

is identically equal to 



sec 6 - esc 0 sin 6 - cos 0 

(b) Adding tt> the definitions of part "(a) the definitions that tan 6 
s in £5 

is _ an d . cot 0 is the reciprocal of tan 0. 

cos # 

* t 

* / v tan 0 + sec 0 , 

(i) show that the expression s t n 0 C c£t 0 ° an cna nged 

1 + sin e \ 

tO g ; • ■ \ 

COS 0 * 

{ 

(ii) ^ show that 1 * s C c °l 6 and 1 6 can both be changed 

to sin 0 + cos 0 ; and 

(Hi), show that sin 0 esc 0, cos B sec 0, and tan £ cot 0 
** are all equal to 1. 

•6 
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5-. (a) 



2 2 - *' 1 » 

Formula (l) sin 9 + cos 9 = 1- can be used to an advantage in 

changing the form, of many trigonometric expressions. , Using -this 
relationship., 

'U) . show that cos 0 - sin 0- can be writtep as 2 cos 3* 1 



(iv) 



or 2 sin Q; 

show that' tan 0'+ cot 0 "can be expressed as 

± * i 

1 - cos 0 1 +- 

2 

0; and 

1 



(ii) 

(iii) show that' 



- cos 0 1 +- cos 0 
2 csc fc 0; and 

show tha*£*Tj&th cot' 9 esc 0 and 



esc 0 
cos § 

can be expressed as 



sec 0 - cos 0 



are both equivalent to 



(b) 



COS 0 

p 

sin 0 



- - / 

is pimple to prove sin 0 cot 0 = cos 0 and cos 0 tan 0 = sin 0. 
(Why?) . With these relationships, those of Exercise Kb) (iii), and 
others developed earlier, prove the following: 

(i) (1 - ain 2 0)sec 2 0 = 1 " 

(ii) * "(1 - cos 2 0)csc 2 0 = 1* . . 

(iii) cot 2 0 (lo- cos 2 9) « cos 2 0 

(iv) sec 2 0 (1 



2 

cos 0) 



2 0 
tan 0 



(a) 
(b) 



Starting with the relationship sin 0 + cos 0 = 1^ prove analyti- 
cally that 1 + tan 2 0 = sec 2 0. 

By considering AQAT and - 
the unit circle to the right, 
prove geometrically that 
1 + tan 2 0 = sec 2 0 
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(c) Starting with the" relationship, sin 9 + cos 0 = 1, prove 

- T - - — . — * 2 2 ' 

analytically that 1 + cot G » esc 0. * 

(d) Adding the relationships posed as problems in parts a, t, c to the 
earlier ones discussed t fW * 

sec B 'tan 



(i) 



show that 



cos 0 cot 



•» is identically 1; 



2 2 

(ii) establish that sec B + esc 6 is equivalent to 

2 2 

sec Q esc - 0 in two ways; and t « 

2 2 2 2 

(iii) show that sin Q (l + cot 0) + cos e(l + tan o) is 

i 

always 2 V 

(a) Using the figure to the right 
prove sin(x + h) - sin x < PQ . 

(b) From this re stilt prove that 

|sin(x + h) - sin(x) | < |h| . 
/ 

(c) .Again, using the, figure to the 
right prcj^e that> 

|cos(x + h) - cos(x-) | < |h| . 

P(cos x, sin x) and 
Q(cos(x +• it) , sin(x + it)) are 
indicated on the drawing to the 
right. 

(a) By the use of similar triangles, 
read off the coordinates of Q; 
i.e., prove 

cbs(x + it) = -cos x, and 
sin(x + it) =» -sin x. 

(b) Similarly, prove 

cos(rt - x) = -cos x, and 
sin/rt ,- x*) = sin x. 








R 




P(cosoc 


«, sin 
yx , 


Q 




N 






4 > 



\ 
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9- (a) Using the figure to the right 

read off the coordinates of 
* Q 1 to show that 

cps(x -'n) = -cos and - 
sin(x - n) = -<sin x. 

(b) Use formula (£) to extend the 

results of (a) to show that ; - 

0 . (i) cos(x - n) = cos(n - x) = -cos x, 
and 

(ii) sin(x - n)"*= -sin(* - x). - -sin x 
10. Read off the coordinates of R to show 

cos(x + -sin x ^ 




COS X 




11 * Using the relationships (6) cos(-x) = cos x, sin(-x) ■ -sin x; and. 
(7) sin (| - x) = cos x, cos (| - x) = sin x, * 

(a) prove cos(x + ~) = -sin x; 

(b) prove J * 

(i) co&(x + jt) = -cos x, t , 
' . and * 
* ' (ii) sin(x + 7t) = -sin x; 

( c) prove 

(i) cos(x - 7t) = cos^ir*- x) = -cos x 

(ii) sin(^- n)-- -sin(x - x) ■ -sin x 
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x was established as formula (3) in 



- — 12.--~The^ftequa-lity 0 < 1 - cos x < — 

~ ^-this- /section. By numerical substitution of various values of x, let 
"us ncpw investigate this relationship, . ^ C 

(a) / Using the table which gives the cosine of angles expressed in radian 
measure, complete.. the following table. 



13. 



1*. 



V x 

(in radians) 


COS X 


1 " COS X 


2 

x * 

, 2 


0 






* -> " v 


0.1 








0.15 






**** . 


. . 0,3 d 








" * 0.5 




A 




' 0.6 




r 












. 0.8 % 








0:9 








1.0 
















1.5 








2 








* I* ' 








6 









(b) .From the completed table, conjecture for which values of x this " 

inequality is most useful. 
We know that the functions x -> cos x -and x -» sin X> have period 2rt. 
Find the period of the functions x -* , 

(a) sin 2x 



(fc) sin^x 



(c) cos W 

(d) cos |.x 



Show tha^t the functions sine and cosine have no positive period less 
than 2it. - ' _ * 
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3-3- Graphs of the -Circular Functions " * • 

~~jT** 

The sine and cosine/functions have been defined in terms of arc length 
on the unit circle give/ by- u 2 + v 2 = l. As was the case t or polynomial 
functions, the graph* jt these Wtiqns provide another geometric device 
for understanding their behavior. At ;this point for honpolynomial functions 
our prim&ry procedure for graphing is the plotting of points. Fortunately 
we can make use of the results of the previous section to simplify* pur pro- 
cedures. 

We first plot s.ome points for 

. y = sin x, 0 < x < n. ^' 

Tay.e? 3-3a lists some values of k sin x which were obtained in the previous 
section. These points are plotted in Figure 3-3a, * 

* Table 3 -3a * " - 

- .Values of y = sin x 



X 


y = sin x 


0 


0 


1T 

Z 


, 1 i" 
2 


1T 


■ f«m 


3 : 


^ -87 


IT 


1 


2 




3 


4= -87 


¥ '■ 


% - -71 


5* K ' 
T 

r 

n 


2 
0 



— I — h 



-i — h 



* * * 
Z H 3 



Figure 3-r3a. 




' it 2n 3* 5* ' - 
2^ TJ T 



Values of, y?= sin..x> 
plotted from Tabl£ 3-3a. 



If we connect these points 
with a smooth curve we' ob- * 
tain the graph shown in 
Figure 3~3h. A more com- 
plete, picture can be ob-* + . 
tained. using more* points 
but this will suffice for ■. 
our present purp.oses. . * 

• <4 



* Now we can make use of the properties, obtained in the previous section^ • 
to extend our graph beyond the interval 0 < x < if. "^The' identity^ - * *■ -* 

* * > sin(-x) .= -sin x — — ' — — 

tells us, that the graph is symmetric with respect uo. the origin; .that is, the ^ 
' graph contains (-x,-y) if it contains *(x f y). (Such a function*?* also j 
calied an odd function'. Later we shall' show how to~approximate the sine, 
function by a polynomial function with 
t enables us to obtain Figure~3*"3c from' 



\ function by a polynomial function with only odd degree terms.) Equation (2)__ 

i A Figure 3-3b. ' ' - ^ J ~ 




(-x,-y) 



We call this, one cycle of the 
sine function. 



Figure 3-3c. y <= sin x, -n < x < n 



Next we use the identity 



(3) 



sin(x + 2m) = sin 



which holds for all integers n and all real numbers x, to obtain the i 
graph shown in Figure 3-3d. The identity states algebraically that the *graph 
of , the sine function coincides#with itself under a translation Of 2rm uMts 
(to the right if n is a negative integer and to the left if n is* a posi- 
tive integer) . J 




Figure 3-3<3. y = sin x 
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The gra^ph of the cosine function can be obtai»e<Lin«a=rs4.milar- manner, 
for we know-that ' \..' ■ . ._ ra=3 ^-, 



(M 



/ cos x = sin (x 



Thus we can picture a shift of the graph of the^sine function £ units to 
ie-le£t^o^,obtain th^ graph of ibhe cosine* J 'functioh'. w *" ' 1 

In Figure 3-3e we indicate this relationship by superimposing on the same 
1 axes the graphs <?f the sine and cosine functions, - 




Figure 3-3e 



Translation and Stretching 



Jfe have Observed that the cosine .function can be obtained from the sine 
function by translation i ' This process generalizes ♦ The graph of 

•y = sin (x + C) 

where C is a constant is easily obtained by, suitably translating*. t"he graph 
of y = sip x on the x-axis. We can think of shifting the graph (in Figure 
*3-3<*) fc| units to^the right or left according ^as^C .is_negative or posi- 
tive. For example, in Figure 3-3f we show Che* graphs of y^= pin (x + 2) ^and 
y = sin (x - ^) under the .graph of y = sin x, to show how .each can be ob- 
tained from ttfe graph of y = sin x by an appropriate translation. 



A 
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y = sin (x - S) 




K*y = 5in(x + 2) 



In Figure 3-3g we picture the graphs of y = sin x, y = 2 sin x, and 
y = sin 2x. 



y =*sin x 

y = 2 sin x 



*^ : 




Figure 3-3g 9 % % 

We can describe the graph of y = 2 s\n x p& being obtained from the ,graph of j 
y =» sin x ' by 11 stretching" each ordinate by a factor of 2, and similarly, the 
graph of y = sin 2x being obtained by "shrinking" each abscissa. 
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y = 3 sin (2x + §) 



The graph of * \ # ^ 

r* y « A sin (Bx + C) , 

called the general sinusoidal curve, can be obtained by combining translation 
and scale change* For example, to graph » 

(5) » ^ 

we observe that , > 

; 

sin (2x + §) = sin (2(x + £)) 

so- that the graph of (5) can be obtained from ^=3 sin 2x by shifting the 
graph | units :to the left. »The graph of y = 3 sin 2x can be obtained 
from^that of y = sin x by "stretching" each ordinate ,by a factor of 3 and 
"shrinking" ^each abscissa by a factor of 2. (See Figure 3-3h,) 



y = sin x 
y = 3 sin 2x 



V/' 



■ y = 3 sin (2x + |) 




Figure 3-3h 
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Exercises 3"3 * 

For eSTCh of the following, sketch the graphs 'of the three equations 
set of axes over the interval(s) indicated. 



la) 


y 


= 2 cos x 


n 


< X 


< 2k 


to 


y 


= 3 cos x ! 


'! 4 0 


< X 


< 2n 


(c) 


y 


1 

= g cos x 


0 


< X 


< 2* 


(a)' 


■ y 


= cos 2x 


* 0 


< X 


< 


(b) 


y 


= cos 3x 


0 


< X 


< 2n 


(c) 


y 


1 

= cos - X 


0 


< X 


< 



(a) y = cos (x + |) - | < x < 3* 



(b) ^ y = cos - §) '%f < x 5 3* 

(c) y = cos (x + n) -Jt < x < 3it" 



2 

(c) y + I = |tfin 2x , -0 < x < Im 



V 

s 



(a) y » -cos x , 0 < x < 2n 

'(b) y = -2 c>^x 0 < x < 2n 

-(c) y = -cos 2x 0 < x < 2* * 

(a) y = -sin 2x 0 < x < 2* 

(b) y = -2 sin !tx v 0<x< 2n 

(c) y=_-|sin|x 0<x<2n' 

(a) y = -cos (x - |) 0 < x <> 

(b) y = sin (x + it) 0 < x < hiy 

(c) y » 60s (x + §) • 1 0 < x <>it 

(a) y - 1 = cos x 0-< x < hit 

(b) y + 2 = sin I *0 < x < hit 
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8* (a)' y = (sin x| 

(b) y ||sin 2x| 

(c) y = J|sin | x| 



0 < x < 2* 
0 < x <* 2* 

0 < x < 2it 



9- (a) y = -|cos x| 0 < x < 2k 

' "(b) yn|sln(x-|)| ' 0 < x< 2* 

(c) y = |sin (x - |) | - (cos x| 0 < x < 2* 



10. (a) y n sin x 

(b) y = cos^ x 

* 

2 1 ** 2 

(c) y = sin x + cos x 



0 < x < 2n 
0 < x < 2* 
0 < x* < 2* 



X 
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Uniform Circular Motion 

Let us now consider the motion >f a point P a'round a circle of radius 
r in the uv-plane', and suppose that P moves at the constant speed of s 
units pe*r second. We let P Q (r^) , represent the initial position of P. 
After one second P will be an arc-distance s -units away from P Q ; after 
2 seconds 'P will be an arc-distance 2s Units away from P Q ; and similarly 
after t seconds P will be an arc-distance ts units from its starting 
point (r,0)% In Figure 3-Ua w * show a point P(u,v), which is st units 

from P (measured clockwise if ,st > 0) around the circle given by 

0 « 

2 *2 2 
u + v = r . 




Figure 3-**a 

We wish to describe the coordinates (u,v) of P in terms of values of 
the sine and cosine functions. Since we defined the functions x-^sin x and 
x ->»cos x in terms of a unit circle, we also draw the circle given by K 
u 2 + v 2 = 1 „in Figure 3-Ua . (While we illustrate the case where r > 1, 
our reasoning will also hold for the case where r < 1.) The line OP crosses 
the unit circle at the point P^fcos x , sin x) . 

' We can express' these coordinates in terms .of t instead of x. What 
happens to st and x if t is doubled, tripled; halved, or multiplied by 
some constant factor -k? What is when st = 2*r? .We know that st * is 
directly proportional- to t. m It follows that x. is directly proportional to 

- ' V, 22k 
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t; thbft is, if k is a constant, x = kt. When P has completely traversed 

• * • % 2 2 2 

the circle given by u + v = r , then st = 2*r; it follows that when 

*st = 2jtr we have x = 2* (since the unit circle has circumference 2n units) 

Th\fe^.wfe have t /' • * 

' ' -2«=k(^), 

from which it follows that k = §• • Alternatively we could reason that 

r 4 « 



st _ 



Since x = kt, we get 



st. _ kt . 
^ 2nr 4 = 2* ' 

g 

whence we arrive at the same result: k *= — # 

> r 

To summarize we can say that the coordinates (u ? v) - at any time t 
seconds are given by 

u = r cos (— )t 



Bnd 



r sin (— )t« 
N r' 

< 



The constant of proportionality k = - is" commonly, denoted by ^ and 
is called the angular velocity of P* It is called angular velocity because 

the measure of' any central angle P^OP (Figure 3-*+a) may be written as 

t o 
s * 

cd = — * In t^seconds OP rotates through an angle measure of cot as P 

g 

moves an arc-distance of st units. If we let co = — > we can write ^ 

* a * 

u = r cos cot" 

(i) . 

• v = r sin cot. ' 

When cot = 2n, P will again be in the position P Q . This motion of 
the point from P^ back into P Q again is called a cycle . The time inter- 
val during .which a cycle occurs is called the, period ; in this case, the 
period is ~ . The number of cycles which occur during a fixed uriit of 
time is called the frequency . We give a commonplace 'example of frequency 
when we refer to the alternating current in our homes as H 6o-cycle", an 
abbreViatiofrtfor "60" cycles per second/ 1 • 



Example 3 -4a . Consider the motion of a point P around a circle" of 

►radius 2 in the uv-plane. Suppose that P moves at the constant speed of 

s 3 * 3 

3 units per second. Since - = ~ , the angular velocity is units 

per second; the coordinates of P(u,v) are given by * ' & * ■> 



u = 2' cos (|)t 



and 



v=2sin (|)t; 



2tt 2tt tat ' 3 
the period is — = = — ; and the frequency is 

- ; 2 



To visualize the behavior of the point P in a different way, consider 
the motion of the point Q which is the projection of P on the v-axis-. As 
P moves around the unit circle, Q moves up and down along a fixed diameter 
of the circle, and a pencil attached to Q will trace this diameter Repeatedly 

assuming that the paper is fixed in position. If, however, the strip of 
paper is drawn from right to left at a constant speed, then the f5erfcil will 
trace a curve, something like Figure. 3-^b. 




Figure 3-^b. Wave Motion Z M 

An e/amination of this figure,. will show why motion of this type is called 
wave motion. We hote^that the displacement y of Q from its central 
position is functionally related to the time t, that is, there is a func- 
tion f such that y = f (t) / " By suitably" locating the origin o£ the ty-plane, 
we may have either y = cos est or y = sin cat; thus either of these equa- 
tions may be looked upon as describing a pure wave or, as it is sometimes 
called, a simple harmonic motion . The surface of a body of water displays a 
wave motion when it is disturbed. * Another familiar example is furnished by 
the electromagnetic waves used in radio, television, and radar, and modern 
physics has even detected wave-like behavior of the electrons of the atom. 

- a«3G • 
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One of the most interesting applications of the circular functions is to 
•J the theory of sound (acoustics). A sound wave is produced by a rapid alterna- 
tion of pressure in some medium. A pure Musical tone is produced by any 
pressure wave which can be described by a circular function of time, say: 

(2) p = A sin o>t 

where p is the pressure at time t and 'the constants A and co are 
positive. The equation (2) for the acoustical pressure, p, is exactly in 
the form of one of the equations* of (l) even though no circular motion is , 
involved; all that occurs is a fluctuation of rthe pressure at a given point 
dt space.* Here the numbers A and o> have direct musical significance. 
The positive humber^A* is called the amplitude of the wave; k it is the peak 
pressure and its square is a measure of the* loudness . The number <o is pro- 
portional to the frequency and is ja measure of pitch; the larger oo the more 
shrill the tone. 

The effectiveness of the application of circular function^ to the theory 

of sound stems from the principle of superposition. If two instruments 

individually produce acoustical pressures p^ and p 2 then together they ' 

produce the pressure p 1 + p . If p^ and Pp- have a common period then 

the sum +< p^ has the same period. This is the root of the principle of 

harmony; if two instruments are tuned to the saipe note, .theV'will produce no 

strange new note when played together. 
* 

Let us suppose', for example, that two pure tones are produced with • 
individual pressure waves of the same frequency, say A 

(3) '• , U ss A COS 0)t 

1 * 

(*0 ' „ ' v = B sin dt 

s where A, B and 0) are positive. According to tjie principle of superposin t 
tion, the net pressure is, * 

p » A cos cot + E sin o)t. 

What does the graph of this equation^look like? We shall answer this questign 
by reducing the problem to two simpler problems, that is, of graphing (3) and 
(h) above. For each t, the value of, p is .obtained "from the individual 
graphs, £ince ^ * ' . 1 

' y 



The acoustical pressure is defined as the difference between the gas 
pressure in. the wave and the pressure of the gas. if it is left undisturbed. 

007 



*£^= U + V. 

To* illustrate these ideas with specific numerical values in place of A, B 
and go; let 



A = 3, B 



\0) = it . 



Then we wish to graph , , „ *. 

(5) P = 3 cos.itt + k sin art. 
Equations (3) and {k) become * 

(6) u = 3 cos itt, 

/ J 

(7) ' . v = k sin itt. 

By drawing the graphs of (6) (Figure 3-i+c) and (?) (Figure 3-^<3) on the same 
set of axes, and by adding the corresponding ordinates of these graphs at 
each value of t, we obtain the graph of (5) shown in Figure 3-^e. You will 
notice that certain points on the graph of p are labeled with their coordi- 
nates. These are points which are either easy to find, or which have some 
special interest. 
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Figure 3-4c. Graph of 

u = 3 cos itt. 



Figure 3-^<3. Graph of * 

- v = k sin jtt. 
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The points (0,3), (0.5,4), (1,-3), (1-5,-4) and '(2,3) are easy to 
find since they are the points where either u = 0 or v*«* 0. The points 
(0.29,5) and (1.29,-5) are important because they represent the first . 
maximum and minimum points on the graph of (p, k while (0.79, 0) and 
(1.79 ,0) are the first zeros of ^p. To find the maximum and minimum points 
and zeros of p ijjj^plves/the use of # tables and hence we shall put off a dis- 
cussion of this matter until Section 3-6, although a careful graphing should 
produce fairly good approximations to them. • / 

• J ■ 




0 



) . 



17 



1 



~tfr 



rrt 



Figure 3-4e. The sum-of two pure waves of equal period. 

Dashed curve: u = 3 cos itt. Dotted curve: v = k sin jtt ♦ 
Pull curve: p « 3 cos Jtt + k sin itt} 0 < t < 2. (The scales 
are not the same on. the two axes; this distortion is introduced 
in order to show the details more clearly.). • " * * ' 
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* Exer,cis*es 3-h 

Sketch graphs of each of the following curves over one complete cycle^ 
* and state what the period is, and what the range is, if you can. 

(a) y = 2 sin 3t ' ^ 

(b) = -3 sin 2t 

(c) y = k cos (|) ^ f . ^ " 

(d) y = 3 cos (-x) r 

(e) y = 2 sin x - cos x 

2it 

(a) Find the length of the* arc traversed when co = *y > = 3, if 

(i) t = 1; . , j(iii) t = 6 V 

(ii) 2 (iv) t = t 

, (b) For a given co in a circle, how is the arc length affected 
if the radius is doubled? tripled? 

% (c) Find the length of the arc traversed when co = > t s 3 if 

(i) r = 5 , (iii) r = 10^^ 

(ii) r=| (iv) r=R ^ 

/ 

(d) 'For a given co and a given- time, how is the arc length affected 

if the radius is halved? doubled? / 

* 4 * 1 

(e) Find the length of the arc traversed under r = 1®, t = k ^ if 

(i) 4'i ' ' ' to) f - ' : 



(ii) f . ^ C-) 



ERIC 



(f) If the^ime is given and the circle fixed how is the length of the^ 
) arc* affected if cb \t<$ doubled? quadrupled? ] \ . 

3. For the following, ske€ch and identify the 

(i)- period « ^ ^ 
fit)" location of maximum point(s) and * ' 

(iii) minimum points In this interval 0 < x < 2«. 

(a) y = - I sin 2x ( c) y = 2 1 cos 4p| 

(b) y = 2 cos 4r 



1 v 24& 
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(a) On one set of axes, using the same scale over the interval 
' - * 0 < x S 2* • Sketch the graphs of 

(i) y = sin x 
(4.i) t y = cos x 

(b) <i) Using the sketches and the scale in part (a), sketch on the 

same graph y = sin x + cos x. 

(ii) From the graph of y = sin x + cos*x, conjecture the period, 
and the maximum and minimum point(s). 

(c) (i) Sketch y = i£ cos(x - using same scale as (b)(i). 
(ii) Sketch y = & sin(x +. |) using same scale as (b)(i). 

(d) Compare the. graphs of (b) and (c). 
Have you any conjectures? 
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3-5. The Addition Formulas " 



In Section 3*^ w e added the corresponding ordinates of the graphs of* 
t -» 3 cos nt and t k sin itt at each value of t to obtain the graph 
of • 

f : t -» p = 3 c °s «t + k t sin Jtt » 

over the interval 0 < t < 2. We could have obtained the graph of f more 
easily if ve had been able to express f in the form 

f : t -» p = A sin (jtt + a) . 

In this section we shall derive formulas which will enable us to show that, 
for all real values of t, 

3 cos Tit + k sin jtt = A sin (jtt + a) , . 

>» " .* 3 

where A = 5> cos a = — « and sin a = ~ . 

5 5 

The formulas that we shall derive will also he^Lp us to discuss tangent 
lines to the graphs of ^rcular functions and areas b'eneath them. 



(D- 



We begin by deriving the basic formula 



cos (a - p) = cos a cos p + sin a sin p. 



Vj 




q(cos a, sin 






' . 1 0 

r \ 


/ 4 1 


4 ^ — 









Eigure_3-5a<-~ « 

You may have derived this formula iti an earlier course. To begin our deriva- 
tion we re,fer to Figure 3-5a. (We ^illustrate the case for which 0 < P < a.) 
The distance from P to Q is f ^ / ^ ' • k 



3-5 



(2) 



PQ = /(cos p - cos a) 2 + (sin p - sin a) 2 



We now use the principle that arclength on a circle'depends only upon the 
unit o£ measure and not on the choice of axes. If' we choose the u' and v 1 

axes (Figure ,3-5b), we see that P now has coordinates" (1,0) and Q has 

<t — 

the coordinates* (cos(a - p) , sin(a - p)). 



0),sin(a-g)) 




Figure 3-5b 

In Figure 3~5b the distance from P to Q is 



(-3) PQ - /(I - $os(a - p)) 2 + (0 - sin(a -«,p)) 2 

We .equate this with (2) and square both sides^to obtain 

o)^+ ( 

Expanding and regrouping, we get, on the left 

! ■ ! • 

(cos p + sin p) j^(cos a + sin a) ? 2(cos p cos a + sin p sin a) * 
and oh the right * < t .< 



(cos 0 - cos Of)^* (sin p - gin a) = [l*- cos(a - p)] + [0 - sin(>a - p) ] . 



. \l,Vfco8-Cd - p) + sin 2 (a - p)K- 2 cps(a - p). 



0 
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* 2 2 

Since, for all real x, sin x + cos x ='1, we have 

1 + 1 - 2(c<ds a cos 3 + sin g sin a) = 1 + 1 - 2 cos(a - p) . 

Therefore, we conclude that (l) holds; i.e., 

cos(a - P) = cos a cos p + sin P sin a. 

' ' " 1 " " * * ' 

While^ we could use a similar argument to derive £he formula for 

cos(a + p), , we elect to use (l) . Replacing p by -0 in (l) we have 

cos(a + p)>= cos(a - (-P)) 
y , = cos a cos (-p) + sin a sin(-p). 

cos(-p) = cos p and * sin(-p) = -sin p & we have 



Sincfc 

.* J 




(M " coe(a + p) = cos a cos P - sin a sin p. 

Earlier we showed that, for all real x, 

(5) ' < sin x =? cos (r- - x) and cos x = sin - x) . 

We can use (l) and (5) to obtain 

sin/ a + p) * cas [1 - ( a -h p)] 
,= cos ['(§ - a) - p] 
= cqs (| - d)cos p + sin (| - a)sin-p 

(6) sin(a + p) = ^sin a cos P + cos a si 
.Replacing P by -p* in (6) we get * 

(?). sin(df - p) = sin a cos p - cos a sin p\ , 

The following examples*' show some of the many formulas which can be 
derived from the foregoing addition (sum and difference) formulas. 

•* Example 3 -5a . Show that^for all real x 

I • . j 1 ) 1 1 

/ft x * ' ■ 0 \2 . 1 + cos 2x ^ 

(o) cos x =1— • — 5 — — . 

! * ) f j • ; 

We use (4) with a = p = x to; obtain^ 

cos 2x = cob x cos x - sin x sin x = cos , x - sin x» 

» ' 1 ' - , * ~ i ** 

Since 1 cos x + sin x *= IV can rewrite this .as \" u \ u v 

- ' , }■ ' 



cos 2x = COS X - (1 - cos x) = 2 cos X - 1. 



Solving for cos x we get (B) . 



Example 3 -5b . Show that for all real x 
(9) & sin (x- + |) = sin x + cos x 

We use (6) with' a = x, 3 = ^ to obtain 

sin ,(x + jjO = cos x sin ^ + sin x cos ^ 



Since 



* . * 1 
cos^sin^- 

we get* V ' 

\ sin (x + ?■) = — (cos, x t si n x) . - 
\ * ft ^ 

Therefore^, sin x + cos x = V? sin (x +. ^) . A slight generalization of this 
process Will be used in Section '3-6^ to rewrite (from Section 3- 1 *) 

3 cos nt + t ^ sin jtt 

h 3 ' 

e^s 5^in (nt + a), where cos a = ^ , sin a = jr . 

Example 3-5c . Show that for allheal numbers a, b, and x 

(10) sin ax cos bx = ksin ((a + b)x) +«sin'((a - b)x)]. 
•We let a = ax and p = bx to obtain 

(11) sin((a + b)x) = sin (ax +^bx) = cos ax sin bx + sin ax cos bx. 

*> *• 
Formula (7) gives: 

(12> sin((a - b)x) 1 sin (ax - bx) * sin ax cos bx,- cos ax sin bx. 
Adding (ll) and (12) we get 

s<ti((a + b)x) + cos((a + b)x) = 2 sin ax cos bx. 
'Dividing by 2 we obtain (10); 
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, Exercises 3-5 

1. Show that for all real x * * 

(a) sin 2x = 2 sin x cos x 

V 2 2 

(b) cos 2x = cos x - sin x 

= 2 cos x - 1 

=1-2 sin 2 x 

/ N *2'* 1- - cos 2x 

(c) sin x = r 

c «* 

2. Sketch (0 < x < 2n) and show that 
*t ' ~~ ~~ 

(a) cos X- + sin x = J2 sin (x + jj-) = 1/2 cos (x - jj-) 

lj| = cos {x + ^L) 

*(b) cos x - sin x = cos (x + jj-) = -J2 sin'(x - 

= t/2 sin (x + 

5. Using formulas (l), (h) , (6), (7) and Exercise 1 show that 

/ \ «\ tan a - tah_6 \ 

(a) tan (a - p) = 1 ^ Q ^ ^ • 

/ L x M / ' a N tan a + tan fl - , 

(b) tan (a*-p) = 1 ._^ p a ^ 

. (c) tan 2a - 2 - tan 2 V . . • - * 

1 - tan a 

(a\ + a _ + fl*- cps a 1 -'cos a .sin a 
Idj tan - - -y YTTota " - . sin a " 1 + cos a , 
f / 
!*• Use the law of cosines to derive formula (3)» 

5. , Show that for all numbers a, b, and *x 

(a) sin ax sin bx = ^{cos(a - b)x - cos(a + b)x] 



(b) cos ax cos bx = ^cos(a - b)x + cos(a + b)x] 
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6. Using any of the formulas developed in this chapter, find: 





(a) 


sin 


X 

12. 




(b) 


jcos 


2£, 
12 




(c) 


tan 


7* " 
12 




(a) 


cos 


11* 
12 



7. Using any of the formulas developed in this chapter, show that for all- 
values where the functions' are defined the following are identities:' 

/ v k k * ' 

(a)^ cos B - sin 6 - cos 26 

112 

(c) 1 + sin a = (sin + cos ) 

(d) (sin 6 +.cos e) 2 = 1 + sin 20 < 

/x '.' . fl 2 tan 0 * 

(e) sin 29 = 



1 + tan 2 6 



(i>\ i ; + cos 0 , sin 9 



sin 6 1. + cos 0 sin 0 ' 
8. You derived the formula: * * 



cos 2x = 2 cos 



2 2 

(a) Solve this for cos x thus expressing cos x as a linear . 

function of • cos 2x. 

j 

h 2 2- 

(b) Consider cos x as (cos x) and by the same methods as used 

,H * in (a) show that . % 

COS > X = g(3 + ^' cos 2x + cos kx) . 

2 

9> ^Using the formula cos 2x = 1 - 2 sin x, derive the formula for 
sin x: • „ J 

-r— ' "sin x = g(3 - 4 cos/2x"+ cos.ioc). 



10. Show that the following are identities: that is 
valuek for whidh the functions are defined. 

(a) ;sin 29' cod 0 - cos 29 sin 9 = sin' 9 

(b) sin(x - y) cos z + sin(y - z) cos x = sin(x 

1 Jf 

(c) sin3x sin 2x = ^(cos x " cos 5 X ) 

'(d) cos e v - sin 9 tan 29 = ^ f Q 
' (eV'sin 3 B = J^s'sin 9 - sin 3©) %^ 

,(f) - sin x + sin 2x + sin 3x = sin 2x (2 cos x + 
,1 + tan x\ 2 1 sin 2x - 



(g);-"'( 



1. - .tan _x 



sin 2x 
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3-6. Pure Waves ' * 
We promised thai-formulas derived in the last section "would enable us t6 

(1) . p « 3 cos nt + k sin nt 
in the form «* / 

(2) p' = A sin (cot + a). . 

We apply the formula ' (6, of Section 3-5) for the sine of the sum of two • 
numbers to (2) to obtain $ • * •* , 

A sin (cot + a) = A sin cot cos a + A cos cot sin a , 
= A sindr cos cot + A <£ps a sin cot. 

Now if this i^ to be the same as (lj we must choose co = n, * \ 

A srtv a = 3 _ ^, 



or* " , — r * 

A cos a = 4* * * 



To find A we .take the sum of the squares in/ (3) to obtain 

j*r^ A 2 sin 2 a + A 2 cos 2 a * 3 2 /+ k 2 
U' ' * • . «. 

/ A 2/ > 2 * 

A A (sin a + cos a) = 25, 

Thus we can chops e A 5 and then choose" ol so ttoSt 

CO - ^ qj-_ 1" and cos a = V . . i 

5 . 5 > 

From tables we get a* .61*3. ^ 0 „ • • - x 

, *\ % \ ' 
We have/shbwn thai, for all' real ya'lues of t, we can write ' * 

^ - \ \ i 

(5) * 1 '* ; » 3 cos nt + k sin nt a 5 sin(nt + a) , 

j , ' * " 

.where a » .6^3. .If * '••„'., 

We can use the same/procedure which we have followed for'our particular 
numerical example to express any equation of the type 

(6) y =, B cos cot +*C srn cot 
in the form * « ' 

(7) * y = A sinfcot^^a)* ^ % ' ' ■' 

By using the- sum formula for sin(cot + a) we^ obtain the two "equations. 

A sinlp - B, A cos a = C, V/* ' t~ 



?39 , 



which can be solved by putting 

> * 

■, C8) A ' a»- /b 2 + c 2 ; 

V% ■ ' ' .* 

v and choosing a so that ' ' 1 . 

B C * 

(9) * K ' sin a = j , cos a.= j . , 

We can choose exactly one nuj^er a such that 0 < a < 2ir. We know from (8) 
that ' m 

, ' (# + (f) 2 "'=^ ' ' . 

9 

' C B 

so there is a unique point P with coordinates (- , -) on the circle given 

2 2 

>by u +<v =1. There is then a unique a on the interval 0 < a < 2n so 
that; P is a units around the unit circle ^from (1,0); that is., so that 

(9) holds. 

Consider the 'function 1 

(10) . . f : "x -» y = A sin (ait + a) , 

where A > 0 and. 0 < a < 2jt. The graph of f is called a pure wave (or 
sine curve ) .* We call A the amplitude ; o>, the phase ; and^J^ the period 



of the wave. The amplitude A is the maximum value of f and -A is the 
minimum va»lue^ of f. The^period is the Mstance between successive maxima 
^9r minima") oi f f . w"e can rewrite the equa^tiop^of (lo)^ as • j 

(11) • . * * y = A sin (<o(t + . ' 

f ^ 

From this,, we see that the graph* (10) can b§ obtained from, the graph 'of 
• • ' • * * ! * 

(12) * . . , y = A sin o3t 

« 

a * # * » f * 

by shifting the y-axis - units to the right. " ffhis information is illus- 

> * .CD » 

trated in Figure 3-6a for the'graph of <p ■ 5 sin*(nt + a), where 'a 3 .6U3. 



i ; ! 




minimum 



Figure 3-6a 

y = 5 sin (fit + a), a - .6U3 

We have seen that in * general jthgre is a better way to sketch the graph 

.of. y.= B cos drt* + C sin; art % than to add the ordinates .of ^the. graphs of 

y = B cos cot and y = C sin art. To discuss a function t -*jy .defined by 
• *■ * , * * 

" » y = B cos art + C sin tot 

expediently and to *>e able to graph it quickly, we can write 

y = A sin (art + a). l ' r 

If we write the function in this form we caji tell by inspection the period 
(— ), the amplitude (|a|), the maximum and minimum *va lues (t|A|). Since 

A sin (art + a) = A sin <o(t + 
* , ay ' 

C ' 

we can obtain the graph by shifting the graph of 

y = A sin art 

|j| units to the ^eft or right according, as 2- is[positive or negative. 



It woul^d be just as convenient to express y = B cos cot + C sin cot in 
the form y = A cos (a>t + p) . We leave this for the exercises. 

Example 3 -6a . We wish to discuss and sketch the graph of the function 
given by the equation 4 , { 

(13) . ' y - 2 sin |t - 3 cos"|t . 

tie want to write (13) in the form 

y = A sin (|t + a). 

Our addition formula enables us to write 

A sin (^t + a) = A sin cos a + A cos |t sin a. 

2 * 2 2 * 

For all real values of t we require that 

V * 

\ ' ; 1 3 * ^ 

A sin^t cos a + A cos jt sin a = 2 sin *t - 3 cos |t . 

Therefore, we must have 

' A cos a = 2 ' and A sin a, = -3. 

Following our earlier procedure we write v , ' 

' t ^(cos 2 q_ + sin 2 a) = (2) 2 + (-3) 2 , 

whence we get A = A3. Referring to the unit circle of Figure 3-6b, we see 

that the point [ '-— , — ^- ] lies in the* fourth quadrant. 
c • \ v03 A3 / 
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3 > 
-=) ' 

V53 


a / 

— *~ 1 1 


/ V 






\ i /- 




* \ 


\ i / 












* 





Figure 3 -6b 
^2 



We/ now^f Ind a 1 so that cos a 1 = — and sin a} = -2- z ,831. From 

:* ■ ^3 A3 

gg5ur.tables we get a* « .98. Since a = 2tt - a 1 we- have 

.a sr, 6*28 - .98 « 5.30. 



J^^hetefocre, we can write (13) 'ifa the convenient form 

4 



(i«0 



y -W*3 sin (|t + a) , where a 

m - - 2 -r — - 



By inspection we can- tej^-tbat this period is y = y , the amplitude 
the\phase is 5.30. A sketch appears in Figure 3-6c. , 



( 



9 
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Figure 3-6c 

Graph of y = 2 sin |t - 3 cos 1 1 = A3 sin (|t + a), where a ss 5.30. 



* * ' " "* 3&ercises 3-6 . , * 

^. S'ketch each of- the following graphs*over at*least tvo' of* its periods 
Shov the amplitude and period. of each.-T-^^^ . , ^_ • , . , 
* 

(a) -y = 2 cos 3t 

(b) y = 2 cos (&) *; r 

(c) y = 3 cos (-2t) . , , 

(d) y = -2 sin (|) * ' 
' (e) y = -2 sin (2t + Jt) 

(f) ■ y = 3 cos (3t + |) 



2kh 



Withoujb computing the value of a, f£hd the amplitude and the period of 
eadh. ' " *)• ' A 

■(a) y = sin St + cos 3t . 

(b) y = -2 cos itt + silent 

(c) y = 2 sin |t - 2 cos |t ,' . 

(d) - y = 8 cos 2* + 6 sin ^ X * , , 

J J ( . f - , 

/ \ c * 2t 5 2t 

(«) y = 6 sin y - | cos y 

(f) y = -vTT cos ^» - ^ sin — ^ 

Express each of the following equations in the form of. y - A sin (x + a), 
(where 0 < 'a* < 2n): 

(a) y = sin x + ^3 cos x 

i 

(b) y = -sin x + cos x 

(c) y = -1/3 sin x - cos x 

(d) y = sin x-- cos x 

Express each equation in Number 3 in the form y = A cos (x + a), 
(where 0 < a <2it), by two methods: 

(i) Use the formula for the cosine of the sum of two angles;. i.e.,* 

; < COS ( 9 + <J>) . , ; i 

♦(ii) ; Convert the answers of Number 3 to A cos (x + a) by the use of * 
trigonometric identities, such'as sin <p = cos (§ - <p) , 

sin (9 + 2jt) = sin 9, cos (-0) = cos 9, etc. ' *\ 

(a) Using the addition formulas, show that ' y = 9^ sin *t - 3VS cos ni - 
may be put into 'the. form of any one^of the following (0* < a < 2n) j 

(i) y = A sin (cot + a) . ^ 

(ii) y =5 A sin (cot - a) ' , £ 

+ * • . 

• (Aii) y A = A cos (cot - a) / V ' . 

(iv) y = A cos (cat + a) 

(b) By the use of trigometric identities show that tfce four expressions ' 
of part (a) are equivalent. &n 

(c) Sketch the graph indicating the period — r the amplitude A,* and 

(using- the form y = A sin (cot + a)) L indicating the phase 2 . 

* CD 
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Express each 6f the following equations in* the form y = A pos (*t • 
for some appropriate real numbers A and a. - 

(a) y - h sin «t - 3 cos «t 

(b) v y = A sin itt + 3 cos *t 

(c) y = A sin itt - 3 cos «t 

(d) y = 3 sin *t cos itt 

(e) y = 3 sin fit - 4*cos nt ^ A 

Without actually computing th<i*value of a, show on a diagram how 
and a can be d^j^t i n^^f^o^>'th e coefficients h and C of cos 
and sin cot if each of the foiljLowing ^expressions of the form 
B'cos cot + C sin cot is made eqUal to A cos (cot - a). Compute a, 
and find the maximum and minimum values of each expression, and its 
period. Give .reasons for your answers. 

4 

(a) '3 Sin 2t + h cos 2t 

(b) 2^§ln 3t - 3 cos 3t. 

(c) r sin (§) + cos (§) # 

Verify that the superposj-tion of any two pure waves A co^ (cot - a) 
and B cos (cot - p) is a pure wave of the same frequency, that is, 
that there exist retl values C and r such that 

A cq^ (cot - a) + B cos (cot - ^) = C cos (cot - r) • 

Sliow that any wave of the form 

y P B COS (lit - p) , (u ^ 0), 
can be written in the* form h 

y = A cos (cot - a) 
where A is non r negative*, »cb v positive-and 0 <a < 2*.' 



a) 



A 
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3-7. Analysis of General Waves . Period ' 

We have seen that the superposition of two waves, each with period — , 
stich as ';those. given by 

y = B cos cot and, y ='C sin tot 

gives a pure wave 

y = A sin (cot + a) 

of the same period. No^ we direct our 'attention to the* superposition of two 
waxes with different periods. Suppose, for example, we had to deal with 

(l) ' y - 2 sin'3x - 3 cos 2x. 

The period of sin 3x is ^ , the period of cos 2x is — = *. At this 
point a simple observation is, helpful namely,! if a is^a period of f 
then 2a, ja, 4a, etc., are also periods of f. For example, "W know that 

^ sin 3(x + —) = sin (3x + 2*) = sin 3x 

, and hence it follows that* . » 

sin 3 (x + 2(^)) = sin 3(>x + & + *L) • 

= sin [3(x + ^) + 2«] 

= sin 3(x + —■) = sin 3x. 

" ■ . . ... A. 

In general, we must have for each 'integer n 

sin 3(x + n(y).) = sin 3x 

4 and / : 

cos 2(x + mt) = cos 2x. * - * 

i 

In particular, we have: 4 - * 

sin 3(x + 2*) = sin^x 
co # s 2ix + 2jt) = cos 2x 

so that 2tt is a period for both sin*3x and co£ 2x ( r t Thus the function 
defined by (l) hag period 2*. The number 2* is the least common multiple 

of the respective periods ^ and jt. 
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' - In general, suppose ^hat 

'(2) y = A sin (af + a) + p slp^bi +. p) . * - 

If <a = b, we -can proceed as in the previous section to express y as a 
pure wave with period — . If a^ttf; then y pay still be periodic but 
is no longer a pure wave. , , ; 

I 

Suppose a ^ b but thar and ^ have a common* -multiple, that is, 

there are positive integers m and n such that 

(3) m - = n T • 

We can then choose m and n so that they have no common factors and (3) 
hoias. In this case, the relation (2) is periodic with period m — . This 



a 



is exactly the situation in (l) where a = 0, a = 3, ^ = - g > % b " 2 



and 



we can choose m = 3> n = 2 so that 



m 


2* = 




a 


2* _ 
a 


= 3 


(2«) 

3 


2* 
a 


* and 


2* 
b 



The period of (l) is then m • — = 3 — = 2n 

Of course*? it may be that 
case (2) is not periodic . For example, the function 

,r y = sin rtx + cos x 

is nofr periodic . This is/difficult to prove and it's- proof is pniitted. 

The*^eriodicity of (l) is thus easy to determine. There is little else 
we can' conclude in generaV about (l). About all we can do to simplify matters 
^J,s to. sketch separately the graphs of 

u « 2 sin 3x, v = 3 cos 2x 

and y ■ u - v. The result is shown by the three curves in Figure 3-7a.. 
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Figure 3-7a 



u = 2 sip 3*kv = 3 cos 2x 
y = u 
0 < x < 2jt 



v = 2 sin'3x - 3 -cos 2x, 



The -superposition of sine and cosine waves , of different, periods can 
produce quite complicated curves. In fact, with orfly' slight restrictions, * 
any periodic function can be approximated arbitrarily closely as a sum of a 
fin1 ^ number of sines and cosi nes. The subject of harmonic analysis of 
Fourier series is concerned with approximating -periodic functions in this 
way. ^ The principal theorem, first stated by Fourier, is that a function f 
of period a cap be approximated arbitrarily closely bf sines -and cosines 
for each of\fhich some multiple of the fundamental period is a. Specifically 



f(x) 



0 *S\ cos SjS ♦ h sin' ) 
+ ( A ' cos + B si^SL) 



(1) 



+ (A cog 2ffitx + B « cos Sjsjx) 
n a n , .a 7 




and the more terms we use, the better is our approximation. 

* ' 259 • •• « 
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As an example, consider the function depicted in Figure 3 -7b. This . 



function is-4efined on the interval -n < x < n by 




(2) 



i 0, if + x = -n * 

y if -« < x < 0 

/ f(x) = 0, If ^=0 



I 1 , if 0 < x < n . 

For all other values* of x we define f(x) .by the .periodicity condition 

f(x + 2*) * f(x) 5 . „ # , 

x This function has a particularly simple approximation as a series of the 
form (l) , namely, ' * 



(3) 



x , sin 3x sin 5x sin(2n - l)x x 

n [ -T~ 3 5 2n - 1 ; * 



x -* f (x) = 



Figure 3-7b K 

Graph of periodic function. 
0', if x s -n 

; f (x + 2n) « fCx'T* 



1, . if 0 < x < * 

*0, if x = 0 

-1*. if -fl < x < 0 
7 r 



M ' l| /S \n x A sin 3x I sin 5x . - ,. sin(2n l)x / , 

- Fourier series: t ~(~ — + — 3" — ^5" + 1 2n - 1 $ 

As an exercise, you may graph the successive approximations to f(x) by 
/taking, one, then two, tyen th*ee terms of the seriefe, and s?e^hov the succes- 
j sive e graphs approach the graph of y = 



IF 



3 t 



Exercises 3-7 



1. 



Without sketching, find the periods ,o£ the functions defined by the , ^ 



following expressions 
/ (a) % 2 sin x + cps*£x ^ 
"(b) cos | --sin ^ • 

v(c) -sin ^ nx - 3 cos *x x * 

"fa) 1*3 cos 12x„- 2 sin ^ x 

(e) 1-2 sin 2 x + 2 sin § cos 
. | cos x| + sin kx & ~ 

(g) Jcos x + Vsin x 



7 



(h) Msia*F *l ■ |l c(?s ^ x l: 



^ ^ 2 3 
Sketcl) the graph of ' 




1 



y.= S sin x + sin 2x 



3- 



by fjlrst sketching y x = 2 sin' x^ then .= sin 2x on' the same set of 

axes for the interval 0 < x < 2*. - & / 

Sketch grapfis, for |x| < jt, for each of the following curves . % 
(a) y = - sin x 

'(C) y = 'it(jjjL* 1 Si ° 5*) • • 

jt 1 • • 3 - « 5 ' , 
(a) Find tjje periods of each of the successive terms of the series 



namely y 



sin x ' ^ ln - 3x sin 5x 



(b) What terms of tlye general series (1) are missing? -From the symmetry 
proper tiesr*of the function f defined by (2) can ypu see a reason 
fo'r the abseace of ' certain terms? 



r 
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i * , ^ J, 

5. The symbol lx] stands for the greatest integer less than or equa/1 to* 
, the real number x. 

(a) Graph the greatest integer* function x -»[xl. 
t • * 

(This function is sometimes called the "integer part" function.) 

*. * 

.(b) Graph the periodic function x -» x - [x]. 

Indicate its- period and its maximum and minimum values/ 
(This function is known as the "fractional part" function.) 1 

•A 

(c) (i) Graph the periodic function x -* (x), where TfaL 

sents the distance from x to the nearest integer. Indicate 

i 

values of the function. * 

(ii) Sketch the graphs of x -> (2x) and x -^(i+x). 

On each graph indicate period, maxima, a?id*minima. 

(iii) ; What is the period of x -> (nx)? * 

What are its ^maximum and minimum values? 

6~ Graphs the period ia functions defined below in the interval, 0 < t < 2. 
[Note: See No. 5(b) for definition of ^iw^est integer function.] 

, la) fix) « [sin jtx] - T ~* 

(b) f(x) = [cos jtx] 

* (q). f(x) = [2xT-?[xl . * 

7. The function f define^ by the equation below is periodic. Why?- 

1, x rational 



f(x) = 



0, x irrationals 



Chapter h 
DERIVATIVES OF CIRCULAR FUNCTIONS 



In Chapter 2, we discovered that the, derivative of a polynomial function 
is another polynomial function (of one lower degree), which can be obtained 
.algebraically using the idea* of limit, We can show that the derivative of a 
*circulaFTunction is another circular function. Using simple geometric 
arguments we shall show that the derivative of the sine function Is the cosine 
function and the derivative of the cosine function is the negative of/tne sine 
function. The first section of this chapter indicates how to obtain these 
results for the particular cases at x = 0, using the same wedge method to 
find equations gf tangent lines employed^ initially for polynomial graphs. 

These results^ are interpreted in terms of limits of difference quotients 
in Section h-2 . Later 'they are extended to pure waves' and interpreted in 
terms of motion. In Section k-p t the idea of approximating circular functions 
!by polynomials is introduced, The resulting approximation formulas are useful 
for constructing tables and finding limits. * 

c 

% 10 

The TangenC ^ at the y-Inte'rcept , , 

As was our approach with the polynomial functions,, we begin our discus- 
sion of tile calculus of the circular functions by considering the behavior of 
their graphs near the y-axis.. First we want to find the best straight line , 
approximation to the.gra^h of y = cos x at the point where x = 0, Since 
cos 0 = 1, ,we are talking about the point ,(0,l). We conjecture (from 
Figure l*-la) that - " ' , * * / * ' "* ' " 



(1) 



the line given by y = 1 , is- tangent to the 
graph of y = cos x at the point (0,l). 
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Figure H-la 



Since the curve is symmetric with respect to the y-axis it is sufficient 

ft - * " ' IT " 

to consider positive values of x. We know, for .0 >< x < - , that - 



(2) 



COS X < 1 



and hence the curve lies below the line given by y = 1 .in the interval 
0 < x" < ^ . We now wish to show that near the y-axis the curve lies above 
*the l;Lne given by t < , * 

(3) y = 1 - ex 

where e is some positive number. (See Figure ^-lb.) 




Figure l*-lb 



for x > 0 - and hear zero the graph of 
y = cos x lies inside' the shaded region. 



-x • 



» To establish this we use the inequality 

, *• * 

, • 2 

CO ' ' . " 1 - cos x <y , 

which we established in Section 3-2. For x / 0, the quantity x is larger 
2 

than -5- ; so we 'have 

> 

2 

1 - cos x < x y if x ^0. 

This can be rewritten as 

(5) • cos x > 1 - x 2 , if x / 0; 

that is > ' tfr.*.^-, ^ ... 

cos x > 1 + (-x)x, if x/0, * 1 

If 0 < x < €, then we have \ 

1 + (-x)x > 1 - £X' H i 

' * / ■ • ' 1 

whence we^have f , \ 

(6) cos x > L - €x for 0 < x < €. 

In summary, we know that *t or any positive number € the graph of the 
:osi,ne function lies *inside the wedge of Figure 4- lb on the interval. 



<J^1T> a where a is the smaller of e and | . Since we can make € 
as small as we please, we conclude that the line given by y = 1 is indeed J 
the tangent to the graph of y ^ cos x at - (0,l)-. Conjecture (l)- is 
established. The line ^iven by "' y = 1 is the best straight line 1 approxima- 
tion to the cosine curve at the y-axis* 

Having established conjecture (l), we now consider- 4fie' problem of finding 
the equation of the tangent line to the graph of y = sin x at (0,0), ixs 
point of intersection with, the y-axis. We conjecture^ (f r<5m Figure ^-lc) that 

- the line given by y ■ x is tangent tq the 
graph of y = sin x at the point (0,0). 
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/ Figure k-lc t * 

First we shall consider only points to the right of (0,0); in particu- 
lar we shall restrict our attention to the interval 0 < x < ~ . 

To establish our conjecture for x in the first quadrant we shall need 
two inequalities for the sine function: 



x(l - x ) < sin x < x. 

. We can derive* these inequalities using our unit circle definition of sine. 
Sii^ce, for the moment, we are only concerned with the interval- 0 < x < |- , 
we picture only^ the 'first quadrant, of the unit circle in Figure k-ld. 



ERLC 



sin xs 




. Figure k-ld 

'a / 

Part of the Unit} Circle f 
256 > . 
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The^line flrom B to C is perpendicular to the line from 0 to A and 
hence is shorter^ than the arc AB. If the measure of the length of the arc 
BA is x, then, the measures of the lengths oF segments BC and OC are - " - 
sin x and * cos x, respectively; therefore 

(8) , \ -' sin x < x. / 

This means that, in Figure K-lc K the graph of the sine function lies below, 
the line given by y = x to the right of (0,0) , as we have indicated, 

^ Our second inequality uses an area argument. Referring to -Figure 4 -Id" 
again, we^ choose D on the line through 0 and B so that Dft - is perpen- 
dicular to 0A V The first coordinate of D must be 1 (t>he measure of b 
radius OA) . Sirfce OB has slope' sln x , the second coordinate of D must 
sin x 



be 



COS X 



COS X 

Thus the region enclosed by triangle QAD .has area. 



(9) 



i{0A)(AD) =i(l,)(|^4). 



COS X' 



f 



^ The area o£_$h£ circular sector OAB is proportional to. x; that is, 
the area of sector OAB is given by mx, where m is 1 constant. To deter- 
mine m, .we note that if x = -jj* , then the sector x 0AB is. one-eighth of 
the area of the anit circle; thus 

|j(*(l) 2 ) = m{ 



jso that m = i. Therefore, the area of sector OAB is itf. Since the ♦ 
area of the sector OAB is less than the area of triangle ODft {%ha£ 
aince.the region of 'sector OAB is within the triangular region . Oik), the 
area of the' sector is less than the area of tjie triangle; that is./. v.. 



2 2 cos x 



The cosine function is positive for 0 < x < ^ so we have 

(lO) sin x > x cos x. 

We know .from (5) that if x ■£ 0 then 



cos x > 1 -'x ♦ 
We use this' in (10) to obtain the inequality 

(11) sin x > x(l - x 2 ), for 0 < x < £ . 
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With "inequality (ll) ve can show that y = x is indeed the equation of 
the tangent to the graph of j = sin x at (0,0). Suppose, for some positive 
value * €, , ve have the line whose equati6n is 

y = (1 - e)x. 

2 it " — 2 * 

If x < e and 0 < x < ^ , then we have 1 <- x > 1 €. Therefore, we get^ 

* 2 

sin.x > (l - x )x > (1 - e)x~. 

>In summary, the graph of the sine function, to the right of (0,0) and as', 
close as;,we please to zero (that is*^ when x <c e , and 0 < x < ^) must lie 
between the lines- given by y = x and y(l - €)x. (See Figure if-le.) 



The graph^ 
lies in here. 



Figure k-le 



The case when x < 0 is now easily handled since the graph of the sine 
-function is symmetric with respect to the origin; that is, sin(-x) = -sin x, 
so ^that when —/<z < x < 0 any points (x, sin x) must lie between the lines 
given by y = x and y = (l - e)x. (See Figure h-lf .) 
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Figure l*-lf 

We have now established both conjectures: 

the. line given by y = 1 is the best straight line approximation 
to' the graph of y= cos x at (0,l); " • 

t\\e line given by y = x is the best straight line approximation 
to the graph of y = sin x a't ^Bfo) • 



! 9 6.9 " 



Exercises kr&** 



(a) Write the equation of the tangent to the graph of y = cos x at 
(0,1). 

(b) What is the slope of the-tangent to the graph of y = cds x at 
(0,1)? 

/ \ twu < i -t cos (0 + h) - cos (0), 

(c) < Determine lim ^t- . 

(a) 'Write the equation of the tangent to the graph of y = sin x at 

(0,0). 

(b) What is the slope of the tangent tp the graph of y = sin x at 
(0,6)? 

t> \ r, x a sin < 0 + h) - sin (o) 

(c) Determine lim 1 <-r L . 

h ->0 ■ 

Use the results of 1 eind 2 to determine ? 
cos h * 1 . > 



(a) lim 
h -> 0 

(b) liar 
h -» 0 



sin. h 



(a) To the right is a portion of 
the graph of y = cos x near 
and to the right o£ x = 0, 

P is the point on the curve 
vhere x = 0;^ Q^i = 1, 2, 
, .♦, 6) are points on the, 
curve vhere x = .5, • *3> 
.2, .1, -i®?r*TlfiSFffie slopes, 
of t PQ 1 , PQg/ .7,, PQg. . Us* 
the table provided. 

(b) J Find the equations (in the 

form y = b + mx, where* - b 
is y-intercept and m the 
slope) of each of the TDnes 
determinedly PQ^i = 1, 2, 
6). '* * 




Rad 
•5 
.If 
.3 
..2 
".01 



Cos 
.87758- 
•92106 
.9553^ 
'.98007 
.999995 



Sin 

• W3 
.389^2 

.29552 

.09983 
.01000 



\ 




(a) To the right is -a portion of 
the graph of y = sin x, near 

* and to the right of x = 0. 
P is the point on the curve 
\ where x = 0; Q^i = 1, 2, 
. 6) are points on the 
curve where x = «5 ? *K f .3, 
.2, v .l ? .01. Find the slope^ 
of PQ 1 , PQ^ PQ g . Use 

the table provided in Number 1. 

(b) Find the equations of each of the lines determined by 

PQ t (T- 1, 2, 6). 

Assuming the following relationships establi3hefl in this section 

2 

1 




ft) 

(8) 
(10) 



COS X < — 



COS xf>'l - x 
sin x < x 
x Cos x < sin x 



show that the following inequalities hold: 
(a) x cos x < x 



5 x 



(b) (i) . 
'(ii) 
(iii) 



COS X X 

- 2 



X 

COS X 



> * • 
x - 2 



x > 0 
x_< 0 
x i 0 



(c) sin x > x - 

( d ) 1 . £%* < 1 . cos x 



0 < x <| 



0 < |x| 



<f 
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. 7. Given (from Section 3-2) 



0 < 1 - cos h < -^r- 



and (from Section h-l)-*, 



h cqs h < sin h < h, for 0 < h < 5- ; 



show that 



8. Using the premises of Number 7? show that 

il - cos hi ^ I hi . . / 
I h 1 * 2 > for ■y 



9. 


Use 


the results of Numbers 7 and £ 


3 to 


estimate 




for 


h = 0.01 and h = -0.001. 






10. 


Use 


the results of Numbers 7 and i 


3 to 


determine 




(a) 


sin h fc 
a lim — r — 










h->0 h 








(b) 


urn L ■ r 3 h % 










h->0 h -< 
% 







and 



^ IT 
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4-2. The Derivative as the Limit of a Difference Quotient ; ** . 

-\ 

The derivatives of the sine and cosine functions are, respectively, the 
cosine and the negative of the sine functions. These gefrenal results c^ftt hp 
obtained by first finding the equation "Of tangent lines to the f graptts*of Jbhe 
sine, and cqsihe'functions and then 'discovering the slope functions (deriva- 
tives)^ We shall, however, obtain these derivatives directly asjfckfcmits*o£ 
certain difference quotients. 

First we shall show that for the sine function 5 * * ' * 

f : x -> sin x, 

we can obtain the derivative ' - 



by considering the defi: 



rfition of V gi 



f • : x -> cos x 
ven by 



(1) f'(x) = the limit of sin fo+ h) - sin x ag/ h approaches zero# 

The geometric interpretation is that for some fixed point (x,f(x)) on the 
graph of f , the difference quotient 



> 



sin (x + h) ■ slnx 
h ^~ 



is the slope of the line passing through ijjhe points 

(x + h#, sin (x + h)) - and (x , sin x) . 
(See Figure k-2a, where h is shown negative and rather large. 



J 



v . slope ^_S2r — — — - 
J^£.3£2£--- 



fx, sin x) 



slope = sin; (x + h) - sin x , 
* * Wh 



h, sin (x + h)) 
. * Figure lf-2a 



» 
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We wish to show that * * » . 

(2) V ' V • lim' Sln = Slnx = cos x. 

This c^a be shown tiy arguing (as we did in Section 4-1 for^vx = o) that the ^ 
graph of the sine function lies inside any given weclge about t^e tangent when 
|h| is small enough, We shall 'use a more direct method in which we employ 
the results of SecCion 4-1. We begin by usjj.ng the addition/formula (6) c£ 
Section 3-5. We can<write _ . 

*- sin (x + r h) - sin x sin x cos h + cos x sin h - sin x 
h h 

• . /cos h - i\ , sin h 

ps. = sin, x( j ) + cos x — - — . 

^ o 

We must now show that as h approaches zero, the first term approaches 

zero and the second term approaches cos x. In other words we Ws't show thai/ 

i im cob h-l . a0 nm sinh sl>/ 

' - h %o <h r h -*o#* : * . ' 

In Section 4-1 we showed^jthaVthe horizonj&l line given, by y ± ,1 is 
the best straight line approximation to the grpph of y-= cds x at (0,l). 
Since the slope of the best straight line approximation (horizontal* tangent) 
^to the graph of y = cos x of x = 0 is zero, we have 

lim cos (0 + hf - cos (0) 
h -* 0 h 

Therefore, . ^ . 

i . cos h - 1 A 
. - lira = 0. 

- ■ • • " i h -> 0 h o ' 

.a * . 

In Section 4-1 we also showed that the line .given by y = x is the, best 

straight line approximation to the graph of y ='sin x at (§,0) . Since the 

\e of the tangent to the graph of y = sin x at x' = 0 is one, we have 



lim sin (0 + h) - sin 6 = ^ 
h-*0,, h 

Therefore, 



. . sin h . M 
lim — r— = 1. . 



/ 



(2) 



Now we can conclude that 



lira sin + h) - sin x = cQs ■ 
h->0 h 



We have established that * * 

(3) - D(sin x) = cos'x. 

• * 

The derivative of the cosine function at any point (x , cos x) can be 
obtained -by calculating the limit of the difference quotient ' * * 

cos (x + h) - cos x . % * < 

. .. „ • h 

as h approaches zero. We leave it to. the exercises (Exercises ^-2, No, l) 
to sl^ow that • c 

~ - D(cos x) = -sin x. 

Example **-2a . Find the limit of S * " as h approaches zero; that 



is, evaluate 



lim 



sin 2h 



h 0 ^ 



We can argue that since 

sin h' 



s'l for small |h|, 



it follows that 



td We can write 



sin 2 h 
2h 



s 1 if |2h(^ -is small. 




si n 2h ~ sin 2h 
~ = 2 ~ 2h~ # 

If |h| t is so small^hat |2h| ;is small, then 

sin 2h 
, - » 2. 



1' \ * 



N • \ * ^ 

Alternatively, and more directly, we can soy * 
* t ♦ 

. litf li%2h = 2 Um sin 2h 



i 



h -^0 ■ 



h ' 



' = 2(1) 
2. ' 



s N 2& ^ \ * 



% 4, 



J 



Example K-2h . Find the equation of the tangent line (best straight line 
approximation) to the graph of the sine function at the po^nt (a , sin a), 

: 5 >< 2 6 " - ' > 



'when a =' 



We can write x =^a + (x - a)* so that sin x = 0 sin [a * (x - a)]. " Using 
addition formula (6) of Sect&>n 3-5 ve get 

sin x a sin § cos_lx -X) + 60s a sin (x - a). - 
If we let x' approach a then x - a ' .approaches aero. We can replace 
cos (x - a) and siw (x - a) ■ by theju best linear approximations:, cos (x - a) 
by .1, 'and sin (x - a) by x - a /(from (l)'and (7) -Of Section l*-l). There- 
fore, as ve let ^ x.* approach a, the expression which gives the best linear 
' approximation t'o. sin x is 

■ sin a(l) + cos'a(x - a); * 
that is, the equation of tfae i tangent line at- the poiift (a , sin a) is 

I 9 ' y = sin a + cos a(x - a) . ' 

When a ^ £ the equation ^of' the tangefnt to the' sine curve is 

^3 * •« 

When a- = | the equation of" the tangent is t 
/ ■ y = 1 5 ' " 



that is, 'the tangent to the sine curve at (|- , l)^ is horizontals When 



= the equation of the tangent is 



y ■' I ■ ^ 



y = i 



y = — + -g(x - p- 



the tangent ,at (| , l)% 
the tangent at (jj* , 



y = 



2 2 



(x - ^r-). the tangent' at (^r- , ^) 



5 Figure *k-2a 

« 

Tangent lines to the graph^bf y = sin-x. 



Note that the slopes of- these three tangent lines are — , 0, and 

- 2 c 

^ respectively. As we should expect, these values of the derivative 

could have been obtained by direfct substitution in (3)/ 



C 
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Exercises U-2 



1. (a) Use addition formula (k) of Section 3-5 to show that the difference 



quotient 



cos (x + h) - cos x 
h 



can be written in the form 



V 



/ cos h - l x . /Sinhv 
cos x( z ) - sin x( — r — ). 



h / " ^ h 
(b) Show that D(cos x) = -sin x. » 

(a) Assume (from Section 3-5 ) that 

sin (a + p) = sin a cos p + cos a sin p 
sin (a - p) = sin a cos P - cos & sin p. 

Ig$^, Qt_+ p = x + h and a - p = x. 

• Show that & 
» / , * 

sin (x + h) - sin x = 2 cos (x + |) sin (|) . 

(b) Use part (a) to show that D(sin x) = cos x. £ 

3. (a) Given (from Section 3-5)": 

cos (a + p) = cos a cos p - sin a sin P 
' cos (a - p) = cos a cos p + sin a s*in P; 

* h h 

Prove: cos (x + h) - cos x = -2 sin (x + sin (;r) " r 

(b) Use part (a) to show that D( cos x) = -sin x. ' 

k. (a) From the inequality .99995 < Sln < 1,. estimate sin (.01). 



/(b) From the inequality -.0005 < 1"- ^(-^l)^ < .0005, estimate 



cos (-.001) 



(i) sin ( 
(11)' slnt 



5. .(a) Using the* drJequality 1 - ^~ <* si ^ h < 1, estiiate 



1) 

01) 



' (^ii) sin (.001) 
(iv) 'sin (.0001) 



(b> Using the inequality*' 1 - < cos h <1, estimate 



i) cos (.1) 
(ii) cos | .01) 



T 
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' (iii) cos (.001) 
(iv) cos C.0001) 

.278* 
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6 * (a) Using " ^ 0S h | <-^, h/0, and the results of Number 5(b) find 
the value of j 1 " ° 0S h | for , * % < 

(i) . h = .1;* h = -.1 (iii) h = .001; h = -.001^. 

(ii) h = .01; h = -.01 (iv) h = .0001; h = -.0001 

2 ' * 
h * i n "* h 

} (b) By the us« of the inequality 1 - -g- < * - ^jJ — < !> illustrate that 

the difference between S ^ h and 1 becomes -smaller and smaller 

n 

as the values assigned to |h| decrease. 
Show this for •the following values of h: 

(i) h = .1; h = -.1 (iii) h = .001; h = ^.001 

(ii) h = .01; h'= -.01 ' (iv) h = .060I; h = -.OOpl 

>7.« The limit of r as h tends to zefa is one.- This may be stated 

V symbolically as lim ^ = 'l. Find the lim sl " ^ X by two methods: 

h -> 0 n * ' / X ~* 0 j[ 

(a) by use of the inequality 1 - < s *|| h < 1 0 

(b) by direct application of lim Sl " h = 1 

J \ h -> 0 h " 

8. When appropriate use - " v 

* * .* 

n . sin h . , n . - 1 - cos h • " - 
lim — r — = 1 and lim r = 0, ~ 

^ h^o , h • h Jo . h 

in evaluating the following: ' 

/ \ 1 j sin x : » / * 1 . 1 - cos\S 
(a) lim 4 j |(g) lim g — 



x -> 0 ^ X ! I / 0 -» 0 0' 



(b) - *lim 



lim **** X - 14 - sln 2t 

xJO ^ X ' 



(#)' lim -r^-r 

h-*o sir i V 
x->0 Mn 3x 



w lim cos 3x v * f ,s 11fa sin 5x - Isin 3x 



x -> 0 



•,(g) 


lim 


'« 


" e -» 0 




lim 




x -» 0 


(i) 


• lim 




t -* 0 


(J) 


"lim 




e -> 0 


(k) 


lim* 






(i) 


lim 




x -* 0 



V 



cos 0 



x 
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9. (a) Evaluate lim 510 ^ - sin a 
x a x * a 



/. 



(b) Use the result of part (a) to show that 

I * lim s*L< al . . 

x -» 0 x 

10. (a) Find ifhe slope of the line tangent .to the graph of y = sin x at 
the point "where* 

(i) x = j (iv) x = it 



(ii) 



6* 



(iii) x = 



(vi) x = 0 



(. 



(b) Write an equation^, of the line tangent to the graph of y' = sin x at 
each of the points in part (a). & 

11. (a) Find the slope of the line tangent to ^the graph of y = cqs x at 
the point where ** * 

« * 



(i) x = ^ 
(n) x = — 



(iii) x = - | 
(i-v) x =*0 



(b) Write an* equation of the line tangent to the gra£h of ^ y = cos x 
, at each of the points in part (a). 



cog x have a 



12. • (a) JFor what values of" x does the .graph of y = sin x have a 
•hor^zontaL tangedt line? } 'yj* - t 

(fa) For what yaluegof x does the graph of y 
horizontal tangent linetf: 

**13« (a) For what values* of x does the graph of y ■ = 
tangert line given by y = X' or a li^ne para L 

by y |= x? . 9 

I # f 

(b) Answer the above question 'for the graph^f y = cos x'. t 

v lh* »(a)^ For what values of x does the graph of y = bin x have the $ 

tangent* line given by y = -x or a -line parallel to the line given 
~ .... — J , • 



sin x have the 
lei to the line given 



1 r 
% 



' • by y = -x? 



7: 




■\, 



Answer the above question ^for the graph of y = cos x. 



2 

3 , 
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15. (a) For what value of' x does the graph of y = sin x^have the * 
• tangent line whose equation is 2y = x or parallel to that line? 
(b) Answer the above question for the graph of y = cps x. 

I 6 * (a) IS £ : x -*sin x, .then f« : x -> cos x. Find T ! (600*), 
' f'C-200* - |), f'(60rt - % 

(b) If g : x ->cos x, then g» : x -» -sin x. Find g^oOOir), ♦ *- 
g t(-200n - |), gt(£0jr -If). . - 

IT. (a) If f : x -^n x and *f" = h show that h* = -f . 

(b) If f : x sin x, g : x -> cos x and f ■vs h, g« = j,' show that" 
h 1 = j/and h = -j', , ! 

l8. (a) In the interval |x| < 2n for 
what values of x does the 
function, f : x -> cos x, 
increase? For what values 
does the function decrease? 



(b) Sketch f and f f (on 



different graphs but using 
the same scale) to illustrate 
your answer. 



f 


1 ' 








2* 






'-1 






\_jf f . 










1 * 




-2n 




n 


at 



19/ 



Without finding' its' derivative, determine, for < |x| < *, fc^which 
values of x .the function f : x 

this func.tibn^d^creades by t he 'foli- owing two pro§l§ures: 

I J ■ ^ 

(a) Extend thfe solution of part (a) of Number 1 to the pres< nt problem. 



•cos 2x increases and for which 



(b) Inspect the graph of the function 

o. f : x -> cos 2x . 



20. 



fl ' i- 

In the interval 



|ic| <-n, determine *by the following two procedures the 

: -*cos(2x + |) increase and 



values of x for which the function f 
for which it decreases. ' * 



(a) Extend the' solution of part (a) of Number 1. 

(b) inspect the graph of the function, 

I ; « ' 

fix-* C0S(2X + |); 



For what Values of x over the l/terval 0 < x < 2n do the 'sine func 
tion and the cosine function,* both increase? For what values of x do 
both functions decrease? ^ A 

For what valiles-of x over the interval d < x < 2n do the following 
functions alfr increase? all decrease.? 

(aV x ->sin | . 

(b) x -» gVr x ( 

(c) x -» sin 2x ' 4 * 

How large must the constant a be for the following functions \o be 
increasing? • $ 

•(a) f : x -> ax - sin x 

(b) % f : x -> ax + cos x 

(a) ^ifemonstrate the concavity (downward flexure) of" the graph of 

x -» sin x at x = .4 by showing that at x = .3 and at x =* .5" 
the curve lies below the tangent to the curve at x = A. 

(b) Demonstrate the convexity (upward flexure)* of the graph of 
x -> sin x at x = -.4 by showing that at x = -.3 and at 

x = -.5 the' curve lies above. the tangent to the curve at' x = -,"4 




Linear Substitution 



Now we "turn to the problem of determining the derivative of a function 
specified by an equation of the type 

*y * k si>n (ax + b) . 

„ Such*a function is obtained from x -* y « sin x by linear substitution- that 
is, x is replaced by the linear expression ax + b, and y by £ # 

To dete$mine 4 D[k sin (ax + b)], we try to obtain the limit, as h 
approaches zero, of t^e difference quotient 

* k sin [a(x + h) + -b] - k sin (ax + *b) <v 

which can be written as 

k sin [(ax + b) + ah} - k sin (ax + b) 
h 

' - ' ' (J \ * 
Using addition formula (6) from Section 3-5, We can express the nuraera-ttQr of / 

the difference quotient as , * , tL / 

k sin <ax + b> cos (ah> -e k cos (ax + b) sj.n (ah) - k sin (ax + b) 
^Factoring, we obtain for the numerator 

k sin (ax + b)[cos (ah) - l] + k cos '(ax + b) sin (ah). 
The difference quotient can be expressed in the more useful form 

k sin '(ax + bX C ° S >ff " k +-k cos (ax + b^B^] . ' *K . 

As we prepare to take the limit as- h approaches' zero make one"^urther 
.change (suggested by Example k-2a and Exorcises 4-2, No. 8) In the form of 
*1jhe difference quotient: „ 

> «*" * 
ak sin (ax + b)[ COS ' {g}/' 1 ], + ak cos" (ax *"b)[ sl |^ h ) ]. 

As h approaches «zero, ah approaches zero; and 4 we know ('from (l) and (?) .of 
Section k-1) that C ° S [gj - 1 approaches zero and Sl j^ h) approaches one. 

We conclude that. * . , v 

* ■ • # ' * 

D[k sin(ax + b)] = ak sinfax + b)[ Um cos ftr l} 1 + ale cos(ax » b)flim ^M^ll 

• ' • U-»0 f (ah) - J • ] L h ^ a ^h)J 

* t ■ ak fein(ax + b) • 0 + a'k cos(ax>b) *1 
I = ak cos(ax + b) . . * 



U-3 



We can express c-ur result in the form 



if f : x ->k sin ^ax * b) , 
then f*: x^ak cos ,(a^ + b), 



Similarly we >could show that 



(2) 



if g : x ->k cos (ax + t^, 
then g*: x -> -a£ sin (ax + b) . 



Using (iVand (2), we can obtain the slope of a tangent to any sinusoidal 
curve directly. 

* 

! 

Example Wja. If f : x ^ 3 sin"-2x, ' find f'(it). Erom" (l) we have 
^ * f 1 : x -> 3(2 cos 2x) = & cos-2x > 

so that 

, f'(^) = 6 cos 2tt = 6. 

%- * * « 

Example l*-3b. Find the 'equation of the tangent line* to the graph «of 

V = cos (x + p at t^g point* , ^) . Using y 1 to denote «t he value of 

the derivative, we^ use (2) to obtain - - " » 

y ,k •= -sin (x + £). ^ ^ 

At the point (r^ ,k) tne slope of the tangent to the graph is 
-sin = -sin | = - ^ . The equation of the tangent is 



We 



12 ; " 



can use the , graphs of y J Cos (x> J) and y - cos- x to give 
geometrical interpretation of this result. (See iExercises Nji. 8.) 

V s - • \ ' . . 

Example . U- 3c Use (l) and the facts (from Section 3-2) .that. . 

• • 

(3) - cos x = sin (| - x) and sin^c « cos (| ; x)^ 

to obtain the' derivative of the cosine <f unction, f 
We ha ye from (3) 

' ■ cos: -x -» sin^(^ - xK. sjsj. 



one 
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We use (l) with k = 1, a = -1, and b = £ to obtain the derivative 



cos 1 ; x -> (-1) cos (| - x) = -sin x. 



:arnj)le ^d.^Find the derivative of 



f : x -> sin x . 
The function f, sometimes written 



is 



f : x -> sin^ x, . ; 

the function, whose-^lue at x is the'si'ne of x degrees. SiQce 



o 2« 
x -> x radians, 



we cap express f as 



Thus, formula (l) gives 



f : x -> sin 



3« 



x . 



rather than degree measure, is fchat we" then obtain' the. simple formul 



The primary justification for defining slit x ih terms -of*" arc length 

£hat we then o 

» ' />, D "s^Ln x = cos x ' . . 

If we had used^ degree Measure then we would have had the le4s satisfactory 
formula * ' * , . ' ; . 



D sinfx 2n 



A* 



2« 5ft, .. -\ * 



Exercises 4-3. 
1, Using formulas and (2), find the following, 
i * (a) D[sin (3x - J) 1 



(b) D[-2 cos (| j J)] 




(d) D[5 cos (| . |)1 

(e) D[| sin (-x + |) ] 



(c) D[-sin (j^x)], 



(f) D[-« cos (2* - 2x)] 
2. For the following functions determine 



(a), the s,lope* of the graph at 'the point indicated for each: 
(i) f : x -* cos (-x + -), x 



7* 
"5" 



(ii) f : x -* -sin (2x - , • 

(iii) f. : x -> 3 cos + 2x) , 
k (1v) f-s x ->i sin (3* - §), 



it 

x = 2 



x = 0; 



(b) the ecfuatijOn of the line tangent to the graph of each function in 
part (a) at the point indicated. 0 

If two functions f and g are directly proportional* we mean that 
fhere is a .constant c such that g(x) =>cf(x). 



& (a) flow are their derivatives related? * • 

(b) Illustrate your answer to part (a) when f[x) = sin 2x, 4 and 
•g(x$ = -2 cos (2x - |). 

i • » i 

h. (a) (i) • For what value(s) of* x over the interval 0 < x < 2n does 

J • tjie graph of the function^ 



f : x ~> sin x + cos x 



c 



J I have a horizontal tangent linej? 

(ii)' Give the equajfcion(s) of the tangent Line(s). 

(b) v >Answer the" questions^ of ^ part (a) for the function 
g : x -» k &in.^ + ^>cos ^ . 
, (c)/ Answer -the questions oi* (a) for the function 



+ .Si 



~" h" ,:«x -> 3 *in (2x + J) 0 +. 3 co ( s (2x +1 J) 



t 



ERIC * 



i I , 



V • 



276 1 ' - 



5- Show that if 
the'n *' 



f : x -»*k cos (ax + b) 



f ' : x -> -ka sin (ax + b).. 
Employ the method of linear substitution used for the function 

' * *x*-»k^sin (ax + b) 

at the beginning of this section. 
6. In Example ^-3c we used the facts that 

cos x = sin (- - x) and sin x = cos (|» - x) 

to obtain the derivative of x -> cos x. USe the same method to fihd the 
derivative ot ) 

x -* k cos (ax + b) , 

given that D[k sin (ax + A b) ] = ka cos (ax + b) . 

7-., (b) : Find the^imit of as a 0 ^approaches zero.^ 

■ ' . a° - \* 

(b) Find th^e derivative of . 

f : x -* cos x . 

8. (a) On one set of codrdinat^axes sketch the graphs of fix -+cos,x 

(* ♦ ^ 



and g : x -> cos (x + 

v " r < 

(b) Show that thWtangent line to the graph of f at the point 



(j? 1 f(~)) is parallel to the tangent line to 



:he graph of g 



t the poinV g(~))* 



9-' Use the difference quotientj definition of derivative as it applies to 
the sine and cosine functions to~evaluate each of «the following . 

(a) lim sin (x ± h). - sin x 

(b) lim cos x " cos (x + h) ' 

' ,1 .A \ 



*-3 



f -3 sin (f + 1+ h) + 3 sin (| + J) 



h -* 0. 



a 5 



(e) lim 
k -* 0 



sin (a j- k) - gin (*) 
. k • 



4 



^cos (t- + h) + cos i™ V 



10. Sketch the graph of each of the following on the~ J^Ukrval \ [-«,«] 



(a) y = sin^x 
'(b) y = sin (x - |) 



(cL y = -sin x 

'{if y = sin (-x) 

(e) ^ y = sin (| - x)* & 

(&) y = cos x 

(g) y t= eos (x - 

(h) y = cos (■'x) 

(i) y = cos (| - xX 




11. Find ^ for each of the following, 
dx 



I 



(a) 


y = 


sin x 




(b) 


y - 


sin (x.- 


2 ; 


(c) 


y = 


-sin x 0 




(a) 


'y = 


sin (-x) 




.(e) 


y' = 


sit. 4 - 




(f) 


y = 


cos X 




(e) 


*,« 


cos (x - 




(h) 


y = 


COS (~ x )j 






'y = 


cos (- - 


x) 



■ v- 
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Jt-^. * Velocity and Acceleration ** 

# In Section Srh we discussed^gotion in a circle with radius 1. (See 
Figure k-ka.) If pb^nt P is moving 
counterclockwise .starting at A(l,o) 
when- *t s *0 and if the arfr is, 
covered at the uniform rate .of 1 
unit, p^secqndv the coordinates of 
P at ♦time .t are ' * 



cos* *t,sin 



\A(-1,0) 



I 



5C = COS t 

y = sin t. 



r Let us draw a line through P* * 
perpendicular' t,o the'x-axis. ^et 
- Q be the foot of the pei?pendicular . 
We shall study the^motion of the/point 




A(l,0) 



Figure k-)ta 



Q as t increases. When t = '£ (a* quarter circumference^, P* ^ae^reafihed 
B on the % y-axis and ; Q has reached 0. As t increases from |" tQ n, Q 

moves from to A 1 (-1,0). Erom t = n to t =*4f , Q moves _from A' 
back to* 0. At' t* = 2ji, 

and* forth, on tfce f x-a*is. This motion repe§ts &t time intervals of 2it. 



is back atr A. 'As 1 we see, Q oscillates back 



Let us find the velocity, of -^fefce point Q at any time t. To "do this 
we take the derivative of the function 4 . 



cos t, 



which -represents the position of the point Q at time t. As w,e know, the'" 
derivative of f is % , * *\ » 

(2) ■ ' < \ 



f'.rt'-? 



ia t. 



During th| first ha^fr revolution/ (0 < t /: , "the velocity is negative * 
.which show's that Q is moving to the left.*. The velocity "is 0 at t =* 0 
and . t =-ju At t = | when q = 0, f'(|) = -1. The speejj, which ^* the 

absolute value of the ve!6city, has its maximum value when, t = ^ . 



h» During the second half -revolution (it < t*< 2it) , » Q is moving t<3.the m 
' right. f ? (4r) = 1 is the maximum velocity and speed ^during this time inter- 



nal*; The motion regeaW after] t-<='2it. 



27 
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•What is""the acceleration-, of 1 Q at an^ time t? T he acceleration is the 
.derivative of the, velocity "f*/ that is, the second privative f" ' of f. 
In this case, sittce 

(2) ' ^ V\ t A -sin t # - v 

(3) ' ' f": t -» -cos t. 

. The velocity decreases when the acceleration is negative and increases 
wnen the acceleration is positive. Let us 3ee how this* works out. During 
the." first quarter-revcflution, f" is negative but f is also negative. A 
decrease of f T means, an increase in its absolute yalue, that is, an increase 
in .Speed* ■ t . 

• Between t = |- and t = jf, cas t is negative % and ;sin t is positive. 
Hence', f r ' is "negative and f" is positive; f increases from^-l'-to 0 
ancTthe s^peed decreases from 1 to 0, , ' 

Between t = * and t = sin t and ,cos f are both negative so 

that both f T and f" are positive. Both velocity and' speed increase from 
0 to 1. . ^ * ' 

Finally-, for . 4=p < t < git, f ,r is negative and f 1 is positive sg that 
Q slows down again to -0- , - ^ m 

o 

Example" k-ka . Show thpt f"(t) 0 = -f(t). In what quadrants is f" 

1 (a> positive? ' ' % 

(b) negative? , 

• Since : ' f"(tO = -cos* t - 

«' **■ < . ■< \ 

and. • f^t) = cos t ' ■ ' . ' , * , 

* * * 

r . f'H) - -f(t) ' ■ 

'(more briefly, f" = -f ) . ' * y 1 ■ * " ' 

Hence, .f"(t)^'is positive when" f(t) = x is negative, that»is, in 
quadrants II and III; f" 'is negative when x is positive,- that is, in jua 
drants I and IV. ' 4 

1 

' . 4 
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. Example j^-kb. To find the position, velocity and acc.eleralW of Q 
vheri t = | , H» have . 



•f(|) 



» f (-) = -cos 3 = " 2 ' 



Hence, after | seconds, the' point _ Q is at x = | and is moving to the_ 

left at — distance units per second. The acceleration is. - '| * distance 

units per second each second, which means that the velocity i-s decreasing at 

* 1 ^ * 

the rate of - anU per second per second. (The speed is increasing at this 

rate,) 



We can 'generalize our discussion >y considering uniform motion" on a circle 

of radius r *»where the point P moves the ' < ^ 

J 



disttfhe^ in t t„ secpnds. (See Figure 

4-kb.) Let a be the^ measure of angle 
AOP in radians.- Then 



r 



As in Section 3-4 we let - = co so that 

■ r 



= cZft. 



The coordinates of P are 

x = r- cos cot 
, * y = r sin cotC~ ^* * 




Figure l|-4b . 



We 'let 

' f : t -» r cos cot. ♦ 

;lf Q'' is the projection erf R on the x-axis, then the velocity and accelera^ . 

tion of Q are given b£ the functions % , * 



and 



f 1 : tg-> -cor si^ojt 



of" ; t -» -co r cos cot * 



/ // 



s 



9 
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• k-k - * • . • - l . ' ' 

respectively, • Now Q oscillates between' : A(r,0) and A ! (-r,0)^ The time 
required, for one oscillation back and fourth. is obtained by using ^he circum- 
ference 2jtr ,a's the arc, so that kt 2^r. We call thi,s time T\ -the period 
v of the motion. -Then «' \ 



T = 



2itr' 2it 



Note that 



which is called , a differeatial equation. .* We say that f(x) = r,cos tot is y 
solutj.Qn w pf this equation. 



-V- 



y 



Example A point P moves on a circle of radius! 10 -feet the # 

rate of 2 feet per second. Find the position of its projection Q . and the 

" ' " ' - ' • i *, . . to - 2' 1 * ' 

velocity and acceleration of *Q after "5" second| . Since »cc = — = ^ , 



2 10 5 



■J 



f : t -> 10 cos j , 



and 



t *-* 10 • ^ ■ (-sin ») =• -2 sin ^ , 



2 t ' 
f" : t -> - f cos r 
5 5 



For t = 5 we 'have • ' J . • , 

f(5) = 10 cos l'a 5*^ * % ' ' . , 

* t . f «(5) = -2 sin 1 s -1.68 # ♦ 

f v (5) = - I cos 1J5 \o.*22 ■ ' * 

since 4 . «os 1 a 0.5*1 

and " sin 1 a 4 » . . ' 

When t = 5 seconds, is about 5.**- feet to* the right of 0. -•Itjls 
moving to the left at" 1.68 ft. /sec, approximately. The velocity is decreas- 
ing at 0.22 ft. /sec, each second so "that Q /is -speeding up at this rate.. 
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Let P move around the circle of radius, 'r as in Figure k-kh but this 
i time let "us study the motion of the projection R v pf P l on the y-axis 
(Figure k-kb) . The point R § ia at, . Y _ 

y = r sin <9 = r sin* cot. 

*If g. is" the -function 

(8) • g : t -* r sin cot, . • 

then ; >. v 

" (9) 

and 



g' : t -* rco cos/ot 
. V ■ 



/ 2 

(10) g a : t -rco sin ebb. 

The poiat R starts at y t = 0 
at the point t) and. oscillates up • 
and down on the y-axis between B * * 
and • B' . - It completes an oscillation 
0« after the time — . Note that 

CO 

or more briefly 




* A' 



figure '4-,4c 



g"(t) 4 -to 2 g(tj 



g = -co g. 



We have discussed the motipn of eptfh of the ppints Q and R indicated 
{- 



in Figure 

However, we may interpret f'(t) 

and g'(t) as the horizontal and 

vertical components of the ^motion of 

P itself. Notice that 
* - 

•<* . f'(t)' = ^g(t), 



T v 




Figure 4-4d 
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The position and velocity, of Q at time* t are gi.ven'by 

u * * • 

f(t) s r cos cot- # ^ 
* > j 

' "/A 

. " v f ! (t; = -rus sin cot; 

and of S R b, 

, g"(t) = r sin* cot w ■ ' 

: f rco cos cot. ! - \ 

■* ' lh • ' 

The actual velocity of P is found by using the Pythagorean Theorem in tri-: 
angle PQfi: - ' 




0 



* ^f'(t)] 2 ^[g f (t) I 2 

= /a. 2 [ g (t)f 2 ^ co 2 [f(t)^ 

t 

= a>4g(t)] 2 + , [f(t)] 2 '.. 



cor. 



Siace co - <^r = .k; ' so that,, as we jjight expect, v is the constant rate 
k *at which t tne arc is changing with time* You can easily Convince ypurself 
that "the 'direction of v is perpendicular to the radius OP, so. that the 
motion of P is in the direction of the tangent, as^it must be. ^ 

- ^ If we work! with the horizontal and vertica^compoitents of acceleration 
of. P in' the sale way,* we find tha^t 



.ca^co 

* 

= .vff"(t)] 2 + [g" J (t)] 2 

' & 

± A -afrit)] 2 + [-a? V*\f 



2 

= cd r 



H 2 '/Cf(t)] 2 + [g(t)] 2 



and that the direction of the acceleration is toward 0. f 



.1 • . * ^ '.Exercises k*k f 

< ; % > ~ . . * 

^. Suppose, P moves around the circle at the- rate pf \ * arc emits, per 
. . second. 'Find;% horizontal and vertical position, velocity, and 

acceleration when the following values "are g*ve4 the**rtaius and time. > 
. (a) .r = 1 • ■ 



(*)• - t =0 * t ' ' (in) f= 1., 

fii) t = . . • , , . (iv) t * 2 " 



(b), r = 2 



(i) ' .t « 0. - (iii) t - 2 

(ii) t =>1 - f (iv-) ' t = k 



(c) r = 6 



* ^ (i)' t - 0 * . * ."(iii) t £2 ; 

(ii) t = 1 ' . i; '(w) t = 3 ' , 

2. Using the result's of Number 1 compare the position, the horizontal 
^ and the vertical vllocity, and the horizontal and the vertical accelera- 
tion of the following if - • ' e . 

(a) r = l v artd t = i ; * 

(b) , r = 4 2 and t^'l;. and * * x 

: /"\. 'J c * * ' ■• ^ 

(c) -« 6 and -t - ^ • 

m 3- Using the results o^sfumber 1 compare the- horizontal 'and vertical 
^ „ position, the horizontal and the vertical velocity, and the' vertical 
acceleration when t = 0, a*jd again when point-* P has traversed -the 
entire circle far. * T 

1 m (a) r * r* * (i.e., at " t = 0 and at ' 't = 2) ^ 

W^2, i (i.e./ at t=0 and at' t = h) , * 

\<yj r = 6, (i.e^, at t = 0* and at t =.12) 

v •» . 
, ,k. Shov that the square T6pt *of the Jsum of the "'squares, of the acceleration • 
* components ^ is the product of the speed, and the angular -velocity ; i.e*.; 

m Pr0ve that ^''(t)] 2 *+ Eg"(t)] 2 , s > a), where s.< is the speed and '« * 
v - the angular velocity. 4 • ' • ' ' ' ' - t 



5« Suppose a mass' is attached to 'a spring a% shown, 
wall 1 » • . 




spring 



mass 



r surface 

• 0 



rn — r 



When the spring is unstretched„*the pointer \s at 0 on the scale. * 
Suppose that we'move. the mas_s 3 units ^o. the right and release it. 
The mass will* oscillate backhand forth/ It oan be shown that t>he spring 
acts In suqh a N way thai the position of the pointer is given by 

1 f(t) = A cos /^t 4 

•' "' N , ^ 4 

where A is a certain number and frftjpnd m $re constants that measure, 
the stiffness of the spring and the massW Jhe cart. x * £ 

(a)' What is'^he value of 'A? ; 



(b) "What 1 is the 'period- 6*f the motion? 

(c) \jjhow that f'(0) = 0; that is, the initial velocity of the spring 

is zero. . . * 



(d) Shew that f n <0) _ * j-A v % Interpret the negative sign, $ 

(e) Show that f is a -solution to the differential equation f" 
.(f) How far left does the -pointer move? 

(g) Sh6w*'that at time t = | the "pointer crosses the point 0.; 
What, are its velocity and acceleration at this time? In what 

* . direction is the, mass moving at this time?- 

(h) At wh^t time does the pointer cross 0 again? Find its velocity 
ind acceleration at this time. In^what direction is the 'mass ^ 



y 



noving; at this, time? ^ . ^ \ 

Dra'w a figure to' justify the, Statement that in the case of uniform motion 
in a circle, the acceleration is toward the center, (ifraw arrows to show 
the horizontal, and vertical jacceleration^of P,)* ^- ™ 



4-5. _ Higher Derivatives arid Approximations *• 

• t When we , differentiated a. 'polynomial function (Chapter 2)' we got another 
polynomial function. We discovered that if we took the firjst, second- and* 
'higher derivatives of -a-7 polynomial function, we eventually got^ a derivative 
with val*ue zero for all values of x. This will not be the^case for a circu- 
lar function, since £1* derivati/ve of' a circular function is a circular func- 

* 

v tion. We shall see the! if ve take the derivative of a circular function, and 
■ If * s • 

then the, derivative of the derivative, etc., we will sfcon obtain the very func-^ 

tio* with which we -begaVi. * * " ' t 

For example, if we begin witfi the function * ' * 

f : x -* sin.x ' 

we get: * j r * • 

■ ■ •• ' " • • , • 

•the first derivative ot ->jzos x 4 

tj?e second derivative- x -* -sin x 'V 
- the third derivative - x -» -cos x 

and ' the, fourth derivative x -* sin x. 



As was the case for polynomial functions we can write vQf? = f«, D 2 f = f " , 
D f = f m , D f = f t 'u f = f , etc. The Roman superscript notation becomes : 
cumbersome for high orders find it becomes more convenient to use-Hindu-ArabicV* 
* numerals parenthetically as D 13 f = f^ 13 ^ .Thus tfte n-th derivative* of, f 
? is^ written D f r f (It is also a< useful convention to define the zero- • 

.order derivative of f as* f, itself: .f' 0 ^ = f .) 

If we take successive derivatives'- of the sine function we get 

v u * f 1 : x cos x 

f" ': x -» -sin x / , 
* (l) * • * 4 

* ' f m : x -cos x / 

f v x -> sin x. , 

Since the fourth derivative is the* original function we* can see the pattern'.: 



In Leibniz ian notation we write 1 r 



n ,n 

Li 



dx 



This can be further, abbreivated,* we write y^ n \ when we mean D n y 
. ' • 287 • 
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*-5. 



(la) 



w. f««= f (5)' „• f (9) = ; ^ \ 

< • / * " f m = ; f (7) = f (ii)V : -;; etc , _ 

• This result is sometimes summarized by saying .that ea.ch function x ->y, 
, ^ere y = sin x, coa x, -sin x or -cos x is a^ solution of the differential ' 
. equation 

.•(?)" . ' ' /fi = y> . - . 

where y represents the value of the fourth derivative 'of x -»y. 

We know from our polynomial discuss'toa that tye prQcess of differentiation 
lovers the degree of the polynomial" function., .Thus/ if f : x ->'y is a poly- 
nomial function of degree n then f(x) is a solution to the equation 

. (3) ' ' <l y-^.-O. . ' 

The first derivative can be interpreted as the slope of ^ a tangent line 
or as velocity; the second* derivative can be thought of a p s the rate of chefhge' 
of ^the slope function or as acceleration. While physical and geometrical 
interpretations of higher derivatives -are more difficult to contemplate, higher 
* t derivatives a're useful in approximation discussions. * ^ ' 

i - • * 

Approximations * 

' J • 

We want to find a polynomial,, function which approximates the sine func- 
tion. To do t£is we turn to the problem of finding a polynomial function 
whose first and higher derivatives "fit" the sine function near zero. More 
precisely for each positive ^integer » n. we shall show that there is a unique 
polynomial function p which satisfies the conditions: 

^* m (a)- v the degree of p < n * >■ j s 

(k) (b) p(0) = 0 = sin .0 

\cY .the values of the first h derivatives, of p and .the sine function 
.are the same for x = 0. *. • ' * • 

To construct such a polynomial fyfcnction p we nreed to find the coeffi- 
cients: a., a_ . a., a for 
0 1 » 2 ' ' n 

V (5) . p(x) = a Q + a 1 x , + a" 2 x- + ..: + a^. . 

Since conditions (Ub) and«(Uc) determine the-values <s 
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• ' ' - . ' ' • . . • < ■ . 'h-5< 

» <* 

? (o\, p'(o)V P "(6)., P (n) (o> 

.we need ohiy show that these values 'determine the coefficients of p(x) *in 

First try jbo* approximate the sine function* by. a £ inst degree polynomial^ 

' function ^ i.e'y'we suppose that n = 1 so that 
' *« * ♦ 

, ^ x t I - p(x) - a Q + a^ - 

and 

••••••• . • : • ' * 4 

•'-•>^ " • • p'(x),= ay. . •' ' ' w . - - 

y" , » f * * . 

Therefore, we have* . , * > 

^ (.6) | . * p(0) =.a Q and , p»(0)-= a 1 - 

' \ • - '/ ■ ■ t 

.Fori *f • : x -> sin x, 

" . / / f(x) = sin x and f*(x) cos x - * - 

we ha»^je ^ . • 

(.7) • " ' f(0) = 0, f«(0)'- 1, # 

If r the polynomial function" p is, to satisfy the conditions of (*0 we ' 
> / * « * 

require that ' ^ % « 

*• » ** . 

.' , n * P(0) = f(0) and p»(b) = f b (q)'. .' * • . < 

Combining these requirements wiMi (6) and (7), we conclude that 

a. 5 0 and a. = 1. 
* . « \ 0 1 T - 

% " ' ' ' /'* • 

Thus there is exactly one polynomial function p of degree rf < 1 \ such that 
1p(0). = f(o) and ,p r (o) = f r fo); and that functiop is given by. p(x) = x. \ ■ 

\ : ^Consider now the case when & = £ • so that p* has the 'form 



y } \ v r 2 

7 * .PU) = a 0 + a l x + a 2 x • 

In this case, we have * , . . 

* P*(x) = a L + 2a* 2 x and p"I(x) = 2a 2 * 

f£ that \ / , . \ 



Sirtce f : x ~* sin x, ■ we^have (f]?om (l)) f / 
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* - ' ■ 

f(x) = sin x, P(x) = cos, x, f"(x) = ~-sin x 

so that. • * , * . , - 



% • ^) < t fto).= o, "r f"(o) = a. 

* If p is~to satisfy the conditions of -(U) with 4 n = 2 we require that 

.(10)'* P (o)<* f(o), 'p'(o) = f(o)r p"(o) = f"(o). ■ ^ 

« »- 
Combining -the requirements or (10) .with (8) and (9), we conclude tbfet * 

* 0 r 0, a 1 = 1, .and' 2a 2 =..0. - 

« s « 

The cases n = 1 #nd n = 2 result in .the same polynomial p &j.yen by 

7 p(x) = x. This result is not surprising sinc^e the Second derivative of *the, 

sine function is zero when x = 0. Now w£ turn to the case for'which n = 3> 
• \ 
v i.e., we suppose that p^ is 'a polynomial function of degree 3 given^by „ 

' * 2 ^ " "5 

p(x) = a Q + .a x x * a 2 x + a^. 



Differentiating, we get • " * 

* <• '^(x)"* a 1 + 2a 2 x + 3a x 2 

p"(x) = 2a 2 + 6a^x^ 



yUi and ( ' P tt, (x) = 6a.," 

For x = 0 we' have '„ 

(11) p(0> = a Q , p f (0) = a lf * p"(o) = 2a 2 , and p"'(o) = 6sy . 

Using (l) for x = 0 wp* obtain ' - J \ 

' . tf(o) = 0, f'(0) - 1, f'^0) ^ 0, and .f n, (0) J -1- 

Comparing these values with (ll) under the* requirements of (k\, we get 

=0, a = 1, 2a 0 = 0, and 6a 0 = -1. 
0 9 1 \ 2 . ^3 ^ » 

Therefore, the only polynomial p of degree 3 or*le'ss thich satisfies the 
conditions of (k) is given by . . ' • 



As* we attempt to express a result for arbitrary n we shall use factorial 
notation * 



,k! .1 '2 «3 ... k and 0! = 1. \ • * * 

We can show thai if ' . ^ 

er|c ; . : . 300' . . . ' 



p(x) = a Q + a x x + ,a 2 x + . . . +- a n x , >' 



then' we have 





A d(0) 


= a" 

Q 


■. Jo 




.' " p'(0)" 


= a l 


= d»)a 1 * - • 


w 


■p"(o) 




* 

" (2t)a 2 


* 


p»»'(0) 


= (2 


3)a" 3 = (3'-)^' ",4 


° • f -. 




= (2 


3 : hh k = (k\)a k 


t 

''2 

V 


P (n) (o) 


= (2 ■ 


3 • fc... • rr)a = (n! 



•If f x*-» sin x," then, from (la), we can write 




~ " 7 - • 0 = r (p) = f: (6) (ol .= f (l0) (0) 
£ 4-1 = f •«{<>) = ffj 

To satisfy we must have 
4 ' ' . . t * - ^ V v * 

- p(0) ='f(0)>^pVC0) = f'(0)/"p"(0) = f"(o), ... . 
Now^we observe that , • - - . • 

^ (13) ■ all the coefficients of. .terms in p of event degree are 0. , 
" The odd degree coefficients are 

For example, the polynomial p „of degree 10 or less which satisfies' 
the conditions (k) is given by ' ♦ 

r \ - x /x 3 ^ jfc^y ^c?/ ■ 

V . x 1 ■ p(x) = I? " 3T \5T " tT^f y " > t ; 
• i; • ■ x 3 ' . x 7 ' ' x 9 ~ : 4 V 7 t 

, - " /' ' " x " T + 120 " 5o5o + 362,880 ' , 

In summary, for each positive integer n there is precisely one polynomial 
^ function p of degree not exceeding -n, such that p anqt its^f^rst n' 



derivatives agree at x^ = p with the sine function and its first n. deriva- 
tives. The polynomials p are known as 'the Taylor approximations at x = 0 
to tne sine function. . 



A similar process will yield the Taylor .approximations to the cosine 
function*: _ % 

2 , 2 - h , * * ' 

i i x i x ^ x 
' > . 2l" > - 2 ! . 7TT" 7 ' " ' . " • 

t. e ( • 

In Exercises Number 8i you pee asked to obtain these .approximations, 

J ' k • - •' • 

Approximation Error * 

•" < o . 

- Now we want to determine the accuracy of successive Taylor approximation 



The approximations, 



r^-. y=x- Tr + ^r, y = x'-— + ^ - — 



and , .* » * *' r 

• * y / x " 3'- + 5'. " 7'. . 9* 

r • *» 

to- y = sin x -are graphed in~Figure U-5a . Note that as the degree ^Sncr.eases 

the Ta'ylpr approximations become tetter in the sense that subsequent approxi- 

* ■> • 

nations .improve the "fit" near zero and also give better approximations 

further away from zero. ' *' 




30° 



*-5 



'3579 

XT XT. X_ . X_ 

3! 5! " 71' 9! 



- x3 \ / 



'V 



sin x 




* TT X X^ -A. 



.7- 



Figure l*-5a 



He shall prove in .Chapter 7 that 1 these approximations are alternately too 
large and too small. In fact, for • x > 0, * K ' 



' • * *x»> sin x, 

x - — < sin x, 

. x 3 x 5 
x - — + > sin x, 



» <„; 



Hence, the error made in using any one % of .-these approximations is easy td 
estiaaj^. For example, if we use the % approximation 



x 3 -- ■ 

- sin x « x - 



x5 



the result is too small an amount which is less than =7- • In practice 
x -is ^.ess than 1, since there is no need to compute values of sin x Co; 
x > p In this case, each of the successive terms t 
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> • 

3 5 ' , 7 • 
% . 3* 9 9 * 7?' 



n 

x ^ 1 



is smaller than the preceding one. Moreover, since — p < — p when x < 1, 

we can approximate sin x as closely as we please by choosing n large 
enough. 

Similarly, it will be shown that the approximations 

• • • x 2 ' ' • - • / 

to cos x are alternately too large and^too small so that, for x > 0, 

4 . . 1 > cos x, ; 



2 

l - gr < cos- x 



yHenqe, for example, the error in using the approximation 1 - is between 

x ' ' " " 

0 .and, -jjj . . , 

Example ^a . Use Taylor approximatiohs to estimate sin 0.5 • 
Let us. begin with the approximation . * . " 

sin x ~ x 

i ** 
which gives sin 0.5 ~ 0»5. The result is too large by an amount less than * 

? 
3~ 



x = -0^122 = 0.020833... 



If we use the approximation ' ' ' 

,3 



x w 

sin x s? x - t r7 



we obtain sin 0.5 S 0.5 - O.O20833;.. = 0U^7?l66..% This estimate is too 

5* 

small by an amount less than - °^q 2 ^ s 0.00026. We can therefore con- 
clude that -to 3 decimal' place accuracy sin 0.5 *;0A79« * . % . . 

**** • 29^\ ' v ■ 



/ , ' x 2 1 

2 Example - 4-5b . Use the approximation 1 - ^ for cos x j to estimate 

cos 0.2 ♦ Also estimate the error committed in using this approximation. 

, c^«.2.1-.%i?.-l.-.2^,o!9B. j 
if ' f 

The error is less than ^ = £'0.000067? " • > 

' It is often u|s'ful to \4r.ite our results in terms 'of a remainder R, Fot 
example, ^ * » N * • V 

' ' - x 3' '■ (• 

t» * sin x = x --rv " ' , 

* . . - . x 5* \, ' - 

where* 0 < R < ~- , » 

and ' • cos x = -1 - |r + R« , 

* x*# 

where , (J < R l < £r . 

W^. can use, the Taylor' approximations to determine certain limits, . Let " " 
us begin ^Kith some familiar' ones . * 

Example fr-gc . To find lirrf 2i2L* and lim ■ — ^ os x * . 



We can write 



flence, 



sin x = x - R, where 0 < R < ^ • , 



sin x . . R 
"IT" - 1 " x • ' 



3 ' 



Since 0 +v, Q + 5 u ^ sin x 



2 

Since 0 < ~ 5^5^ , we conclude that - approaches zero and 
I ' x ^« x . x- 

approaches '1. 



Similarly', 



Hence, 




*-5' 



£ *~ 1 - cos x _x. 

* ~ and " • x = 2\ ~ x 

Since ^- and — both approach zero 
2 • x„ 

1 - cos x n 
lira = 0. 

x 0 * X 



' * _ k _ „ _ 1 - C OS X % 

Example i*-§d. To find Urn sin ~ — • 

* * x -* 0 *' 

. • 2 • V 

Since , cos x = 1 - |r + R' ,. (0 < R' < Jr) 



S 

V 



'and sin x = x ,- R, , (0 < R < rr) 

- • '£ pi" jl si ' 

* - 1 - cos x S4 _ 2'. x 

ve have sin x = x - R = . R ' 

■ ... \ .x ^ 

The numerator approaches 0 and the denominator approaches 1. Hence, 
the required limit is zero. -< 

This process can be abbreviated by -recognizing that 

■ • * j 

2 

1 -i x 

. cos x s 1 - — 

* an< * 

' * sin x z x. 



Therefore, > ^ 



2 2 

3,- (1 -V 1 



1 - cos x „ 2 ^ - ' 2J = £ 

y * * sin x x _ " x % 2 ' 

vhich approaches 0 as x approaches 0. , 



V 
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This example may be done in still another way. We may write 

1 - cosTx r COS X . x I ♦ 

sin' x „ x | . sin x ' 

1 * COS X " X' 

Ff»qm the previous example - approaches 0 and - approaches 

It We can multiply these two limits to obtain the required IJmit. 

It can be shown that the Taylor approximations are the best polynomial 

i • - • ' X 3 

approximations near zero. For example, if f : x -* sin x arifl p : x -* x - r-p 

then 

' / 

: * " ' f(x) 1 p(x)f , 

w r> lr approaches 0 ; 

as x approaches 0; and p is the only polynomial of degree 3 or less ^ 
with this property. 




Exercises k 



J54 



(a) "Given:-- f : x, -* sin X, • determine f f , f " , f»», then find 
(i). f ( ^(x) . ' (ill) f (35) (x)' 

,'(41) f (l8) (xV 1 ' .(iv) f^(x) : 

(b) Given: # g : \x -> cos x, determine g f ? g" , g ,,? ? then find 

(i) g (31) (x) t (ui) ' g (20) (x) 

' (iD'V^W 1 (iy). g (101) (x) . 

(a) " Given: f ; x sin x, determine the value of 

-(!)' f(|) (lii)'f«(£) . . ' 

.(11) f<§) ' ' "/ V) f (!<) (^) 

(b) Given:' g : x -> cos x, find 

' (l) g«(|) " (in) s»"(y) - 

(ll} g"(^) ' ■ (iv) g (!,) '(f) 

(a) Given: f- : x -» A sin ax, find » 
ft) f»(x) * * • (iii) f"'(x) . 

(11) V(x) ' (iv) 'f ( V(x) . 

(b) Given: g : x -> B cos bx, find . . , 

-fr) g »(x). '.'* " " Tiii/ g«"(iy " * 
di) g"(x) . (iv) g (!,) (.x) ; 

(a) Given: f : x -> 3* sin nx, find 

(i) f«(x) ° (iii) f"»(x) . ! - 

(ii) f*(x) (iv) 5 f iV (x) 
(i>) Given** -g f -* 2 cos £ . ■ 

(i) g»(x) - - .(iii) g»»(x) . ^'•* 

(H) g"(x) , (iv) % iv (x) 



U-5 . 



5. If f : x ->3 sin (| + J), find ■ • 

(a) f(0) ; 

(b) '(i) f(x) ■ f' (ii) f«(«) 

(c) (i) f"(x) , . (ii) f«(§) . 
'(d) ' (i) f»(x) X ' , (ii). f»«(- &) 

(e) (i) f (U) (x) ' (ii) fW( 2jr ) 

6. If g. : x -» -2 cos (2x + |) , 'find 
.(a) g(0^, • < •. ' ^ 

'~(iE>j r (b g'(x) • • (ii) g'(n) 



\ 



■ (cU(i) g"'(x) . ■ (ti) g»(- U ■ 

V r_. . f '• * . 

(d) (i). g»'(x) , - : (ii) g«"(o) 

(e) (i') -g (1,) (x). ' -• - {-iil g W (§) ' , • 

7. Find a formula for the nth derivative of the sine function* 

8* Show that the Taylor approximations to. x -* cos x are £ivenjbjf - 

2! ' 21 TJT' *" * ' 

and, in general, by * 

2 - 4" * , n " * • ' * 

, J 1 ; iT + -HT - ••• + W . " 

where n is even and k « |j " * * - * ~' . v-**- i 

1 . - - ' , ... c . 

For Numbers 9, 10, and 12, use the Taylor approximation for sine and" c&sine. 
9. (a) Calculate *iVi(0.2) using n = 1+. - ^ J *V 

J . % ; ■ ' 

(b) Estimate the error. # , - 1 

10. (a) Calculate cos(0.2) using n?k. K .. f " 

(b) Estimate the error. ■' < * r ' 'V - - 

'* * ' 



-< - - — * 



•299 - 

• 309 • 



I* * 4 - 

• . * r 

x • . - # . t 

11.. (a) "Calculate cos |- using <? - ? - , 

* ' (i) n = 2 v • • '< ... \ « 

' ; ^i) a = U . % . ' • ' 

- "(ill) n = 6 ' ". ^ • «*' 

' (f!) In each case estimate the error, ascertaining the number of places 
- • ' • 1 * 1 * 

of accuracy in the approximation of cos ^ . ' • - o a* 

12, £how that the sine function is not equal to a polynomial function on? any 
interval; i.e., given a < b and any polynomial p, there is a number 
j • x suclj that * • \ . , . 

o 

a < x'< b and sin x ^ p(x) \ * * '% 

(Hint: Suppose sin x = p(x), a < x < 5 and differentiate -several' - ' ^ 
times.) • * *\ 

13- Find the limits of the following expressions as x approaches* 0. ■ ° 

• : 3 '.•)■*»• «- : 

4 (sin xj - (x- • 

(a) s < . 

x * 

6 ' < 

sin x - (x - -r) . 2 V " . 1 

(b>-. r^r ^ (Let x_ = V and* find the limit as * t ->.0) t / 



10 i 
x ' 



(c)-; Ux 2 -sin.^ 2 , ^ J,/ . t ) '.. ' * r '* 





6 

X 




- sin 3x 




6x 


1 - 


2 

cos JC 




H 

X 


1 - 


3 

cos X 



(f) 
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14. Use Taylor approximations for "Mn x and cos x to evaluate each of the . 
following limits (if the limit exists). m 



/ \ v *^T k sin* x 

(a) lim TTTT 

• x 1 ^ cos X 

x -> 0 

/, \ , . x cos x - sin x^ 

*( b ) lim — r— : r 

x ->0 x 



t \ i j "sin x 
(c) _ lim r— 

\ -C0 + -/x 



\ -C0 + -/x 
* 4 • 

(Note: '*x -> 0 + " means that- x approaches zero from the right only.) ^ 
15. Find the limit °f ea ch of the following* expressions 'as x approaches 0. 
$61 x 



(a) T 

* 1 



•K^COS X 

sin 2 " x 



2 



(b) T 

f • 1 - COS X • 

*T 2 2 

\(c) - x . Sln x 
' * (l -* cos x) 

16. Show that the Taylor approximations to 1 -> sin 2x can be obtained by 

fs N> • t 
replacing x by 2x irrthe approximations for x sin x. 

17. Taylor approximations- at a " * 

**** (a) Show^that for each positive integer n, there is a unique poly- 
nomial/ p such that v 

(i) deg p < n " . ' ^ m , \ 

(Iir p(*0 = sin ^ ' - \ ' - 

(iii) the first n derivatives of p have the same respective * " 
values at * x = a as the first n derivatives pf r 
f : x '-> sin x. , . > 

These polynomials are called the Taylor approximations of , 
' the sine function at x =*a. ; / ;* ' ' L )}) ' > > ; / v 2'' 

/ // , r 1 

f b) Show that for n = 2 \ 

- . 1 > » " * 

p(x) « «Ai a * (cosra)(x - r8 ) - ~^ (x*V a ) 2 . * • ' * .l' 

(c) Show that, in general, '1 >' v 'A \ ■ * < \ 

/ P (x) = f(a) + f»(a)(x.-.a) + (x - a) 2 ♦ \ (x '- a) n . 

(d) .Derive a formula corresponding to that 4n part (b) for the cosine , * 



1 % 



Taylor approximations. 
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r " , Chapter J, 

• ' ' EXPONENTIAL AND RELATED FUNCTIONS 

c In ttte preceding four chapters we studied polynomial and circular func- 
tions, the former teing defined algebraically, the latter \n terms oi, arc 
, le%th bn the unit circle. In this and the next chapter we take up thevstudy 
'Of exponential functions 'and several other functions which can be described 
in terms of exponentials. In order to define an exponential. function, such as 
x ~>2 we must show hpw. i»fational powers are defined. * Then we must obtain 
the properties of thes* functions. * * 

In order to provide a basis for our 'development of exponential functions 
. and their inverses, the logarithm .functions, we begin^his chapter*with a 
A Review of ther lavs of exponents. \ To assist us In our (Jiscussion A of exponen- 
tial functions, we show in Section 5-2 how .the function x -*N2 X -serves as a \ 
•model for growth. The- laws' of rational exponents and the fact that 2 X 
k increases as x (rational) increases are established in Section- 5-3. A . 

method for, defining irrational powers 1 of 2 is indicated in Section 
S5 where.it is noted that laws of exponents for arbitj^ry real numbers hold and 
that^the graph of the resulting function x -» 2 X is rising and has no gaps. 
Thes£ facts are used in Section 5-5 to obtain "the'definit ions and propertied 
. . of the general exponential function. The final two'sectibns use the inverse 
concept to define and analyze the 4 logarithm functions. * ' ' * 



5-1 • Exponents 1 

You are doubtless familiar with, the, behavior of exponents. Since, how- 
* ■> ^ 1 

ever, we shall need to use them extensively, it seems wise to put our know- ; 
ledge of them in order. 1 * 1 

LeT>vU§. consider the sequence of .numbers 

2/2 X 2, 2 X 2 X 2, 2 X 2. X 2 X 2, ... 

which we abbreviate as . 

i 

, (1) ' - • 2 1 , 2 2 , 23, Z \ ... # 

, using the ^exponents * 1^ 2, 3, k : to indicate the number of* equal factors. 



c 



m — 



Can we give meaning to 



or to d , * , 

Certainly we cannot talk sensibly a^out -2 equal factors or - ; equal 
VacWs,. jJH . • . t 

* ir If look at the list (l) we ntfte that addition ,pf * 1 to the exponent 
results in a multiplication b£ 2. Thus 2 k = 2 3+1 = 2^2 3 . We can restate 
tW.6 principle by saying that subtraction of 1 from the exponent gives' a 
result which is | the original one. Thus, 

23 = 1(^,^ = 1(2^, ... ' , • 

T t 

What'number -sfiall-' 2° represent? We can get to 2, by subtracting _1 
from the exponent *1* in 2 1 '. Therefore, if we are -to 'maintain the pri-nciple. 
we should have 

• 2 6 = ^aSffe^.- 

Subtracting another 1 from the exponent, we get 
* t» 

2 = J 12 \ " 2 1 ~ 2 * * 
. . ' j 

Continuing in this fashion we find successively 



- s 



and generally 



2" 2 = 


1 




IT' 


2} - 


l 

E> 




l 




IB' 


2" n = 


l 




2° 



u 



. f or every positive integer n. * 

To interpret 2 ' we shal*! assume that equal increases, in the exponent 
correspond to equal rsftios of the numbers > . With integer exponents this prin- 
ciple takes the form that each increase* of 1 in the exponent corresponds" to 
a ratio cjf 2T What ratiQ corresponds to an increase' of ^? Let us call 
this unknown ratio r. Then j 



and 
/But 
Hence, ' 



2 1 / 2 = r.3°=r r l = r ' 
2 i/2 + l/2 = rt2 l/2\ r 2^ 

2 i/ ? + 1/2- : 2 i = 2 ; 4 



2 * 

r = 2 



1 > 



and 



r = V5". * ■ 

We reject the possibility r = -^2 which would -not Jit nicely oVi the 

11 f * , 



graparw (See Fi^re 5-la.) 
/ 




/Figure 5 -la , 
Powers of 2 

A similar argument shows that to maintain regularity we should take 

and- so on. Generalizing, we are led to define - « - — 

■ . 2 p/4 = 

t * 

^ ... 

where' 4 p and q are positive integers. ■ ; * 

We can reverse our principle and say that every time we subtract a given 
amount from the exponent we divide the ^mbe^by a fixed amount. Then we con- 
clude that y ' <* 



4 r ■ 



5-1 



2V§ . 2 : 



/end &d" on. 

' " '• > • 

With these interpretations of negative integral exponents and functional 

* <^ 
exponents,, we see that if r and' s are an^two National numbers then 



and 



2 r .2 S =2 r+S 



(2 r ) S = 2 rS . ' 



, More geperay.y ? if a is any positive number and if J r ajffif's are two 
rational numbers then it turns out that 

?> 

(21 



r,s r+s 
a 6 = a 



and; 
(3), 



i These equations express the familiar laws of exponents. 
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Exercises 5-1 



% 



Write each of the following as a positive power of one number 
(a) x 5 • x"? - * (f) (a 3/5 ) 5/3 * 

'32' 

' ' 2 2 k ~ ' ^ 2 • P 2 



2 V (6 £/J )^ 

25' 



(e) 2 3A : 8 V3^ (j) -\J^ ( _l_)-2/3 



V 



Find 


the value of 


m if: 








(a) 


8" 1 = (sY; 




(e) 


,m-r 




(b) 


' 




'(f) 


,-m-l 


= 0.2; 


(c) 


2< V > -- 16^, 




• 

*:\ (g) 




2 

= 3 ; 


(d) 


(2 1 *) 5 = l6 m ; 




(h) 


17 m = 


1 


Eva]/! 


Iale>t. 1000(8' 


■ 2/3 ), 3(fr 


•3/2 







Arrange the following in order of magpitude: 

2 2 /3, (^/ 2 j (8 -l), 2 -3, ( 2 -2/V.: 



Show that i'f x = 2 , then -x = k 1 Y12ff . 

* *>-V*" - — , r - . 

• > ^ x ' 

Carry out an argument* like that in the text to show that ^ 



(«) 3^ = VJ 



>;i/2 _ _i_ 



(C) * "1/2 
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5-2. The Exponential Function , Growth and Decay 

In this and the next three sections we shall be concerned with assigning^ 

x v *. 

a meaning to a where a > 0 and, x is an arbitrary real number. This 

will lead us to the general exponential function 
\ . ->^> * * 

, X ^ * 

x -> ka n 

'where k is a constant 1 The number a is called- the base of the exponential 
function. f p* 

An exponential function can serve as afi idealized mathematical mo^el for 

'growth and decay. Let, us consider growth. Suppose a biologist grows a colony 

' * \ 

of a certain kind of bacteria. He wishes to study, how the number of bacteria 

*\ - # 

changes with. time. UncJer favorable circumstances he finds that so long as 

the food holds out, the time required for the number of bacteria to double 
dpes» not seem to depend on the time at. which he starts the experiment. His 



hypothesis is that .the time .required for tfce bacteria to double does not 
depend upon the time when ihe initial count is made. This is one instance 
of a general growth principle which "is important in social, physica^, and. 
biological science. 

- %r ■ ' . 

„ To be concrete, let us suppose that on a ^iven day theTe are bacteria 

present *and that the number of bacteria doubles every day^* Then there will be 

2N n present one day latrer. >After* another day the nupiber of bacteria will be 



^ after three days twice 2 ;>'or ZjPq' After n <Jays 
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, twice 2fl Q or 2 N ( 
the number N(n) of bacteria present will be given b/- tn^gqua^fion 

k (2) . ' N(n) = K 0 2 n , ' •*/•■ 

\ . ,« 

_wj>ere ji is a positive integer. • , 1 '* - 

\ * , 't 
If we assume that the number of bacteria increases steadily throughout 

any given day } ^e might want to determine how many bacteria are present \ day 

* C 1 1 * " > 

after the sartor how many were present 2 days before the initial count 

was made. \^ * 4 ' * 

To answer tn^se questions we must generalize equation (2) to 

m 

N(r) = N Q 2 r , 

where r rrtey take any rational^ values, positive or negative. Lf such 

V? ' it 

expressions as 2 and '2 are to have meaning, we must generalize further 
to 
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X 




> (3). * ^ - -y> ^Nfxb>= No- 

where x is an arbitrary real number. 

Let fts suppose that (3) serves as a model for the growth of the bacteria 
m colony. Can we (Jgduce from this growth equation that tie time required for^ 
the bacteria to double doesn't depend on the time the initial count is made? 
Since this, was* the,J^itlal , hypothesis , At should be true if (3) is. to serve 
as a model. Since we £&nj> e certain of .the meaning of ~2* "only, when ' x is 
rational '(from Segtipn^-lJ we begin with that case to check the "hypothesis. ' 
Suppose we take a count x days after the start of the^experiment* and then 
v * ~- take another count t days -later'. Here x and t may be any rational 
numbers, positive, negative, or zero. From t (3) we have * * 

N(x + t) = N Q 2 X+t . \ " ' ' 

min-Swt-i^n-5-l,--the_exponent lajf ,(2 r+s = 2 r 2 s , * f or" *r and s rational) 
• gives J 

N(x + t) = N Q 2 X 2*. 1 * 

x * * 

Replacing N Q 2 by N(x) we obtain 

W ' N(X + t) = tSix). - \^ 

* In words, if N(x) isMAie bacterial count after ,x days, then the 

number N(x + t) of bacteria after x + t days is 2\ times as great. 

' t " " v * v * **v 

The factor 2 does not depend upon x, the time of tHe first count; it * 

depends only upon t, * the time interval between counts. ' " $X 

^ - " *"* \ 

For example, suppose that there are one million bacteria present initial^; 

i.e., Nq'= 10 . Then the number of bacteria one-half da^later is given by 

. ' N( i ) = 1 oV /2 ) . 

Afte^. one-and one-half days the number of bacteria in the coloiiy is : 

* • n(|),= io 6 (2 3/ 2 ) : " v 



= 10 6 (2^2) 
= 2(10 6 V2) 
= 2 N(|) 
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**% 

If we use (k) we obtain the same result: * 

• • . N(J) - N(|+ 1) ~2N(§). 

Assuming that the conditions of growth were the, same prior to the initial 
count, we Sh6uld expect, that the number of bacteria one day before the* initial 
count*' is taken would be 

' . - • : f . * * , S(-l), = 3-0 6, • 2* 1 = 500,000^ , 

An exponential function* with any positive base cefa serve as a gr/jwy^ 

model. If we- replace the assumption that the number of bacteria dox^l^fe each 

day by the assumption that the number changes by a factor of a^ each day, we 
obtain the model * % 

9 N(x) = N Q a X . , * 

Sirfce the laws of exponents hold for rational exponents and an arbitrary 
base obtain the relation 

N(x + t) = a* N(x). 

( We see that it is £lso true in the general case that the growth factor (a*) 
depends only" upon the length of the time interval (t) and not on the f irst \ 
observation time (x) . 
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„ Exercises 5-2 i K 

In the first four exercises consider the ecfuation 

Ntn) = 10 6 (2 n ), f ; w . , 1 , 

whece; N,(n) represents the number of bacterid present at the end of n days., 

1. jPlot the points for which, n ^0, 1, 2, 3, k and connect them yith ,a' 

smooth curve. (The unit chosen *f or the vertical axis may be one million.) 

2. The bacteria count at the /end of n + 5 days is how many times as great 
as the count n + 2 days after the beginning of the experiment?* - 

3. One week aJFter the initial count was made the number of bacteria present . 
was h3w majiy times as great as the number present three days before the 
experiment began? ' , 

h. If there are k* bacteria present after J.00 days, after how many days 

k ' * / 

wer& there % t- present? 

; * 

5. §uppose that in a new experiment there are 200,000 bacteria present ^ 
at the end ^of &iree days and 1,600,000 present at the end of k To- 
days. Compute: 

(a) the number present at the end of 5 days; , 

(b) the number present at**fhe end "of It days; * V 

I > 

(c) the number of days at the end of which there are 800,000 

/ . « 

/ bacteria present. 

.\ _ ^ 

Hint: ^ssume that the number of bacteria present at the beginning of 
the. experiment is and that at the end of 2k hours*the count is 

a ■ N 0 - * ^ , • ^' ~y 

6. The number of bacteria in a certain culture is observed to double every 
day. If tlfere^were 10 * present at the first count, the number of 
bacteria p , r%ent after t days is given by N(t) * 10^ ■ 2*\ . 

(a) How many were there after 2 -days? k £ays? * f 

(b) How many were there one day before the count? two days before the 
count? 



(<*) How many were there one-half day before the count? one-half day 

(|) to*N(-|) 



.aft§r the count? What is the ratio of N(^) to* N(- ^)? 



Y 



311 



320. 



5-2 

/t / 

7.' Suppose ^N(t')'= N^a /is i the number of bacteria present at time t. 

(a) If this formula is to represent growth,* can a be -smaller than 1? 
Use the/formula with a. = - , a =1, .and a = to- sketch graphs" ~* 
illustrating your answer. 

(b) Calcula- 1 ; 

N(t't 1) N(t + 2) N(t + 3) 
Hit J' N(t + 1) 5 J5Tt * 2) 



(c) It/general what is the value of ^? T /t n *\ ? f . 

« W \ t + * n J v * 

/ " s 6 X 

(d) / Suppose that N(l) = lCr and N(2) = 10 . Find *N Q and ^n/ 

radioactive substance (such as radium) decays so that the amount 
/present, N(t); at time t ^ i*s satisfactorily given the same / " * ' 
formula as growth: 1 * ^ . - ~. » 

N(.t) = N^a^, where- a is a positive real number-^ ~ A" ' 

(a) What is the amount' present at .time t = 0? . ~_ . " t - 

(b) If Pthis is to represent "decay, can a exceed 1? . m 

(c) Show that the ratio »of the amount present at time t + 1 to the 
amount present at time t doesn't 4 depend /upon t and .is smaller 
than 1 . 

(d) If N(t) = N Q (|) find the value of t for* which 'N(t) = -~ . 
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' ' li , , , '5-3 

- 5 r -3« More About Rational Exponents 

Before attempting to define irrational exponents we shall further examine 
the" function * 

r 1 

r -*a 

' * « 

where a > 0 and is a rational number. To be concrete let us suppose 
tiffit a = 2; we consider the Ainctic 



Lon 

ft r -> 2 , r. rational. ^ 

J- * * ' 

For r and s rational, the laws of exponents are 

2^ s =2 r 2 s ; 

(2 r ) S = P rs . f* 

We can show 'that the function (l) is increasing; that is, 

/ . * 

2 r < 2 s if* r and s are rational dnd r <-'s. ' 

We first* observe that # . 

.' * 

(3 ) - 6 if a>l, then a 2 > 1, a 3 > 1, * . . , a n > 1, 

where n is a positive integer. 

Similarly we* note that ; " 

(*0 4 1 If a = 1/ then • a n = 1. 

and 

(5) H if 0 < a < 1, then 0 < a n < 1. 

* < 

^ Now we assert that 2 m/n > 1 for any positive^ integers m and n. 'If 
0 m/n 1 * \ ^ . ^ * n m 

a = 2 were equal to X, then (k) would lead to the result a = 2*1,' 

which is false. If, on th,e other hancl, 2 m ^ n were less than 1, ' then^SO 

would lead to the result * a 11 = 2 m < 1, which is also false? Since 2 m / n is 

neither 'less than nor equal to 1^ it must- be greater than 1. * 

- .. „ Nov let r and s be any m two rational numbers such that r < s. Then 
s - r "is*a positive rational number ■? . !£n conclusion we have 

' ' i 2 S " r = 2 m / n > 1 . 

2 r (2 s " r ) > 2 r 



2 S > 2 r . 
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r ->2 T .]* where r 'is rational, , 
is art increasing function. 

- If n is a large integer then certainly 2 n is very* large. Estimates 
of the size of '2 n can be obtained by using the binomial theorem to, expand _ 
(l t l) n - . For example, we have, f or n > 1 , 

' (i" + i) n = i n . An I 0 ' 1 • i + i n ' 2 ; i 2 ♦ ..." 

All of these terms are positive, so if we emit any terms we can'only decrease 
the size. In particular, omitting all but the first and second^^ms we ■ 
obtain 

,( 6 ) 2 n = (1 + l) n > 1 + n. 

Consequently, if -we go far -enough to the right the graph of 

(7) \^ y = 2 X , x rational 1 . . 

must lie above any given horizontal l^ine. Another consequence of (6) .is the 
fact that thev negative x-axis is an asymptote for the graph of (7); that is, 
the graph of (7) approaches the x-axis 'for x negative and |x| large., ^ To 
show this we* can take reciprocals if (6) to obtain 

•(8) . " ^rrs ■ 



a 

t ■ 1 

■'t - 



Since 2" n = — and since r-i— approaches "zero as. |n| increases, then 
f f- 0 n • 1 + n £ . 



approaches zero as x becomes negatively infinite. 

\ln summary, the graph of y * 2 X , x rational, increases from near the 

\x-axia (when x < 0 and lx| is large), crossing the y-axts at (0,1>, and 
rises rapidly for * x > 0. 
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table 5-3. . Values of 

-* 






r 


— sU — 


; 2 -r 


V 

* 


' .001 
. .005 
.01 


l.ooo 693 u < 

1.003 1*71 7 
1.006 955 6 
1^013 96 


0.999 307 1 

. 0.99^ 5k0 2* 

0.993 092 5- 

/ 3^ 

0.986 23 




.03- 
.(5k 
■•05 

• 1SJ 

<r 


1.021 :oi - 
1.028 11 
1.03^ 26 
1.071 77 


0.979 1*2 
0.972 66 
. O.965 91+ . ' 
,0.933 03 


r 


• 15 
•20 . 

• 25 ■ 


1.109 57 

l.H*8 r70 
1:189 21 
1.231 Ik 


0.90*1 25 
~ O.870 55 
0.81*0 9b 
0.812 25 


t 


• 35 
. .U0 

ou 


, 1.27^ 56 
1.319^51 • 
1.366 Oh 

J 1.414* 21 


0.781* 58 
0.757 86 
0.732 01* 
. ^0.707 11 




» ..-55 
.60 

• 65 

•7r\ 

• (0 


o& > 

1.515 72 . 
1.569 17 
1.621* 50 


0.683 02 

O.659 75 
' O.637 28 * 
- O.615 57 




- .75 
.80 
..85- 


-> 1.681 79^. 
1.71*1 10 m 
1.862 50 
1.066 07 


0.591* 60 ' * 
0.57** 35 
O.55I* 78 
0.535 89 




1.00 


1:931 87 
2.000 do - 


0.517 63 - 
* * " cr.^oo on 
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Rational Values of 2 r * M 

— • — m HHM . * 

» t 

Ta^le 5-3 gives rational powers of 2. Ordinarily it is sufficient/to 

use the entries to three place accuracy. The laws of exponents (2) can be 

used to find 2 r for values not, listed in the table. I 

~: t * A*. 



5-3 

- J * * ' 1 68 

Example ^a. Find 2 # , 

We note that 



2 l-68 a g (l + 0.65 * .03) 
^ s 2(i.569)(l*02l) = 3-20^' 

rO.37 ! 

Example ^b. Find 2 

t - V I 

-We write , 

^ * 2-°- 3 ^ 2"^ + ' 0,63 ■ ■' ' : ' 1 

= . 1( 2 0.60 *T0.03) = 1(2 0 ' 60 )(2 0 * 03 ) 
8 *-(l.5l6)(l.02l) s 0<77u . # 



Example 5-3c . Find !4 3 ' 21 . 



* 2 • 

Note that, k = 2 , so that 



u 3.21 ^ (22)3-21 = 2 2x3-21 ^ 

<f ^ sf ' U2 = 2 6 • 2°% U0 • 2°- 02 > 
* = 6U(1.320)(1.01U) s 85.663. 



; Later ve shall be able to uee Table 5-3 to calculate 8 r , l6 r and such 



expressions as V- (In Section 5-5 w* shall show how to define a , for 
generaf positive a, in terras of powers of 2.) 
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m Exercises 5~3 



Calculate 2 5 ^ 



(a) by using the data in Table, 5-3; 

. f (b) by noting that 2 5 ^ = 2 • 2^ = 2/i 

2. Using, the data in Table 5~3^ calculate — 

/ (a) 2^ • > . 

(c> 2 °-5 8 ' 



<d) 2"«- 72 ' , ' 

With tlr 
♦ 

Ca) 8 C 



3- With the aid. of Table 5-3, compute 
* ,O.Bk ' 



r 
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•(b) o.25-° ;63 ' : 

Extend Table 5~3 by completing the following table 

Table 5-3 (extended) P ^ Values of 2 

*-k.O ' 
-3.6 
-3-2 
-2.8 
-2 U 

; • ' 

-2.0 " .. . . ♦ 

-1.6 
-1.2 . 

> 

. ' l.k ^ ' ' , 

•1.8 ^ 
2.2 * 
2.6 

3-0 • ' + 

x * * * 

,-5« Plot the points (x , 2 ) for the rational values of x shown in 

fable 5-3 and Table 5-3 extended (Number k) . ' 
6, (a) For what positive values of the constant a is the function 

f : r Ht a r 

v 

^ increasing? decreasing? constant? . 

. v" v 

# 1 

/ w 

. . " • 317 ' 

* 32fC 



(b) For wh&t positive values of a is the function 

' f : r -» (a) r .' ' . - . 

increasing? decreasing? constant? 

(c) For what positive value* of a is the function, 

* 2 - • ' '* ~ 

f:r-,(a)' r . * ,, 

increasing? decreasing? ^constant? 

(d) If 2b + 3 >jp for what values of b -is the function 



f r -*(2b + 3) 1 



increasing? decreasing? constant? -* 

(a) -Show'that if n >2 then ? r 

n nj[n - l) 

(b) Use (a) to show that 

(i > loo > T r ' . • . '< 

(U) ^>2J29 

(e) As n becomes large does ^j- become large? Justify your'answer . 
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5"^* Arbitrary Real Exponents * ' ^ 

* "in the preceding^ections, we dealt with the properties of 2 X and a x 
for x rational. We want to give meaning to tijese expressions* if x is 
irrational. 'For example, we want to assign meaning to 



To be specific, we want the .expression a to be defined in a -natural way for 

* * y x 

irrational values of x; that is, we need to extend the function x -» a so 

that its domain is the set of all real numbers' x. To be concrete let us again 

suppose a = 2. In the next section we shall show how to define a X , for 

general positive a, in terms of powers of 2. 

Of course, the meaning of 11 in a natural way 1 * is ambiguous. Geometrically, 
however, what we wish to do is clear. After plotting the points" 

. ' * (x , 2 X ) " ' 

for a large number of rational values A x, then^wef just connect these points 
with a smooth curve and otftain the desired graph of ^ * 



Then, for example, 2 is calculated by measuring the second coordinate of 
th$ point on this graph whose first coordinate is J2. (See Figure 




The^second coordinate of, ^ 



thi£- point should be 
2*. ' - V 



:0 
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Figure. 5-!ta * y -- 

Finding 2 c by filling in the 
. * '"holes" in x 2* , x rational. ' 

- '319 ' 
. - 328 



,i , - * - 



" 54 • y 

* .* * 

This graphic prooess ,is not quite satisfactory »s it doesn f t lead to pre- 
cision as to the meaning of 2 . We shall outline an approximation procedure 
which will enable us to define 2 and in general 2 for irrational x. 
The function so obtained is increasing everywhere; that is 

(1) * if U < v ? 'then '2 U < 2 T .; 

In^fact, there is only one * increasing function which has the values 2 r for' 
all rational numbers r. For this function the iaws of exponents 

(2) 2- U+r =2 U 2 V and (2 U )%2 UV 

hold for ^11 real numbers u and v (rational or irrational), tfhe graph of 
this function x -» 2 X • has no "gaps"; that is. , * *\ • 

(3) . f° r any positive number y, there is an x 
m . sucff that 2 X = y. 

. In the sequel ve shall assume that indeed 2 X is so defined that ,(lL 
(2) and i3) are true and examine the consequences of these assumptions. * 

Now we turn to outlining the process used to define 2^. If we wish the ' 
•increasing property (l) to hold, then for all rational numbers r and s, 
such that , . 

2g*S^ S k * ' < * r < s 

we mu^t*'have 

% (5) I 2? <2^<2 S . >• 

• J 



Obviously this places a severe restriction on the value, 1 we assigned 2^ and, 
as, we shall see*, determines it completely. The ordinary decimal approximations 
to & give us„a handy .collection <tf values* for r and s; we know that . ^ 



, l.fc * < >(2 < 1.5 , , 

l.ifi # ; < < i.k2 

♦ * 1.U1V- < & < 1.1*15 

• • .l,ifU2 < £ < l.klkl 



and so on.' The inequalities (h) and (5) then show that 2^ must satisfy * he 
'inequalities • ' " 1 * . « 



5-4 



i 



/ 



and so on. 



-1.1+ * 

2 — 


«V2 * 1.5 


A l.l+1 ' 


< 2 < 2 
* 






2 T.klk2 


<2^<2 1 ' ,tU3 > 


' \ o 









We replace the rational powers of 2 appearing in the; last set of 
inequalities by appropriate decimal approximations and arrive at the following 
,^2 ■ 



estimates for 2 



2.639 < 2" 



1.4 



1.1+1 



< 2 < 2 0 < 2.829 

< 2^ < 2 lmk2 < 2.676 



2.657 < 2 

2.661+.<2 1 - 1+U <^<2 1 ; 41 5 < 2 .667 



2.66 5 <2 1 -^ 2 <2^<2 1 - 1+11+ 3 < 2 . 666 , 
and soc on. Thus? if (l) is to hold, we know that, to 3 decimal places, 



2* = 2.665 



The pinching down process that we use to estimate 2 is indicated 
in Figure 5-1+b. . 

0 1. 1*1*3 - ■ 



,1.1+11+2 




Figure $-l+b- 
. ; • Pinching down on 2 . 

Tp generalize to any real number x, we choose. any increasing sequence 
-> * n > •••> of rational numbers all less than x and any 
decreasing sequence s p s^, a . . of rational numbers all' greater ' 

than $ such that the difference s n 7 r^ can be made arbitrarily small. 



r l> V T y 
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'•We* compute the sequence of numbers 2 ,'2 , 2 , .n f 2 > and the 

' S l S 2 S ^ S n 
sequence of numbers '2 9 2 > 2 , . 2 , and then look at the 

< , • r s « , • 

'intervals 2 n < y n , 




pinching down on 



Figure 5-kc ' • *• 

* x 

Pinching down on 2 . o 
. „ * 

lit is, a, prdperty,of 'the. £eal njumber .system tjiat as - x* is) confine^ by 

s and % X to successively smaller intervals, the corresponding intervals 

on the y-alis pinch down to a uniquely determined number, which we shall 

/ ' X ' 

define *as /the ^number 2 . The number obtained is independent of the particular 
choice of the sequences r^, r^, r^, r^, ... and s^, s^, 8y . 



A careful^ graph of x -» 2 is sketched in Figure 5-4d. 




4 Exercises 

ph of x -* 2 4 

(a) 2 1 ' 1 5 



• Use "the graph of x -* 2 X to" estimate the value of: 



(b) 2 2 - 6 5 

(c) V 58 

(d) ' i-°' 12 



Compare your results in Number 1 with your answers to Number 2 in 

Exercfses 5-3* 

\ ■ x 
Use the graph of x -» 2 to estimate the value of: 

cJPi*' ' " ' 

(b) 2* , » 

( C )'. 2 -«A . , • • 

• X ' ' - 

Is there any value of x for which 2 =0? Give reasons for your 
answer . 

Use the graph of x -» 2 - to estimate the val\i© of x if: 

(a) 2 X = 6 . ' 1 • . * 

(b) 2 X = OA . J. 1 \ 

(c) 2 X =3-8 ' * . 



(d) 2 X = 3 ' 

(e) „2 X = 2.7 



1 



TV 



32lf 



5-5 



5-5- Powers of the Bage a as Powers of 2 
We have concentrated on the function 



f : x -» 2 

A , 



You are now familiar with its graph atid have worked with a table of its values. 
We shall now study the 'function 



where a is any positive real number. Fortunately we do not have to start 
from ^scratch because we gan express a as a power of 2, as w^e proceed to- 
show'. , 

The graph of f : x -* 2 X lies above the x-axis and rises from left to 
right. Also, f(x) = 2 X * becomes arbitrarily large for x sufficiently ,far 
to the right on the real number line, and arbitrarily close to zero for all 
x sufficiently far .to the left on the real line. The graph has no gaps. Con- 
sequently, if we proceed from left to right along the graph, 2 increases 
steadily in such a way that any given positive .number a will be encountered 
once ancLonly once. .That is, ther v e must ,be one and only one value -of x, say 
a, for which v * 



(1) * ' 2 a = a 

(See Figure 5"5a) and therefore a may be expressed as a power of 2. 




ERJC 



• ,325 > m 

334 



5-5 

# 

We can find the value of a by means of the graph (Figure or 
Table 5-3. , * — 

Example J-Ja . Find the value of >a* for which 1.11 = 2°\ 

» 

We lool^for 1.11 in the second column ^and read backward to find the 

* • * ' 0 15 

corresponding value of a 'in the first column. Thus, = 2 * J 

(approximately) . 



:press 3-2 



Example 5-5b « Express 3.2y in the form 2^. 
We'have 3-25 '= 2(1.625) * 2 1 (2 0 - ?0 ) 2 1 * 70 . ' 

r ' ■ 1 

Example 5-5c « Find the'value of a for^ which ' 2 a = 6. 

x ** 
On the graph of x -* 2 we look for the abscissa corresponding to the 

ordinate 6. The result is 2.6 (approximately). 4 , 

f we use Table 5-3 to express 6 as a power of 2| tf£ first write ' 
2 " ' 

6 = *2 (1.5)- Interpolating in Table 5-3 between the entries for x = O.55 

and 0.60 we -obtain a 0-58 a I.5O. Hence, 6 = 2 2 (l-50) 2 2 (2°* 5 ' 8 ) 8 £ 2 * 58 . 

Therefore a S 2.58/ by interpolation. v ^ 

\ x * " 

The expression, a for x irrational and a ^ 2^has^ot yet been 

defined. We could follow the procedure of Section 5-^ to assign »neaning*to 

a when x is irrational. Since we can write a = 2 - we can simply define 

x ' 
the function x -» a by 



.4. 



(2) a =2 where a 

The lawsjof exponents will hol£ 

)' '. \ ' af y = aV>and (a X ) y = ^ 

1 a- I 



') 



and the graph of x -» a will have .no ggps. These dre consequences of (2), > 
as is* the fact that - % 

✓ \ ' X ■ N ^ 

\3) j If a >1, then- x-> a is increasing. ' t . 

To prove (3), for example, note that if. a > 1 therT\ a = 2 where a > 0, 

(for 'if a <0 then 2 a < l) . Thus tf x<y then ax < ay so that 
, 2 ax <2 oy. that is> a ^< a y; 



© ■ 
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* The graph of x -» a is obtained from the graph of x -* 2 X &y changing 
scale bythe factor a/ 1 where a = 2 a . For example, if a = k so 'that 
a = 2, then we. just /'shrink 11 the x scale by a factor of 2. If 0 < a- < 1 
•and a = 2 , then ^ a will be negative. In this case the graph , of * x -» a X 
is obtained by changing scale in x -» 2 X and reflecting the graph in the 
vertical axis. ' Three cases are illustrated, in Figure 5-5b» These considera- 
tions will be useful in our subsequent discussion (Chapter 6) 9f tangent, lines 
to graphs of exponential functions 

>(f) x . 




Figure 5 "5b 

. The following examples illustrate the use of formula (2) Table 5-3 in\ 
calculating a . • » 



0 7 " * 

Example 5-5<3 » Express 3 '' as a* -power of 2 } and find the approximate 

0.7 . * 



value 6f 3 



' To find ihe^ value of 3°'^- we^f/irst express I 3 as a power of 2. Thus, 
3 = 2 X (1.5) =(2*(2°' 58 ) = < 2 1 ' 5 . 8 (approximately). \ (Verify this from Figure 



Now 



* . 

~ 2 (1+0. 10+0. 01) = gl^O.lOj/gO.Olj 

.072) (1.007) * 2.159. 
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Example 5-5e . Calculate the value of (6.276) * . 



We note that 



r 



6.276 = 1*1.569) - 2 2 (1.569> s 2 2 (2 0 ' 65 ) = 2 2,65 
(Verify this f rom Figure 4>-^d .) Hence, 

' (6.276)°^ . (2 2 - 6 ^)°- k = 2 (2 - 6 5)(°-^ „ 2 1 - 06 

s 2 (i+o.o5+o.qi) = ' 2 i , 2 o.o5 . 2 o.or ' 

e 2(1.035) (1-007) =2.084 (approximately), 

/ 



Exercises 5 ,, 5 



3- 



1. Express 3.4- in the form 2°\ 

j 

<> 

2. Write 2.64 in the form 2.64 = 2 a and then find the approximate value 
•of (2.6M 0 ' 3 * 



Find the approximate value of (6.276) 

,2,6 



-0.6 



k. Find the approximate value of (5. 2) & 

5. Show that if (T< a and v > u, then a V < a U . 

6. By finding a suitable value of d, express each of the following 



functions in the form of 



(a) x -A x 

(b) xM3.60) x 

(c) ' x -» (5.736)* 

(d) x -» (0.1f20)' X 



1 



x -» 2 



ax 
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Suppose a * and b". are positive and different from 1. Consider the 
two functions: - » 



X X 

x -> a and x -> b 



\ 9 



which can be respectively written as , & , 

x -» 2 and x -»-2 K . 

(a) If a < b, what is the relationship between a and p. 
/ x * 

(b) Suppose a is close to b. Is a close to p? Illustrate your 
answer by completing the following table: 



( 


For these values 
of b . 




' 3 




2.0k 


p = 

















a = 






a = 





x _ax 
Given: a = 2 . 



4 



(a) If x -» a X is increasingy what is the 'sign of a? 
/ - ** 

(b) /if x a is decreasing, what is the sign of a? 

(c) Show that f ^(*^ Ts independent of x. 

(i) If o: > 0, what can we conclud^about , the afto^ Quotient?. Q 

(ii) If q 4 < 0, what can we^co%lud£ s about the above ^quotient? * 

(d) If a >Z y :show that a*^ (2*S Z .for X > 0. 



(a) Where- doesVhe graph„of x ft* a?|^j(a .> <p) .cross the y-ax|s? Does 
your answer depend upon alf , • 4 mf y ^. 7 ^ 

(b) Find the* point(s) of interjection^ if any, of thjs two' graphs^: , / 



x-*a r aftd x->2(2a) X . •* V i' ' 

1 1 -V \ 

(c) !Find the po*int(s) of intersection, if any, of the twp graphs,: 
x -> a x ' and x b(ba) x 

(where b v is a real number greater than zero) • 

(d) ^Find the point(s) intersection, if any, of th% two graphs: 

x hi^ X and x ->b n (ba) X 
^ (where b and p are realT numbers, greater than zero)^, ^ 
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5-6. The Logarithm (Base 2) 

* ft 

« Since the exponential function x -» 2 X is, increasing, its graph crosses 
every horizontal line y = b where b > 0* Therefore, the inverse function 
is increasing, its grefoh has no gaps, it becomes arbitrarily large as x be- 
comes large and it comes arbitrarily close to the x-axis for x negative and 

|x| large. In particular, if x > 0, there is exactly one real number y 

\ 

sudh that . w 

~- ***** • 

2 y = x. , * 

This 'number y is called the "logarithm of x to the base 2 M ,and is denoted 
by log 2 x. Thus the function j <• 

log 2 : x -> log 2 x • • ^ 

is defined -only ffcr x > 0 and is the inverse of the exponential function 
with base 2. These two functions are related by 

(1) log 2 (c) ^ d- if and only if 2 d = c. ' ' 

In terms of graphs, this tells us that 

.< it '(c,d) lies on the graph of x -> log x then 

/ \ « x 

(d^c) lies on the graph of x -* 2 and conversely. 

As was the~ case for other functions and their inverses that we have 
studied, the graph of x -> log 2 x can be obtained by folding the graph of 
x 2 X over the line given by y = x. (See^gigure 5-6a») 



r / N ( c ><0 . t Ay = x 
/ v * 



y 3 iog g x 




Figure 5 -6a 



Calculations involving logg can be carried out using the relational). 
For example, since * . '* . 



"o3 



and since 



/ 



2 a 8, we know tha£ log 2 8 = 3; 



In fact, any table of value's of the exponential. function tfo the base 2 will 
also give^va^Ues of log^ For example, Tabl^e 5-3 gives 



2' 20 » 1.11*870 



so that 



\l06 2 1.1^870 » O.gpC 



A number of useful properties, of log^ can be derived from properties, 
of the exponential function by using the relation (l) . Some of these are 
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(a) , log 2 1=0* ' 

(b) • log 2 2 = 1 " 
(3) (c) log 2 is an increasing function 

(d) log 2 x > 0 if x > 1 • 

(e) log 2 x<0'ifO<x<l. 1 , 

*m* j m 

The properties can be observed in Figure ^-6a. They can also be proved* For 

example, let us prove, (c) . Suppose x Q < x^ 'Put y Q = log 2 x Q and 

y 1 = log 2 x 1 so that 

* ' x Q = 2 and x 1 = 2 . 

If y Q were not'ress than y 1 we would have y Q > v ]/ Since x -* 2 X is an 
increasing function, the condition y^ > y^ implies that 

that is, Xq > x ]/ This contradicts the assumption that x^ < x^ so we are 
forced to conclude that log 2 *x 0 < log 2 x^ This proves that 0 log 2 is an . 
increasing function- 

1 / 

The laws of exponents / 
j \ 2 x + y m and (2 y m 2 xy , . - 

give rise to the following logarithm laws: 

(a) log Q xy = log x + log y 

(b) ' m ' log 2 y? m y logg x. < / 
For example, to prove the first of these (ka) we let 

(5) a = log 2 xy, b = log 2 x, c = log 2 y * * 

so that 1 " * 

xy = -2 a , x = 2 b , y •= 2 C - 

Observe that xy is then also -given by 

- '* * 

xy = 2 - 2 =2 

so that 



1 K 



c 



We. conclude that ,a = b + c; that is (from (5)), 



t 
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• log 2 >xy = log 2 x + log 2 y. 

Formula^ (4b) is left to Exercises 5-6 , Number 3. These formulas can be 
• used with Table '5-3 to calculate logarithms of numbers" not appearing in the 



y table. • ' " 

Example 5-6a . Find 3,25. 

Upon looking at the second column of Table 5-3 we see -ytrtft 3-*25 doesn f t 
.appear. Note however that 

3.25 =2(1.625) 

so that ' 

9 iog 2 e-,25 = log^2 \ log 2 1.625. # t 

Reading frpm \he second column to the first column in Table 5-3 we obtain « 

log 2 " 2 = i, log^l.625 7 °'T<5, $r 
.so that . • 

F 

; . . ' iog 2 3.25 ~ 1.70. • ■ * , - \ 

. The next example shows how inequalities for the logarithm to the base 2. 
are obtained from inequalities for the exponential. 0 ' , * 

Example ' Sh ° W that ^ n is a P osit ^ ve "integer then - 



16g 2 n < n. / 
Since' . ''-.(' 



2 n >n ' - * ' *J 



and log^ is an increasing function we must fraye 



log 2 2 n > Ic^ n. 



Formula (hb) gives 



v n . 

log 2 2 = n log 2 2 



Since log 2=1 we must have 



* . . n > log^ n. v 

-V ' •' • • ^342 • ' *•• ;/"•• 
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, Example 5 -6c . Sketch the graph of f : x -» log^l - 2x) . 

4 The function f is defined for 1 - 2x > 0; that^is, for x < 

^can write loggd - 2x)' = log 2 [~2(x - |) ] . The graph of • ' 

f : x -> ;og 2 T-2(x - |)] can be obtained from the graph o£ g : ' 
in four steps. (See Figure 5 v -6b.) * ; 

First, we begin- fcith the graph of g. ■••«.. 
Second, replace x by 2x^ 
* Third, fold the tf^aph over the line given by x 0, 
(the y-axis) 

Fourth/ shift the graph one-half unit to the right. 



We 



log 2 X 





3 



x -* log (-fx) 
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Exercises 



i 



H 'i ) 

1. Prove that for any real number x >' 0, logg(x • ^) =,0, and. hence, 
. that logg(£) = -logg x. 

2. Prove that for any real numberS^x^ > 0, Xg > 0, 

x l ' * 

log 2 (— ) = log 2 . Xl - logg x 2 . , ■ (j i • , ' 

2 f J 

3^7*i>rove formula 4(b): ,loggX y = y i 0 gg x %^ v t 

!»« *(a) For what values of x is logg x less than 0? greater than 0? 

For what values of x is y less than 0? greater than 0? 

(t) y = log 2 2* ^ (iv) ^y = log 2 (1 j x) ' * 

.(11) y = log 2 (-x) „ (v) y = logg(^x - 3) 

' (iii) y = log 2 (x - 1) (vl) fm log 2 (3 - 2xT i 

5. Graph the following functions on one set of axes over the interval 
-5 <x-<5. i \ * 
(a) x ->l£g 9 x (d) x ->log' (1 - x) 

' (b) ; x ->log 2 (-x> (e) x-^rog 2 (x+4) . " 

_Jc)j; X.-AlOgg (x - 1) (f) X -4 logged + x)] • 1 

6. On one set of axes sketch the graph of each of the following functions** 
over the interval 0 < x < 8, 

(a) x log 2 x " X > 

(bf) X -^lOg. (2x) ' ~ * • ■ * r i 

(c) x -*log 2 (-2x) 4 

(a) 5c^iog 2 (|) fc ^ 

(e) x -^lAg 2 (- |) , ^ ^ ' * ■ \ 

7. On 1 one set of axes sketch the graph of each of the follow in&f\mctl6ns ^ 
ovW the interval -1 < x < 8«, 

"\ 



(aV x -*logg 2x ' ' , (c) x -*logg (2x - 7) 



\ (b) ' oc -* logg (2x - 2) (d) x -* logg (7 - 2x) 



•-••V . ■ 
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'[ > \ 8. Write each logarithmic statement in exponential , form: 

' j ' - * \ *« < \ „ i 1 1 i , v " 

(a) log 2 ' a -J U> ; ' ■ i*(c) # log 2 • aj+ log 2 w = k 

(b) 3 iog 2 x = 5k (d) T 2 log,, 3 = 

§. Write each exponential statement in base 2' logarithmic form:. 

i ' - * 

: ' (a) 2 X ,= 13 ^ (c) (|)- 3 = mn 

•'(b) l* k = | <4) 2/2 = x y - • . 

10. Evaluate each of the following: 

(a) log 2 2 , (e) log 2 1 



(b) log 2 k * . (f) log 2 | 



1 / * « 



if 



(c) log 8 (g) log t- 

J[d) logg 16 . (fi)' log 2 | *- • 

'll. Using'the results (and extensions) of Number *10 above r but without the 
use of tables, locate the "values of each'^of. the following between con- 
aecutive integers (e^., 3^ log 2 11 < since 2 3 < 11 <; 2 ) . 

. (a)* los 2 T % logg '31 . " / 

» * * 4 A f * * 

. ► (b)^lSg 2 ,5 « . . Cj)'- ldg 2 3 1 *''' t , 



-(e). logg 6 ~ (k) lo| 2 W.u ... 

' (d) ldg 2 ? ' _ * . ^ p (/), log- 2 99 C ' , ' 

* ✓ X * * ♦ 

. _,(*>' log 9 " • V (m) log^ (0.9)' 

(f) log 2 10 ';- ' (n)* 3.ogg'(J) ' tt ' * 

.(g) 'logg'13 '' ,» •. (o) logg (J) ■ . # 

j.(h) logg 18^' ^ - (p) logg (0.18) 

12. In evaluating the following, first estimate your answer from your 

solutions to Number 11, then make a closer'estimate from the use of 

Table 5-3 < \ 



i 



, (a) log 2 ^ 



# (b) log 5.. 
I + . . 

* (c) log 2 13/, • ^ '> ^ 
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13. lUsiqg the results of Numbers lo'and 12, estimate 
^. |(e.g., log 2 72 = log 2 (2 3 )(3 2 ) = 3 log g 2 + 2*log 2 3 =6.28) each of 
ithe following. i 



(a) 


log 2 6' 




1 ■ _(f) 


logg 169 




. /w 


log 9 12 




• (g) 


log 2 5b 






log^ 21*. 




(h) 


log 2 36 
















log^ 9 






log 2 52 




.' (e) 
1 


log 2 27 






r 


> 


U. Find 


a v§lue 


for, x 


which makes the following assertions true. 


(a) ' 


lo& 2 x = 


0 * 


(a) 


log 2 x = 


1 
2 


(b) 


log 2 x = 


K 


. (e) 


1°6 2 x = 


" 2 


. (c) 

* > 


,logg x = 


-1 


(f) 


log 2 x = 


3 V 


15. : Show 


that, if 


•« >.l, 


<then 












log 2 n(n - 1) < 


n + 1.- 





(Hint: . Use the fact, that * 2 n I n ^ n " }} . ) 
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"5-7 . Logarithms (General Base) * 

If a > f 0 and a ^ 1 . then the logarithm to the base *ia; denoted by, " 

log , is defined analogously to log 0 . Thus log x is defined onl£ for' 
a c a 

x > O and is given by ^ * 

(1) log Q x = y if a y = x. , 

The techniques and ideas of the previous section extend easily to this more 
general case. For example, the graph of 

x -» log x 
a 

is obtained by folding the graph of x* -» a X over the line given by y = x. 
we summarize other easily obtained properties: 

* 

(a) log o 1 - 0 . 

(2) (b) log' a =1 

; 'r a 

(c) if a > 1, log is an increasing function and if 0 < a < 1 

a > 

then log is decreasing. \ 
a . > 

The laws of exponents 

J?** = aV, - (a x ) y = a^, ' 
give the corre'spond^ig logarithm formulas „ * 

.(a) . log ay = log x + log y,t for x >0 and y,> 0 

(3) ' ' a - v • - a . 8 

(b) • log. jT = y. log x, for,x>0. — *y 

* ., , * a * & m „ * » 

Logarithms to the base 10 are very useful in Calculations, due xS th6,, 

- -.s*KV r* - .jj-- : v >, r ^ 

^fact that our number systeto is the decimal systfepi. Logarithms to the 4 base g 
are of increasing importance due to the use of the binar^ system in computors 
and in information theory. In the next chapter, our' discussions of tangent 
lines, will establish the importance of the base e, where e is the symbol^. 

'for the (irrational) number, which correct to two places, is gi^en'by 2*J2* 

To * convert "Vrom one. base to another the following formula is useful. If 
a, b and c are each positive and unequal to 1 -then 

> t . log b ' • ' . 

W V * ' log b = r-Z— . * ; * 

To prove this we' let' x, = log' b so that * 

•;'*• 338 . • 
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Now take the logarithm to the base c of each side. This gives 



log^ a X = log b. 
c c 



Formula 3(b) gives 



sb that 



log c a x = x log c a 



x log a •= log b. k . 
c c 



Since log c a ^ 0 we can divide by 'it to obtain^!*)- " ) 

Another formula of interest is ' 



6 



Iff a and b are both positive and not e^ual to 1 then 

log ' b = - — — . 

a log b a k 

\ 

The proof of this is left to Exercises 5-7, Number 18/ 



Exercises 3 -7 
1.- Write each expression in simpler form, 

( \ l0g a 3 ' } . / lo 8*5 ■ 

(a) j a _ . ( d ) - 8 2 

2 log o 3 



* / x ' ° g a 3 . ' ' """""" l0 g|2- ' 

(b) a , ' (e) 16- k ~ • ~ ' 

^\ M V 2 l0g a 3 ' ' log ^ „ 

(c) a , (f) 32 2 

What is*,he value of x "If 3&'= l* x ? 
- 3* If a \ am = (a 2 ) m , what is'jthe value of. m? 

k. -Prove that for x 'any real number > 0 r log <x * i) = O,^ and 
l' 

hence logj-) = rlOg Q 



5. Prove that log = log x r - log x„. ' * • < ' <*- 

- a Xg a 1. "a 2 * 

". ' * » , » 
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6. Show that log a = 1, Write this equatiomin exponential form. 
r a « ' 

7. Express in exponential form 
(a) log 10 35 = y . 

% (b) iog 2 25 = x ' ' \ 

i 

(c) 2 log lb 5 = x ^ 



Given log 10 2 = 0-3010 find 



1 2*5 12o 

iog 10 ,5, ' io&lo^) > 1 °gio ( T ) ' 1 °?ia ( ~ ) • 

Express each of the following in logarithmic form. 

(a) 3 ^25 = 5 

(b) 10" 2 = 0.01 

(c) 2 7 \ /3 =81 . 

(d) 0.0U 3 / 2 = 0.008 „ ' . 

(e) Jtt =2 ', * 



~10. 4j|lv£ for x, 



logg (x + 9) + logg x = 2 
Express, each of the^ following logarithms in Jerms of^r, s, '^nd 



r = log 10 2, s * log 1() 3 , i: t - log 10 5. • ; 



(a) log La ^ . (e) log lo 2.5 

(d) log^ 10 • '(h) log 1() 8 ^/LOO 



"'12'." Write , tli?, following logarithms as numbers. 

(a) log 10 1000 " (f) logQ 16 

' (b) log 0.01 °- 001 *" W l0 82 2 3 

(c) , fog 3 (gj) • y (h) log 1() M 

(d) lo 6lf 32 • (i) log 8l 27 

(e) .log 10 -(0.0001) '■ (j) l 0 g 2 /32 

13* In each case determine the value of ' x. 

' log u 5 log 5 log x 
(a) U +3 ^ = 2 d 

■ >) lo 6io^- !) " 2 ^Sio U - 1) - log, n 3 



('<?) 7 x 



lfc. Solve. the following equations. 

. (a) log 10 x = 0 (d) log 10 (x - 2) = 3 

\ (b) log 1() x- + 1 = 0 (e) log 1(j x + 3 = 0 

■(c) _log 10 x = 1 (fj i 0 g io (2x - lj + 2 = 0' * 

i5l P6r what value(s) of x ' does it hold that 

(a) "log x = 0 * ' * 

(b) log x = 1 • * 

x } 

log c 

(c) x = c • ■ • • 



' ~ fd) log x 2 x =-2 . **"* *" *" ; 

16. (a) Show that if a > 1, then x -» log o x is an increasing function. 

• a 

(b) Show that if 0 < a < 1, then^x -* log x, is a decreasing function. 

^» •» a » • 

17. (a) How are the graphs of x log Q x and x -* log^^ x related? 

(Hint: Use (U).) . . 

(b) At what point does the graph of x •-♦log x crpss the x-axis?* • 

* ' a 

18. Prove formula (5) of tte.W, ' if ' a and- b are both "positive a# 
\ , not equal to, 1, then « ; • 

- ; ' log b -V- 1 — . ' r 

' - . • \ a log b a ' 

« y 
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Appendix 1- * ^ 

? \ FUNCTIONS AND THEIR REPRESENTATIONS 

Al-1. Functio ns ' v 

y The precise definition of function can be formulated "in many ways; 
as a set of ordered pairs (usually, ordered pairs of numbers) } as an jassocia- # 
tion or correspondence between two sets, etc. But no matter what definition 
wi choose, for a function, three things are required: a set called its domain, 
a set called its range, and a way of selecting a member of the range for each 
member of the domain. ■ V t 

Example - Al -la . The multiplication of integers by 2 defines a function. 
The domain of this function is the set of all integers; the range of the 
function is the set of all even integers.- 

We choose to define a function as an association between elements of two* 
sets; thus the function of Example Al-la associates with^each integer its 
double. 



If with each element of a set A there "is associated exactly one 
^ element of a set B, then this- association is called a function , ) 
* . from A to B. The set A ts~called -the- domain -of the-^inctton, * 

and ••the set C of all members ..of B assigned to members of A 
^ by the function is called the range of the function. 



» 5 » i 

In what follows we^hall be exclusively concerned with functions whose 
domains are subsets of real numbers and whose ranges are also subsets of real 
numbers. More complicated functions '(like "vector valued functions^) may be 
built from these. " - , ^ . * < 

The range . C may be the whole set B, in which case the function is 
called an onto function, or it may be a proper subset of B. In any case, 
we generally take for B the whole set of reals, .because a function is 
usually specified before its range is considered. • • 



«.*9 
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It is common practice to represent a function by the leyter ■ f (other 
letters sueh as F, g, h, 0, etc, will also be used). *If x is an 
element of the domain of a function f , tften f(x) denotes the element of 
the range which f, associates with x. (Read for f(x) "the value of the 
^un^txon f at ~x," or simply "f 'at x/ or 11 f of V.") : An arrow ^fe^f 
used to suggest the association of f(x) with x: i 



f : x — r*-f(x) 



(read "f takes x into f(x)"). This notation tells us nothing about the 
function f or the element x; it is merely a symbolic description 'of the 
relation between x and f(x}. 



Example Al-lb . Consider a function f defined as follows: f takes 
each number of the domain into its square. Thus, if 3 is an element v of the 

domain, then f takes 3 into 9s or f associates 9 with 3* Concisely 

f 

f(3) = 9. In general, if x represents any number' in the domain of f, 

then f takes x into x 

/- * » * - 

*» 2 2 

f : x » x or f(x) = x . — r- * r* 
w . " - . < 

-The- function is- not adequately defined until we specify its domain. If. trie 

domain is* the set of all integers {..., -2, -1, 0, 1, 2, ...},• then 1 
the range is a subset of nonnegative integers*, {0, 1, >U, 9, 16, ...}. If* 
^we choose the set of all real numbers as domain, then a different function- is 
defined, even though the rule of .association is the same; in this case the 
range of the function is the set of; nonnegative real numbers. ^ v 

*l 

. Observe that a function from A to B is a- one-way association;, the 
reverse association from B to A is not v necessarily a function. , In > 
Example Al-lb > f(3) - 9 and f(-3) = 9, while \he reverse association 
would assign both 3 and! 0 -3 to 9, violating the definition of a function. 

It is often useful to think of a function as a mapping , and we say that a 
function maps each elegant of its domain upon- one and' only one element of its 
range. ' In tills vein, f : x^ — *-'f(x) can'be read,' "f maps x upon t f(x) fl > 
f (x*) is called the image of x under the- mapping, and x is called a * 
pretiunage of . f(x).. This notion is illustrated in Figure -Al-la, where 
elements of the domain A and range B are represented by points and the 



mapping is suggested by arrows from the, points ol the domain to corresponding 
points of the range. ~ U K 



Figure Al-ler 

* . 1 

Note that -each element of the domain is mapped into a unique element of the ^ 
range; i.e., each arrow starts from a different point in the domain. This is 
the requirement of our definitiqn, that with each element of the domain there * 
is associated exactly one element of the range/. 

Our definition of function contains the rather vague phrase, "there • 
is associated." The manner of association must be specified whenever we^re 
•dealing with a particular function. -In this cours^, a. function ^111 generally 
be defined by a formula giving its value: for/sample, f(x) = 3x - 5; 
g(x) = x + 3x + 7. Other ways of defining function include verbal de- 
scription, graph, and table. 

^ The notation f(x) is particularly convenient when we refer to values 
of a function; i.e., elements in the range of the faction; We illustrate 
^Ms in the next example. - • * 



5 

Then^ 



Example Aft-le . .Consider the function * 

" " ' " / ' ' ' f : x— l*.3x 2 • 

who|e domain is the set of all real numbers". 



f(x) = 3x* 



5, 



and if 



f(-2) =*3(-2)|- 5 = ^ 
. s '. f(0) = 3(0) 2 - 5 = -5, 

a + & is a real number*; then f(a + Jb) f = 3(a + Jb) 2 



5. 



er|c • 



3^5 



353 



Al-1-^ 

3* - • 

2 

We note, since x may be any nonnegative real number, that* 
3 X " 5 > -5, and hence tfee range of f is the set of *ail real numbers not 
le'ss than -5* ^ — — r ' 
a 

As menltened earlier, a function is not completely defined .unless- the 
% - * • * 

domain is specif led* , If no" other information is given, it is a convenient 

practice, especially when dealing with a*function defined by a formula, to 

assume that the domain includes all real numbers for which the formula 

describes a real number. F09 example, if a domain is nox specified for the 

2x 

function f : x — — y then the domain is assumed to be the set of all 

. x ^ 9 

real numbers except 3 and -3. Similarly, if g is a function such thef£ 

g(x) = A - sx 2 , we assume, in the absence of any other information, that the 
domain is (x : -2 < x < 2}; that is, ,the setTof all real numbers x from 
-2 . to 2 inclusive. ' * 

* We note here that two functions f and g are identical if and only if 
they have the same domain and f (x) = g(x) for each x in their domain. 



!The graph of a function isTperhaps its most intuitively illuminating 

•representation; it conveys important information about the function at a 

« » 
glance. The graph of f is the set of all those points (x,y) for which »x 

is in the domain of f and y = f(x). ' % 



Example Al-ld . • The graph of the function f : x *y = V25 - x 2 is 

^the semicircle shown in figure Al-lb** The graph gives us a clear picture 
o^what the function is doing to "the elements of its domain, and we can, 
moreover, usually infer from the graph any limitations pn the domain and range* 
Thus, it is easily determined from Figure Al-lb that the domain of f is the 
set of all x such that -5 < x .<'5 and the , range is the set of all y such 
that 0 < y < 5. These sets are represented by the heavy segments on the 
x- and y^axis, respectively. 4 ' 



7 



* In this figure a complete graph is displayed. The graph in Figure Al-lc , 
* as well as most of the graphs in tlje text, are necessarily incomplete. 

/ 0 . 
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(-5*0) 




/ 

" 1 V 



Figure Al-lb 

We remind you of the fact that not every curve is the 'graph of a function. 
In particular, our definition requires that a function map each element of .< 
its domain Wo only one Slement of its range. In ternfs of points of" a graph, . 
this means that the graph of a function does not contain the points* (x^y ) 
and ' (x^y^) if y x ^ ; i, e ., two pp*hts having the same abscissa but \, ■ 
different ordinates. 'This is th^a^Is figr the "vertical line test": if in 

-'the xy-plane Ve imagine ajl. possible lines which are parallel- to the y-#xis, T 
and if any of ^hese lines cuts the graph in more than one^ point, then the 
graph represents a relation which is not a function. Conversely, if every 
line parallel to the y-atfis intersects a^graph in at most .one point, then the 

^ graph is that,, of a function. ' , " ' , 

Exam P le Al-le. 'The equation x 2 + y 2 = 25 , whdse graph- is a circle with 
radius 5' and center at the origin, does not define 'a function. On th£ open 
interval -5 <jc'< 5> .every value of x w is associated with %vo different 
Values ^oT* y;^cbhtr^ry to the definition* of furictibn: Specifically, ,(3,1^ 
aifo (3,-h) are two joints of the circle; they ^determine .a line parallel *t 6' 
the y-axis and intersecting the circle in. two points, thus illustrating that 
v the circle is the, graph .of , fe^lation that is^not a function^* We can, however, 
separate the circle iiito two had -circles— the graphs of the functions 

7 — —7? "j 



• (Example Al-ld) "and x- 



Throughout irhis discussion we have used the letters x "and -y to' 

>Oon+ al a*m am +• « a 4* O . j .n > n ~ . . ... _ r 



represent elements of sets 



Specifically, if 



and 

'is the ^function" 



'4 



.31*7 



^. , _ 
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then x represents an element (unspecified^ in the domain of f , and y 
represents the corresponding element .in the range of f . In many textbooks 
x aw^ y are called variables, and since a particular value of y in the 
range depends upon a particular choice of x in the domain, x Is called 
the independent ' variable and v ^ tne dependent variable . The functional 
relationship is then described by saying thab "y - is a function of x 
For the most part this language is not used in this textbook. 

We conclude this section with* a summary of several different special 
functions; you 'are undoubtedly acquainted with some of them. 

The Constant Function . If b is an arbitraiy real number, then the 
function f which associates with every feal nunSber x the value b, 

'f : x *-b, is called a constant function . Mor.e generally, a/iy function 

whose range contains exactly one number is a constant function. The graph of 
a constant function, say f x— +>c m for all real x, is a ]^ne parallel 
to and |c| units from 1 the x-axis. * „ 

The Identity Function . Let # A - be the set of all real numbers; witlv 
each number a in A, associate the number 'a. This association defines a 

* > . ' * A, 

function whose domain is A and whose range is A, namely 

f ; ; x » x . 

More generally ft or "any domain such a function is called the identity functio 

If the domain is the set of all real- numbers, then the graph of f is the^ 

< — 

line with equation y = x.' 

The Absolute Value Function . With each real number the absolute value 
p- * ■ 

-function associates- its absolute valuer. - - * 

— , s ■ « ........ ' 



!x° for. x >'0, 
-x for k <*0 ; 



3ft- 



* v 
Alternative definitions: m * * * . .% s> 



^ 5 , 

f ! x — j-» | xj = max {x,-x){ 
f : x— * |x| * JS. 



\ . 



The -graph o£^|^ is* shown in Figure Al-lc, it is the union df two rays_^. 
issuing frQra the origin'f ^ * . < 



Al-1 




f : x A | x | 



Figure Al-lc ' 



The Igteger JPart Function . Eve 
^the sum of an integer n and a real m 




number x can be represented as 
r such that 



n ^^\v<j Y } \° nA 0 < r < 1 . 



'or example } 



, _J . % 5.38 = 5 + -38, 

> ^ ' ; ' * 3 -.3 + 0, / ' 

-2.k = + .6 . » ^ 

We call n^the integer part of x and denote it by ^ [x] = n; it follows 
that tx] < x < [x] +1/ Tljrfs\e see 'that to each real number x there 
corresponds a unique integer part [x], and this correspondence defines the 
integer part function - > , - 

- ' ' 4 f : x-_^[x] 




Sometimes .called the greatest Integer function. 



/ 
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A graph of this function Is shown in Figure Al-ld; it is called a step graph;' 
i.e., the graph* of a step function* 



1 - 



0 1 
O-l 

-2 



I 

t i 
t 



f : x -> [x] 



Figure* Al-ld 9 . • 

The Signum Function . - With each posl&fcve real number associate the number 



+1, with zero associate the number 0, and with each negative real number 
associate the number -1. These associations define the signum functioff , . 
'symbolized by sgn x. Thus 



sgn x 



/ 1 , x^O, 
= 0> x = 0, 
* -1 „ x < 0 . * 




We leave it as ah exercise for you to sketch ^the gr,aph of this function. 



Even and Odd Func-fctehs . Let f be a function whose domain c&itains 
whenever it contains x . The function f - is said to b,e even if, 

f(-x) = f(x). Fof example,, tfie function f with values f(x) = x^> is 

2 2" * 
even «ince (-x) ='x for' all x. Geometrically the graph of an even 

function is, symmetric with respect to the y-axis. 



The function f .is" said to^be odd if f(.-x}~^= -f(x).,.. For example, the 
• ( function f with values . f(x) = is odd-since (^x)^ =j.-x^ for* all x. 
Geometrically the graph, of an odd function is symmetric with respect to the 
"'origin. . ' . 



35P 
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Periodic Functions . "Certain functions have the property that their 
function values repejrt themselves*in % the^same order at regular intervals over 
the domain (Figure ^Al-le) . ^ 




Figure Al-le 

o • 

Functions having this property are called periodic; included in this important 
class are thg circular (trigonometric) functions, to biTdi'scussed in Chapter 2 
and 3- ' . ' • . * r * 

A function f is periodic and o has period p, p ^ 0, if and only if, 
for all ^ in the domain of f , x + p is also in the domain and * 

(1) , . f (x + p) = f(x) . 

From. the definition we note that each successive addition or subtraction 
of p" brings us- back to f(x) again. For example, 

. ^ ' f(x + 2p) = f (fx * p) + p) . - 

- - = f(x + p) - ' ' ' ■ 

= f(x), 



and 



f (x - p) = f ((x - p) + p) 
= f(x). 




In general, we f infer that any multiple of a period of f is also a 
that is, 

« t 

I ' t f(x + np)^= f(x) for £ny integer* n. 

For a constant function 

* : " f ' : x *c, * 

it is obvious that T f is periodic with any period 'p, since * 

• f(x + p) = c?« f(x), 
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"it can be. shown that for ndnconstant periodic functions (continuous at 
one point at least) tjiere is a least positive value of p for which (l) is 
true. This is called the fundamental period , or simply the period , of' such 
• a function. . 

Example Al-lf . f : x *x - [x], x real, is a periodic function* 

JLf x =; n + r where n is the int^ege^r parfe^of x and & its f ra.c-tional 

jDart, then • • 

"5? » 

. " f(x) = f(n + r) 

> 

= (n + r) - [n * r] 
= n + 'r - n 



an<} >> . , o - ' * 

f(x +•!) = f(n + 1 + r) 

. = (n-+ 1 + r) - [n + 1 + r] « 
= n + l + r-(n + l) ; 
= r. 

Thus, as was asserted, f is periodic and its period is 1, ^as shown in its 
♦ graph (Figure Al-lf) 




x. [x] 



Figure Al-lf 



We note "that since' f(x) = r, the fractional part of tf, tHis 'function 
is sometimes called the fractional part function, ' .\ 
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• . ' Exercises Al-1 

Below^ are given examples of associations between elements of two sets. 

Decic^ whether each example may properly represent a function. This also 

requires you to specify the domain and range for each function.' Note that 

j « 
no particular variable has to be the domain variable, and also that some i 

of the relations may give rise to several functions. 

(a) Assign to each nonnegative integer n the number 2n - 5. 

(b) .Assign to each real number x the number 7. 

(c) Assign to the number 10 -the real number y. . ' . * 

(d) Assign to- each pair of distinct points in the piane the distance 
between them.' 

> r 

(e) y = -3 (for all x) 

(f) x = k (for all y and z) 



(g) x + y 

(h) y 



2 

2x + 3 



(i) 



(j) y'< 2x - 1 
(k) f(x) i - y^T 



(i) 



* 2 2 
x + y 



16- 



Sketch the graphs of equations ' (e) - (^) of Number 1. 
A function f is completely defined by the table: 



X 


0 


1 


2 


3 


h 


f(x) 


-3 


1 


5 


9- 


m 
13 



(a) Describe the, domain and range of ^f. 

(b) Write an equation with suitably restricted domain that defines f . 



If 



2 

x -x + 3x - k, ^find 



(a) f(0) 

(b) f(2) 

• r (c) f(-D 



(e) i{2 - \f2) 

(f) f(f(l)) 



(Hint: **Fhis is the value 
of f *at f(l).) 



erJc 
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5. If g is a function defined by g(x) = 



2x 



(a) g(0) 

(b) g(l) 

U) g(-.D 



h - x £ 

(d) g(2) 

(e) g(-3) 

(f) gd5X 



find, if possible, 



Which ofv^the following mappings represent functions? 




(c) 







(vV — — 










C 3 J 




7. Given the functions f : x— and 'g 



2L 
x 



If x is a real 



number, are f and g the same function? Why or-why not? 
Given the functions f : x — x + 2 and t g : x— - — — - 



If x is 



real, are f and g the same function? Why or why not? 
9. What number or numbers have the image 10 under the following mappings? 
' (a) f : x — „2x (d) a : x — *> |x - k\ 

(b) g:x — -x 2 . v (e) 0 : x — -[x] * ' 

" (c) h : x — - </x 2 + 36 

10. Which of tjie following statements are always true for any function f, 
^assuming- that x 1 and x^ af&uin the domain of f? 

(a) If x 1 = x 2 , 'then f^) = f(x 2 ), 

(b) If x 1 J* 2 , then ' f( X;L ) 4 f(x 2 ). 

(oO If f (x x ) = f (x 2 ), • then ^ . Xg. • 

(d) If ^Xj). / f(x 2 ), then x x ^ x 2 . # 
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I*\f(x) = |x|, which of the following statements are true .for all real 
numbers x and t? ' ' 

(a) f is -an odd function, , * * :< 

'(b) f(x 2 ) = f(x) 2 ' , ' \' 

(c) f (x - t) < f( x ) - f(t) , 

(#) f (x + t) < ffx) + f(t) 



12, 



X 



2 



(e) f 

(f) f 

(g) 'f 

(h) f 



X- 
X ■ 
X 
X- 



-x 3 + k 



Which of the follow^ functions are even, which are odd," '<X which are 
neither even nor 'odd? • * 

(a) f : x ^3x 

(b) f : x- 

(c) f : x ~x 2 - kx + h 

(d) f : x ^ — —2x/+ 1 



2x 



- , 2 ^/x 



13. 



Which of trife following graphs could represent functipns* 

l-O y 



(a) 



(c) 



(b) 



(d) 
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(f) 



X 





Ik. 



Suppose thaj^ f : x— — f(y) is the function whose graph is shown. 

y 



Sketch the graphs of' 



(a) g : x- 

(b) g : x- 

(c) g :Sc- 

(d) g : x- 



-*f(x) 
•f(-x) 
•|f(x)| 
•f(|x|) 



15. A function f is defined by 



f(x) 



!x 




for x = 0. 



Identify this function and sketch its graph. A 
16. Sketch the graph of each function, specifying its' -domain and range. 



(a) , f 

(b) f* 

(c) f 
(d> t 

(e) *f : 

(f) f i 



(g) f : x— * 



sgn,x 



-1*1 
•|V- x| 
■ 1 -Mxl 



(h) f : x f -*"[-x] 

(i) f : x — -& 

(j) f s^x — *x[x3 



x-^--|xf + |x - l| 

(Hint: Consider separately 
the 'three -.possibilities: 
x < 0, 0 < x < 1, , and 
x>l.) ~ ,~ 

• / • 



(k) f 



; x — 



|l- X 

i„2 



: 2 i 
2x 
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Sketch the graphs of the functions in Exercises 17 to 19. For th&se functions 
vhich are periodic y indicate their periods. Indicate those functions which are 
even or. odd. * 

f : x — ~ x - jx - i 

t : x— ^ 2x 2 - fex^j ® 

Efl . • ■ 



17. (a 
(b 

(a 



18. ■ (a 
(b 

(c 

19- (a 



(b 

(c 

(a 

< e 
(f 

-(8 



2x 2 - 21 



f : x — ~ 2x 2 - 2 [x] 2 

f x—* ax - [ax] y % a > 0 

f : x — ~ 5x - [2x] - (3x] tf 

•f : x-;— x(>£ + 1) - [xt/2] - [x] 

f : x — 1 * x . This function is also called the Heaviside 

unit function and is designated b$» f : x *-H(x). ' 

f :'x_-Jl(x) + H(x - 2) 5 

f : x — ~H(x) • Hj>- 2) 

f. : x — ± (x - 2F • H(x) 1 

f : x — - H(x) + H(x - 2) -t H(x - k) 

* : x_~H(x 2 - S 1 ) ^ 

f : x ^ (sgn x)(x - l) 2 + |sgn(x - l)Jx c 



2 



20, If f and g are periodic functions of periods m and .n, respectively 

(m, n integers) , show that gg ife g and f .g are also periodic. Give 
. .examples to show* that the period of f + g can either be greater or less 
than both of m and n. Repeat -the same for the product f *g. 

21'. (a)^ Can a function be both even and odd? * 

(b) What can you say ab6ut the evenness or oddness of the product of: 

(1) , am eve^f 7 function by an even -function? 

(2) an even function by an odd function? 



(3) an odd function by an odd functional' 

Lrraonl 



(c) Show that every function whose domairfflcontains -x whenever it 
contains x can be expressed as the sum of ah even function plus 
an odd function. * 
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22. Find functions f(x) satisfying 

iKx) • ^(-x) s 1 (called a functional equation) 
Suggestion: Use 21(c). «^ 

23. Prove that no periodic function other than a constant can be a rational 
function. (Note: A rational function is the ratio of two polynomial 
functions. ) . 



L 
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Al-2. Composite Functions 

^Giv«n two functions f and g with domaias whose intersection is non- 
empty, we can construct new functions by usirjg/any of the elementary rational N 
operations— action, subtraction, multiplication, division--on'the given 
functions. Thus, the sum of f and g is defined to be the function 

f + g :' x— f£x)^/l{x) 
which, has for domain those elements contained in the intersection* of 1<he 
domains of f and g. Similarly there are definitions for the difference, 
product, and quotient of two functions; there is, in fact, a whole algebra 
of functions, just a§ there is the familiar algebra of real numbers'. 

j I n this algebra of functions there is one operation that has no counter- 
part in the algebra of numbers: the operation of composition . This operation 
is^best explained by examples. _ - 



Let 



aUd 



We observe that 



2x + 1 ^ 



2 




g(l) = 3. and f(3) 

g(2) = 5 and f(5) = 25, 

and, in general, the value of f at g(x) is 

f ^(x)) "= f(2x + 1) = (2x + l) 2 . 
We have constructed a new function which maps x onto the square of' 
(2x +1)/ This function,, defined by the "mapping' x — -f (g( x )) and denoted 
by fg, is called a composite of f and g. Hereafter we shall usually 
represent the value of the function fg, by fg(x) rather than f (g(x)) # 
Either symbol means the value of f at g(x) .* 



The symbol fg, denoting the composite of the functions £ and g 
must not be confused with the product of the functions ♦ In this text we* 
distinguish the latter by use^of th^ot for .multiplication; i,e,, f «g. 



th^ot 
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An immediate question arises as to the ordpr in which two functions are 
composed: is the composition of functions a commutative operation; i.e., in 
' general, are gf (x) arid fg(x) equal? in the example above we have seen 
that fg(2) f(5) = 25, and we calculate. gf(2): 

* \ gf(2) = g(U) = 9^ fg(2). 

Thi^ counterexample is sufficient to prove that in general gf(x) / fg(x) . 
The operation of composition applied to two functions f and g generally 
produces two different composite functions fg and gf, depending upon the 
order in which they are composed. 

A word of caution must be^injected at this point. The number fg(x) is 
defined only if x is in the domain of g^ and ^(x) .is in the domain of f 
For example, if 

f (x) = -R t and g(x)' 3x - 9, 

then 

v Y 

fg(x) = f(3x -*9) = V3x - 9,- 

and the domain of fg is the set of ^real numbers' x for which 3x - 9 is 
nonnegative; hence the domain is the set of all x > 3 % . 

For the other composition of the same functions f and g, we have 

' % gf(x) = g(Vx) ='3t/x - 9 

.which is defined for all nonnegative real numbers ^c. 

We define composition of functions formally, J - 

* 

The composite fg of two functions f and g is the function • 
"** fg : x — -fg(x) = f(g(x)). * , 

The domain of fg is the set of all elements x in the domain 1 
of g * f or which g(x) is in the domain of f. The operation 
of forming a composite of two functions is called composition . • 

The definition may be extended to the -composition of three or more 
functions. Thus, if f, and h are functions, one composite is* 

fgh : x— fgh(x) = f(g(h(x)|. V * 

In order to evaluate fgh(x), we first find -h(x), then the value of g at 
h(x), and finally the value of f at gh(x x ) . 
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Exercises,, Al -2 



1. Given that f : j 
U) c f(2) + g(2). 



2 and g : x »-x + 1 . for all real- x, ' find 

(e) f(x) + e^r). 
: (f) r f(x) • g(x).' 
- (g) *g(x). 



.(b) f(2) • g(2) 
(cj fg(2). • " 

(d) gf(2). • (h)_ gf(x), 

If f (x) = 3x + 2 and g(x), = 5, find 

(a) fg(x). 

(b) gf(x). 

If f(x) = &SVl and g(x) 
(at) fg(x) ( and gf(x). 

(b)* For what values^c-f x, if any, arys £g(x) and gf(x) equal? 

For each pair of functions f and g, find, the composite functions fg 
and gf and specify €he domain (and range, p.f possible) of each. 

(a) f : x , g : x -2x - 6 

X » X - 4 

X — ^ -/x 



'r 



x , find 



(b) f 

(c) f 



(d) f :.x- 

(e) f : x- 

(f) f :-x- 



g.: x* 

1 > rg 



A" 



X 



Given that f(x) = x + 3 and g(x).= 7x + 2 , solve the equation 
v ' 'fg(x) = g"fj». _ •■ 



6. ^ Solve problem 5 taking g(x) -Jx - ,2 . 

7. Describe functions f and' g such that gf will equal 



(a) 3(x + 2) - k 
■(b) * (2x-- 5 ) 3 - * 



(e) (x V )i 



(c) 



2x - 5 ' 
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Jor each jKir of functions -f and g ^ifind the composite functions . fg 

, * * and , gf and specify the domain (and range; if ppssifcle) of each. Also. 

sketch the,,graph of each, 'and give the period (fundamental) of those 

* <* 

which aire periodic, ^ • 

S(a) f : ^|*| ,„ g : x **sgn(x - 2) * , 

(b) -f*: x -|x| , g : x — ^2 sgn(x - 2) ~- 1 ' 

*9* What can ^ou say about the evenness or-oddness of * the composite«»of 
(a) an, even function of an even function? 

0 

*t(b) an even function of an odd function? 

(c) an odd function of an odd function? 

(d) an odd function of an even function? <, 

* ' t 

10. If the function f is periodic , what can you say about the periodic 

character of the composite functions fg and gf assuming these exist 
4 and, g is art arbitrary function (not periodic)? Illustrate by examples. 

11. ' .l£_fche functions f and g are each periodic } then the composite func- 

tions fg and gf J^eimed to exist) are also periodic. Can the period* 
of either one be less than that of both f and g? 

12. A sequence - a Q , # a 2 , a , Is defined by the equation 

Vl = f(a n^ n = °/> 1, 2, 3, 

wher«' f is a given function and a^ is a given number. If a^ = 0 
and y; -te + x, then ^ 

. *i = f(a o ) = 1/5 

>a • a 2 = fC^) = ff(a Q ) = A + v*2 1 « 



a 3 = f(a 2 ) = ff(a x ) = fff(a Q ) = / 2 + V2 + ^. 

Show that for any n } 

(a) a n < 2. . 

< b) a n >2 '-^T'' n>0. 1 

' 'j , , 



3*0 



♦ T 

- * ~ Al-8 

13 * If a n+l = n a 0, 1, 2, a* = \x, find a * a s * function- 

of ^ and n, for tne« following functions f • 



, (a) f : x — *-a + bx. 
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Al«3- Inverse Functions • 

Recall the Vertical line test for the graph of a function (Section- Al-l) : 
if every line which is parallel to the y-axis intersects a graph in at most 
one point, then the graph is that of a function. Thus in Figure Al-3a, (i) 
and (ii) illustrate graphs of functions, (ili) is the graph of ' a relation that 
is not a function.* ) t» 





(i) 



(ii) 
Figure Al-3a 



(iii) . 



s 



This figure also illustrates an important distinction between two classes of 
functions: for graph there is at least one line parallel to the x-axis 
which intersects the graph in more than one point; this is not the case for 
graph (ii). The latter is typical of a class Qf functions called one-to-one ■ 
functions: each element in the domain is mapped into one and only one image * 
ixi the range, and each element in ttye 4 range corresponds to one and only one 
preimage in the domain* In other words, a function of this kind establishes 0 
a 'one-t'o-one correspondence between the domain and the range of the function t 



* \ A function! f is one-to-one if whenever f (x. ) = f(x Jf 9 then 
x l = V 



Note the distinction.between the definition of function and this defini- 
tion. The former states that any function f has the property that 
* x 2' then f(x^)'= f(x^), whereas the latter states that a one-to-one 

.function f is sucfl that ffx^) = f(* 2 ) 'if and only if x^^ -*x 2 ' . 

The class of one-to-one functions is important because for each /member 
of this class we can specify a function that, in a, loose way of speaking, 
undoes the work pfHSfee given function, toua, ToEiexample , if f is the „ 

' / u f \ . $72" ■ » — r \ 
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f unci ion^ which maps each real number onto its double, then there is a function 
g,, called 'the inverse* of f, which reverses this mapping and takes each real 
number onto its half: ' f : x — ». 2x; g : y » iy/ 

If a., function f : x — - f (x) is one-to-one, then the function 

^ g^ : f(x) - x, whose domain is the range of f, is called 

the inverse of f . 
* ♦ 
The functions f and g represent the same association but considered 
from opposite directions; the dpmain of g is the range of f and the range 
of g is the domain of f ; Furthermore, g is itself .one-to-one and its 
inverse is f . 

It is instructive to look at the composites of two functions f and g 
inverse to one another. If f maps x into * y, then g maps y back * 
into x; in other words, if „y = f(x), then x ~ g(y). ♦ Hence, 

^ . ' *gf(x) = g(y) = x, for all x in the domain of f, 

and 

?s(y) - f (*) - y, for all y in ^he< range of f 

Observe that the restriction of the domain of g to coincide with the range 
of f .is part of the definition of , the inverse. 

gxample Al-3a . Consider the one-to-one function 1 f : x — 2x - 3; 
what is its inverse? Here f is described by the instruction, "Take a. number, 
double it, and then subtract V "in order /to "reverse this 3 procedure, we 
must add 3 and then divide by «2, This* suggests that the inverse of f 

.is tne function g^x — » — — * , prove this fact, we mttet show that g 

t " • 

satisfies the definition of inverse; i.e^, show that g * maps f(x) into x 

for all oc in tM domain of f, By substitution, *• 



g is the inverse of f. Furthermore, in the opposite direction, • / ♦ 

* / ■ 

for all x in the domain of g\ Hence, f is thg inverse" of the functibn 



gy as expected, 
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Insert page 366, . /• 



The graph of the inverfce g of a function f is easily found from the 
graph of f. If f maps k into b, then * g maps b into a. It 
follows that the point (a,b) is on the graph of f, if and only if "(b,a) 
is on the graph of g„ Figure^l-3b sho*;s three points (1,-3), (2,l), and 

on the graph of a function f, and their corresponding points, obtained 
by inter chang^of coordinates, on the graph of g. 

y =lg(x) 




f(x) 



* Figure Al-3b " i • 

.' * 
From this figure ve see that the points (a,b) K and (bja) fare symmetric 

y with respect to the line Jr = x; t"hat is, the line segment determined by these 

/ two points is perpendicular to," and bisected by, the line y = x* We call 

~(b,a) the reflection of (a,b) in jhg line ly 



X . 



Example Al- 
x — x 2 - a. 



.Consider the functions f : x — + 2, • x > -2, , and 



g : x — *x p - 2. the function f- is , one-to-one; g is not and, hence, 
cannot be the inverse of f as it stands. This can be restricted by restrict- 

: x *x 2 ..- 2, 

and g * a/ 



ing the domain of g to. x $ 0; i.e., the inverse* of f is 
x'> 0 (Figure Al-3c). The composite functions verify that, f; 
inverse to one another*; ' 



'f ■ 



AL 



fg ; x — * fg(x) = /(x 2 - 2) + 2 = X, x > 0; 



, gf ; x — * gf(x) = (Vx"TT 




, x > 0 



Figure Al-3c 



The relationship betveen the coordinates of a point * (a,b) and the 
coordinates of it's- reflection ($,a) in the line = x suggests a formal 
method for obtaining an equation of the inverse of a given function assuming 
that the inverse exists. > 

I ■ ,. V I 

Example Al-3cf . Consider ^he function ' ' ' 

f 7 ■ * ♦ 

- > \ f : x — *y a 3x + 5 , for aU real x. . , 

^f "we ^interchange x and y in the equation V- 

we obtain * i * £, % / 



(2) 



5 



x = 3y + 5.* 



For every pair of numbers (a,b) in the solution set of (l) , a pair , (b,a) . 
is, in the solution set of (2). Hence, (2)' is an equatibn defining .implicitly 
the inverse of 'the given .function f; In order to obtain- the explicit .form, 
we solve (2) for y in terms of x dnd obtain 
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y = 



The inverse of f is, therefore, 



g 



•«Cx) 



for alL real' 5c . 



You should verify the fact that gf(a) = a for any a in the domain of f, 
and^that f g(b) = b. for any b in the domain o£ T g (.range of f ) . 



' Example Al-3d , if the given equation defines a quadratic function, the 

r 

problem of finding an inverse is^mpre complicated. In the first place, the 
given function must be restricted to a .domain which gives a one-to-one 
function; in the second place, the technical details of interchanging the 
variables x and y in the given equation and then solving for y are more 
involved. ^ 



Consider the function c % 

■ ■ f : x ► x 2 + 2x + 3 

whose graph is a parabola with vertex at (-1,2) and opening upward. If, & 

for example y we^.restrict f to the domain {x : x > -l}, then we have'a 

function f. which is one-to-one and hence has an inverse g. . The range of 

f 1 is {y : y =*f x (x) >2}, g and this will be the domain of g^ 

* * 

We proceed to. find a formula defining g r . We are given j f 
o - 

y = x 2 + 2x + 3, 

, i I ' ' 

f nd we tntfv change the variables to .obtain^ 



s ix = y + 2y + 3- 
We now solve for y in the quadratic equation 



+ 2y + (3 - x) = 0, 



obtaining 



-1 + 



or 



y = -L - .yx 



2. 



Which of these formulae "defines the function g^? Since y here represents 
any element in ttfe range of the inverse function, and 'since the range must be 
. the same set of 



requirecL ^ Hence 



lumbers \s ijhe domain of I we see that -y v > ^1 is" 
^ . J -A 



defines the. inverse function 



^ ^whbs£- domain is {x :' x > 2). (Note, again, 'that this is the range of f^) 

It is helpful to sketch the graphs of the two inverse functions in order 
to see more clearly the relationships between their domains and Ranges. (See' 
Figure Al-3d.) In fact, if you graph' the original function f, you may .see. ^ 
f more clearly jjgw its domain may be restricted in infinitely many ways to give 
as many diffeRnt one-to-one functions,, each of which has a unique inverse 
-function. . ; 




y = g x (x) 



figure. Al-3d 
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tercises Al- 



1. What is the reflection of t&e line y = f(x) = 3x in the line y * x? 
Write .an equation defining the inverse of f. 

*' if) * 

2. Which >points are their own reflections in the line y = x? What is the 

graph^of all such points? 

^3. (a) Find the slope of the segment from (a,b)^,to (b,a), and prove that 
f % the segmeht is perpendicular to the line "y = x. 

(b) Prove that the segment from (a,b) to (b,a)^ is/bisected by the 
line y = x. ' , * 

k. What is the reflection of (l,l) in th| 'line 

^ (a) x = 0? (a) y = '2? 

' 0>). Y = 0? te) x = -3? 

^ (c) -y = -x? *k 

5. Describe any function or functions you can think of which are their own 
inverses. 

6. An equation or an expression (phrase) *i& said to be symmetric in x and 
y if the equations or the expressions remain unaltered by interchanging 
x and- y* e.g., ' x + y = 0, xP * y J ^ 3xy., |x - y | = |x + y| , 

x - xy + y. It follows that^ graphs of symmetric equations are symmetric 

' about ^the y = x line. Geometrically, we can consider the line j = x 

behaving as a' mirror, i.e., for any portion of the graph there must also 

be a portion which t is *the mirror image. 

k h k 
The equation x + y = 

is bbviously symmetric with respect 

to the line y = x. What o£h£r 

axes of**symmetry ([mirror type 

does it have? 



7. The expression 

a'+ b' + 



b + ! 2c + 



obviously symmetric in al and 



and 



etc. 



\ 




Show that it is alao symmetric in 



Hint: *Show\ six cases (i) a ,<j 
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b < c, (ilj a < c < b. (iii). b < a <s,c, ' 
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§• F«JLnd^the inverse of each , function. . ^ ' - , H r 

f ' N 

(a) f : x — 3x + 6 , \ 

(b) f : x — -x 3 -5 

(c) f : 3 1 / 

9- Which of the following functions have inverses? Describe each inverse by 

means of a graph or equation 'and give its domain and range. 

.(a)'f : x -x 2 • (d) f : x — » [xj * , , I ■ 

(b) f :*x ^Vx. ( e ) x -x|x| 

(c) f s * ^|x| (f) f ; x-vsgnx 



10. /As we have seen, f : x ^x 2 for all rea^ x* does not have an iriverse.. 

Do the following: »* 

(a) Sketch graphs of- f, : x x 2 .for x > 0 > arid ~f h { x— #-x 2 for 

x < 0? and determine the inverses of f,, ^ah<* fc f£.* 

- r . 2 

(b) What relationship exists among the domains of f, f , and ? 

' ' 1 > 2 . 

(f 1 is calle'd the restriction of f to the, domain {x : x > 0) ? T ¥ 

and T^f is similarly the restriction of f to the domain 

N * - (xf: x < 0}.) .\ _ * 

11. (a) Sketch a graph of f : x_«» A - 3c and show that f does not" have' 

an inverse.^ • , * 

(b) Divide the domain of f into two parts such that the restriction of' 
f to either part has an inverse. , 

(c) Write an equation defining each* inverse of part (b) an^^sketch the 
j graphs. 

* 12. Do Problem 11 for f : x— - x 2 - kx. 
13- Given that f(x) ~ 3x -^2- and g(x) = -2x-f k f , find k such that 
fg(x) = gjf(x). For this value of k, are- f and g inverse to one 
another? *Give reasons for your answers/ * 

14. Shpw that f : x — x - hx + 5 v for x > 2 and g-j|'x — ». 2 .+ v'x - I 
• for x > 1 are inverse to one another by showing that fg(y) = y for all 
y( in the domain of g, 'and that gf(x) = x for all x in the domain 
of/ f . 



15. If f(x) =*(2x^ + I) 1 J find at least two functions L sufclA'hat 
fgi(x) = gf(x). ; . »• 
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Al-U. Mono$oue r Functions * 

•■A 

If we* examine the behavior, for x Increasing, of tfre functions 
f : x — - vx and g : x — sin x, we note that the values of 'f increase 
as x increases, while the values of are sometimes increasing and some- 
times decreasing. Geometrically this means that -the graph of f is con- f 
tinua^ly "rising as we survey it from left to right (the direction of increasing 
x), .whereas the graph of g, like a wave, is now rising, now falling. The 
graph -of a function may also contain horizontal portions (parallel to the 
x-axis), where the values of the function remain' constant on an interval. A 
function such as x — *» [x] illustrates this, and also points up the fact 
that the graph of such a function need not be continuous. / 



Example Al-ha ^ The function h', defined by 



h{x) 



-x * , 0 < x < 1; 
-1 , 1 < x < 2; 



jc 3 
IT 



2 < X, 



has the graph shown in Figure Al-Ua'. 
» 4 
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It is easy to see that the function decreases as x increases except on the . 
int^al [1,2] on which it remains constant. , ° 

\' Taken as a class, the increasing, decreasing, strictly, increasing, and 
strictly decreasing functions are called monotone (compare wit^h- monotonous) . , 



% because the changes in the values of the functions as x increases are 

M 4^? • 

always in one direction. - " . 

o • 

:• ,,; i " • ■ 

Let f be a function defined on an "interval I and let 
y 1 = f(x 1 ), y 2 = f(x 2 ) for x ± , x g * in, I. *If, for each , ' 

^pair^of numbers x ± and x 2 in 'I, with x ± < x^, the 
corresponding values , of y _ satisfy 'the^ inequality 
\# * ■ 

W y x < v 2 ? tnen f is a strictly increasing functidh ; 

( 2 ) y x > tl * en f is a strictly decreasing function ; - 

- • (3) y, < y n , then* f i§, an 'increasing function ; 

y 1 >y 2 > then f ' is a decreasing function .* 

•* ». 
Briefly, this definition states that a function which preserves order 

relations is increasing; a function which reverses order relations is 

decreasing, ~ Note. particularly that h $trictly increasing function is a special* 

' case of an increasing function; similarly, .a strictly .decreasing function is-'a ' 

special case of a decreasing function. I : ' " \ -\-' * j/T~~ 

J\ '. V ' ^ * - ' 

•A function* which is either increasing or decreasing is called 
monotone, fly function whldiv is either strictly ilfcreasing or 
strictly* dressing is dlled strictly monotone . < * ' ^ 

For exampj^, the functioJi h cjf E^plb Al-Va'i.s monotone over its 

entire domain and .strictly monotone oi^.thV' cjosed^intepyal 0_< v x. < 1 as 

well as 'on the interval x > 2. - 

— , •/ ... 

The graph'of a strictly monotone functio^v^sjfege'sts that the function 
* x t?S *. 

must be one -to-one,, hepce must have an inverssV^IK— : \ • - 

4 In some texts the term "nondecreasing" is us.efa instead '6t "increasing"-; 
"nonincreasing" is used instead df "(decreasing^ 4 £n Volume 1 r qf tfiis book we 
usually drop the phrase "strictly" from these definitions, .using (l) or (3) 

^as the definition of "increasing," . r- V s - !$V 



THEOREM AlA ., If, a function is strictly monotone, then it has an inverse 

which is strictly monotone in' the same sense* 

^ * > 
Proof. We treat tne case for f strictly increasing; the ^rfcof for f" 

strictly decreasing is entirely similar. If x^ £ x^, take x^ < x^, then 

,f(xj <f(x 0 );*that is, f(x_) ^ f(x ). Hence, f is one-to-ofle,/and f 
has an inverse / . *" 

g : f(x) — ►x '\ ; 

defined for all -values f(x) in the range of f. . \j/ 

Finally, g is strictly -increasing,, for if y and y^ are in the 
domain of -g* and y ± < y 2 , then y ± = f(x x ), y^ = f(x 2 ) and x ± must be 
less than x 2 . (Why?) Therefore, g(y x ) = < x^ = g(y 2 )* 



Example Al«4b . ' The.functicm 

, \ ' ■ , f : x, — *x n , 
n *a natural number, is strictly monotone (increasing) fqr all real x > 0. 

♦ 

Hence,* f» has the inverse function * 



(1) ' * , g : x n — x, - ' , x > 0> 

which is alsq an increasing function. For an arbitrary element y in the i 
- domain of gy » we denote g(y) by n i^F; thus*(l) may be rewritten^ 



(2) ' " 'g : y -1* n Vy", 



.. y>0.' 



Comparing (l) and (2), we see that n Vy is the unique* positive solution x, 
of the .equation x n = y ; we call the n-th root of ' 'y ' for all real 

y>0.i 



If the natural number n is odd, then t£e function, f : x »x , is; 
strongly/ monotone for all real x J# as is its inverse "function. This means 
that every .real number has a unique n-th root tor n odd. For example, . 

for n odd and a' real, V-a 11 =» -a. 

f t \ ~ n 
If n is even, f : x — * x * is decreasing for all real, x < 0, and 

increasing for .all real x > 0. If f is the { restriction of * f to ihe 

, domain, x > 0 and f' is the restriction of f ' to x < 0, then each, of 

* t^ese functions has^an inverse, namely . • y ' 
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and- 



* * >*» 

;. for n 6ve« and all real y > o. For „ , even, the positive n-th root of 
a normegative refel number is sometimes called its principal n-th root. The, 
symbol Jy* always means, the principal n-th root. ^ 

.v. . • i • 



Exercises Al-k 



1. Prove that f : x 



•(Hint: 
2 



X l >x 2 2 ') 



— x for v x > 0 is a strictly increasing function. 
Let ^ > x 2 > 0; then x x - x 2 >-0. From^this show -that 




Which of the following furrctidns are decreasing? "increasing? strictly 
decreasing? strictly increasing? In each case the domain is the set of 
real numbers unless otherwise restricted. 







*1 


x — ^e, 


c a. constant 


(h) 


v 


' x ^ — T x L x 1 








X » X 




(1) 


x fc3 fl+ jx| , ^ 


j 1 


:(c) 


f 3' ! 






(J) 


f 10 


: x + |x - l| ' 

* 




(d) 


v 


x__[x] 


I 


,00 




: x -fx - tj + | x - 3 




(e)' 


V 


x »sgn 


X 


1(1) 


«! : 






(f) 


f 6 : 


x = »lx^, 


x 5 0 




g 2 : 


x— *V 3 (x) 




. («) 


f 7 = 


x — *--Vx, 


x > 0 • • * 








3i For each function in Prcfolen 2 which Is not monotone, divide, its domain 
ifrto parts* sjuch that^the re 
a monotone or' strictly -mono :one»functlon' 4 



jtriction of f to any of thej&e parts. gives 
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t 



4 



v 



1 



k. We are given that the function. 



i\ is increasing, 



f g isstrictly increasing, 



• , St i^ecreasing, . * • „ 

„g* is strictly decreasing, % 
in a common domain.. What is the monotone, character, if any, of the x > 
following' 'functions: , ' 



(a) f 1 + f 2 . 

(b) "fg + g x . 

(c) .g x + g 2: ; 

(d) , g 2 4 f r , # . 

(e) i\ ■ f 2 - 

(g) ' &i • 6 2 . 
.(h) g 2 • f x - 




(p) • fjgg 
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Al-5* • • V 

/There are infinitefy many such angles for each point £ if. 6. U one angle, % 
then B.t.2m (n - 1, e, 3, •••) are the others. Thus; a' point may be 
'identified by infinitely many pairs -of polar. coordinates. ' For example. 
(Figure- Al- 5 aj, point' P with polar coordinates, (*,§), also has coordinates 
\ k l*)"\h - 2£) , and / in general (U , | + 2n*) for any integer # n.. 
The poll (origin) is' a special* case: to it ye assign, as polar coordinates any 
pair ;('0,e)", e any real number. i . ' * 

Whence assign oolar coordinates to loc.ate a.point/it is customary to ^ 
allow -r alpp to be negative. *or r > 0, .the point (-r/e) is located 
symmetrically^ the point (r,fl). with respect to the origin (Figure AL- 5 b); 
it has coordinates (r-, 9 + rt) "also. . * . ,' - 




9=0' 



Figure Al-5b 



• m a cartesian coordinate system 1 every point in 'the plane, has a unique 
pair of coordinates (x,y). In a polar coordinate system, by contrast, this . 
is not tfbe; a given point in the.plane does not Have a uniope representation . 

in polar coordinate's (see point P' in Figure Al- 5 a), In both coordi- 
nate^ systems, however, a given pair of coordinate, specifies a unique.point in 
the.plane. 

A relation tetwee* x and y may be represented by a graph in a . 
cartesian coordinate plane. A relation in r and 9 may be represented 
by a graph in a polar coordinate system; a point lies on the' graph if and «dy / 
'if it.has at least one coordinate pal, which satisfies the given relation. / 
W discuss the graphs of a few functions defined by equations iir polar , ■ 
coordinates. * v . t 



/There are infinitely many such angles for each point 'if. 6. Jj one angle, , 
then B.t 2n* (n = 1, e, 3, ...) are the others. Thus; a point may be 
'identified by infinitely many pairs -of polar, coordinates. For example. 
(Figure- Al- 5 aj, point ' P with polar coordinates, also has coordinates 

\ k 2S),' '<*,-' and/in genera^ (* , § + 3*) for any integer _ n, 

^ pile (origin) is' a special" qase: to it * assign- as polar coordinates any 
ps-ur ',(0,6)-, e any real number. , , 

Whence assign solar coordinates to locate point, 'it is customary to ^ 
allow T aipp to-be negative. Sor r > 0, .the point (-r/e) is located 
syra netrically'to the, point (r,8). vUh respect to the origin (Figure AL- 5 b) 5 

it has coordinates (r-, B + *) elso. . • 

: i V • 




Figure Al-5b 

• In a cartesian coordinate systemCvery ppint in 'the plane, has a unique 
pair of coordinates (x,y). In a polar coordinate system, by contrast, this . 
is not t*ue; a given point in the.plane does not Have a unique representation . 
(. r -0) m polar coordinate's (see point P« in Figure Al- 5 a), In both coordi- 
nate* systems, however, a given pair of coordinate's specifies a unique.point in 
the, plane. # « . 

A relation between x and y may be represented by a graph in a - 
cartesian coordinate plane. A relation in r and 9 may be represented 
by a graph in a polar coordinate system; a point lies on the' graph if and^only 
'if it .has at 'least one coordinate pair which satisfies the given relation. 
We discuss the graphs of a few functions defined by equations Of polar , 
coordinates. ' v 
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The graph *of the elation 
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r = c 



contains /all points (c y 6», 0 any\eal number; it is a circle of radius |c| 
having ytts center at the pole. The equation r = -c .describes the same 
circle. .4 . - 

* ** 
< t The points for which " . « 

, ' *. ' * 

0 = c 

, ' / \ ■ . i 

lie on the line 'passing through the pole which forms an angle of c radians 
with the polar "axis;* each point ofjthe line has coordinates (r,c) for spme 
real r. # For r positive, the points form the ray in direction 9, for r 
negative/ the ray has, direction 9 + *. The, line has infinitely many equa- 
tions 9 ~ c + njr,_, n an integer. ' 

The circular functions of 9 are especially conveniently represented in 

polar 'coordinates because the entire graph is traced x>ut , in one period. 'Jfe 

shall illustrate a ^ocedure for sketching a" graph of such a functioiv^sing 

polar. coordinate graph paper/! Note that the function specifies the graph; a 

function, however, cannot be recovered from its graph in polaV coordinates^ 
x " ** 

• * i • 

• r * i * * 

s Example Al-ga . Sketch a .graph of the function defined -by 

r =,4 cos 9. 

. ' ^ Since r . is a function of 0, we consider values of 9 and calculate 
the -corresponding val%- of 'r / We know that the'cosine increases from. the 
value ( 0 at f 0-a - | to ^1 at 0 = 0 and -then decreases -to 0 at 9 = £. 
Hence, inj t^is^ interval-, r increases from -0 to 4 and* then decreases^ to 
0, -Since ^cosfaV*) = -cos 0, ■ the point (k cos(0 + *) , 9) 'is the same as '< 
(-> cos 0 ,,0), and the curve .for - | < A < | is the entire graph. 

, To 'sketch' the graph -of^the function, we^ calculate r for a few convenient 
values of J- - ^ etc.), locate the -corresponding $ints on polar 
coordinate-paper, and sketch the graph (Figure Al ; 5c); it appears. to be a 
circle and we shall presently verify tha,t it is. * , 



1 *' . 



V9 : 387. ' C- 




.Figure -Al -5° * 

f » i 

i 

Since each point P in the plane has both rectangular and polar coor^l 
nates (Figure Al-5d), for r > 0, we 

have frota the trigonometric functions P(x y) 

of angles ^ 

(l) x = r cos 6, y = r sin 0. ■ J ' 

We leave i*£ to you to verify that , 
equations (l) hold for r-< 0. Thus 
the rectangular^ and polar coordinates 
of each point in the plane are related 
by (l). It follows that « 




(2) 



2' 2 
x +* y 



Figure Al-5<i 



380 



,388 



. Al-5 

Now we re-examine the function defined by r = k co? 6 (Example Al-Ua) 
and prove -that its graph is «a circle, We shall do so by transforming the. 
given 'equation into an equation involving rectangular coordinates x', and y', 
No* the given equation r = k cos Q has the same graph as the, equation - 

r 

(3) • ' r 2 = kr cos e, 

for if r f 0, we may divide both members of, the equation by" r to obtain the' 
given equation; r = 0 corresponds to the fact that the pole is on both 
graphs. This may not -^e immediately obvious since only certain pairs of - 
coordinates representing the ■ dole will satisfy the equation r'= k cos 0,' 
For 'example, both (0,0) and! (0, |) represent the pole" yet only the latter 
of .these pairs satisfies r = k cos 0. * 



We use (l) and (2) to obtain from (3) that 



or 



2 2 
X. + y = *4x* 



^ . (x - 2) 2 + y 2 . k 9 



an equivalent equation in rectangular coordinates We recognize this as an * 
equation of the circle with center at (2,0) and radius 2, verifying tfce - 
graph in Figure Al-5c. ' "or 

Exam£le Al^gb. -Find an equation in polar coordinates of the curve whose / 
equation in cartesian coordinates is 4 (x 2 + y 2 ) 2 = a 2 (x 2 - y 2 ). 

j Applying Equations (l) and (2), we Jiave ' 

' . I4. 2"2 2 2' 

r = .a r (cos* 0 - sin e) . * 



22 "* 
- a r cos 20. 



• <4 * " 

THfs is equivalent .to 4 



Since 



e V 2 ,= a 2 cos 20* is satisfied by (0,£), a set of 'polar coordinates 

ft t *T , V 

for the pole, ve see that r 2 =0. contributes no points'not in the'sraph of 
r^= # a eos 2&. Hence*, -the latter is* an equation in polar. form whieK is the 



r^ = 0 (th£ pole) and r 2 ^ a 2 cos 20. ' 




v 
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equivalent of the given one, The -graph of this equation is called the 
lemniscate of Bernoulli and is displayed , in Figure Al-5e.„ 



• 






• (-c,0) / \^ 




*W»>| r \( c ,o) ' 











. - Figure Al-5e 

We now develop an equation uhich, for suitable choice 6f a parameter*, • 
. «will represent either a' parabola, an ellipse, or ^hyperbola. For this' 

purpdse we need the definition of* these curves (conic sections)* in terms of , 
focus., directrix, and eccentricity. Every conic^Wction (other than the 
.circle*) may.be defined to be the*set (locus) of all points F such that the * 
. ratio of- the distance between P and a fixed point f (the focus) to the 
.-distance between P° and' a fixed line I (the directrix) is a- positive cpn- , 
stanjt e, r called, t^e eccentricity of the conic section. ,If e = 1* the conic 



\ 



section is a parabola, if 0 '< e < 1 it is an' ellipse,. and if e > 1 

*. *** 
a hyperbola .1 * 

( • • ■ • • • 

In order to derive an equation in 
pol'ar coordinates of % conic section, 
it is convenient to place the focus 
/ F at the pole (origin) and the 
: directrix . 'Z perpendicular to the 
extension of the* £>olar axis a*t dis* 
* - tance p > 0 9 from tfye pole, as shown 
in Figure Al-Jf . (Other orientfajdons 
-axe possible) see , Exercises AO. -5', 
Nosf:8-10.) ^Point P is-ahy poin-k 

Of the .conic section. • . ( Figure Al-5f . 
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is 




This curve is ^defined a| the set (locus) of -points' *P . such that the 
product of the" distances of P from two fixed points is the square, of half 
the- distance between* the two fixed points. *' ' / • 

** 1 ' ; t * 

* ', -382 



'** ' *• " .* J ' * * 

We; let (r,e) be any pair of polar coordinates of \P €or which r > 0; 

*then FP •= r ' and DP-= $ + r cos 6 (Figure Al-5f ) . The definition x>f the 

♦ N • . ♦ FP - - r 

conic sections requires that j — = e or. - - cqs g = e. Solv^tfg for ■ r 

we obtain - • 

• ' * r eP> - 

' v . „ - ■ - e cos 0 • \. . . 

wtfich we take "to be the standard form of the polar equation of conic sections. - 
having focus and directrix oriented as in Figure Al-^f. from Equation -(h), g 
if e < 1 (ellipse or parabola), then r > 0; if e > 1. (hy?ferbol£) , ' r 
may be hega'tive and these values give us the branch of the hyperbola lying .to 
the left "of the directrix. * • . 

Example Al-5e\ Describe' and sketch t\\e graph of,. the equation 





16 ' 


; 5- 


- 3 cos 0" ' 


the 


standard form 




16 • , 




5 


r 


- g cos e > 
5 a i 




3 16 - 




5 ' 3 ' 



. • 1 " 5 cos ^ 

from which e = j and £ = — . Since e < 1, the graph is an ellipse with 
focus F 1 ' at 1 the po1e*and major axis on the polar axisV By giving .0 - the 
values 0 ^and *, we find the ends of the major axis to* be (8,0) and 
(2,*). Thus the length of the major axis is 10," the center of the ellipse 
is the point 03, 0>; and the other focus is the 'point F & (6,0). " Since >■ 

P = -r- (the distance betyeer> a focus and corresponding directrix of the 

\ > ' * > 

ellipse// ihe equation of the directrix £ corresponding to the focus at thef 

v l6 

pole is r cos 0 = - — % (s%e Exercises Al-5, No. 6a.), and the equation of 

the 'directrix J corresponding to F (6,0^ is r cos 0 t ^ , "When 6 = - $ 

then r = v — , and we have the point (4-, £) at one end of the facal chord 

5 * ' - 5 2 ' * 

(latus rectum) through F r The other, endpoint has polar coordinates 

("5~>~2")»' these points help us to sketch the ellipse, as shown in Figure' Al-5g. 
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. ■ - * 
• * " * Exercises " ^ "* ' 

.Find all polar coordinates of each of the following, points : 
, < a > Af). . . (c)- ,(6,-£). - 

» (■«,{). ' (a)'~(-6,-£). ' v >, ' 

Find, rectangular 'coordinates of the points in Exercise 1. 



v 



Find polar coordinates of each of the following' points given in rectangu- 
lar coordinates: • # # 

(a) -fc). • ; ^ (e) (1 3 , 0). 

00 (^,|).. / (f) '(-3,V)'. * ( 

(O (-2, -a/5). ' •'(§-) (-V5,i). 

(a) (9, -10) r t , "\ ( h ) <;§;-;§).' 

Given the cartesian coordinates ( (x,y) of «a point, formulate unique 
polar coordinates (r,0). for Q < 0 < *. '(Hint*: use arccos - /) 

- - IS ' ' • ~ 7 < ^ - r « 

Determine the polar coordinates of the three vertices of an equilateral 
triangle if a< side of the triangle has length L, t the centroid of' the * 
triangle coincides vith th*e pole, ami one angular coordinate of a vertex 
i$ 6L radians . " # * 

.Find equations in'polar coordinates ojf the, f o^iouing curves: ' 

(a) c, c a constant. - * 

(b) y = c, c 'a constant. ' « 

(c) ax + by = c. / * , 
(a-) x 2 + ,(y - k) 2 = k 2 . 

(ej y 2 = ifax . . 

(f ) - y = *a . . . . 

"find'equations in rectangular coordinates of the following curves: 

(a) r = a . t - * 

(b) r, sinje = -5- . " s 

(c) r = 2a^sin 9. > 

(d) * r. 1 ' 



1, - cos 0 
(e) r = 2 tan G . 



Derive an equation in polar-* coordinates for conic sections yith a focus" 
at th^e, pole and directrix perpendicular to*the polar axis and p units 
to the rigfrt-e-^-the pole. 

Repeat Number^ 8 if the clireotrix. is parallel to the"~polar axis and p 

units above the focus at the pole. x 

i * ' 

10. Repeat Number 8 if the directrix is parallel to the polar axis and p 

units below the focus at the pole. • ■ , * 

11. Discuss and sketch each of the following curves an polar coordinates. 
,(See Example Al -5c and Nos . &, 9, 10.)' 

■ - (a) r T i : cos g . / 

•(b) 



c "1 


- cos 0 




12 


■ 1 


- 3 cos 9 


% 


3.6 




- k sin 9 




16 


' 5 


3 £in 


sin 


6 = 1 - r 



1£., Certain types of symmetry of curves in -polar coordinates are readily 

detected. For example, a curve is symmetric about the pole 4 if the equa- 

* tion is^ unchanged when r is replaced by -r. What kind of symmetry 
occurs if an equation is , unchanged when 

(a) *0 is replaced by -0? - % 

■(b) 0 is replaced by* rt - Q1 ^ * } . * ' \ 
(c) r and 9 are replaced by -r and -0, respectively^ 

• (d) / 0 j.s replaced by * it + 0? ' . 

* 

13. Without actually sketching the, graphs, describe the symmetries of 4 the r 
* * . 

graphs of the following equations: , , ■ 

» . • ' 

. (*a) r = h sin 20. 

^ (b)* v r(l*- c6s>0).= 10. 

/ \ % ' - ' • ' 

(c) , r = cos 20". 1 . ' - / 
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^lU. Sketch the following curves in j>olar coordinates: " 1 

(?). r = . ( d y r « a 2 sin 2 e CQS 2^ ' 

ft • 

*> (b) r = a(l,- cos e). (e) r6> = a. 

(c> *r ^ a sin 20. u ' / < 

15- *In each of the .following, find* all points of intersection of the given'" 
pairs/ of equations. (Recall that the polar representation of a point is 
1 -not jmlque.) * • # , * ^ 

(a)/ r - 2 - 2 sin e, r = 2 - 2 cos. a 
" (b) r = -2 sin<20, r « 2 cos & . ' w ; 



(c) 



r 



9 
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Appendix 2 
POLYNOMIALS 



A2-1. Significance of Polynomials 

The importance- of .polynomials' in applications to engineering and the » 
"natural sciences, as well as in the body of mathematics itself, is not an 
accident. The utility of polynomials is fca-sed largely on mathematical." proper- 
ties that', for all practical purposes, *perm4t the replacement oT b much more com- 
plicated functions by polynomial functions in a host of situations. We shall 
enumerate some of these properties: » \ • 

•* ' " . * - ' 

m (a) Polynomial functions are among tfie ■simplest functions to manipulate 

formally. The sum, product, and composite* of polynomial functions, 
r . the determination of slope and area^, and the location of zeros and 

maxima anc^minima are all'within the reach of elementary methods. 

Poly nomial # functions are among the, simplest functions to evaluate. , 
It is quite easy to find' the value of f(x), -giv^n 



f x -»a Q + a^x + a 2 x 2 ,+ ... + a n x n 



^with a specific set of coefficients a Q , a^ ■•■ J( a .and a specific 
number for x. Nothing .more than multiplication an<} addition is 
involved, ana the* 'computation' can be shortened by using the method/ 
< of synthetic, substitution. a 

The foregoing two properties of polynomial functions. are those that make 
thero^valuab * as replacements for more* complicatetT^unctions . 

,('c) ? requently an experimental scientist makes a series of measurements,' 
'plots them as points, and then tries to find a reasonably simple 
*v continuous curve that will pass through tnese points. The graph of 
a polynomial function can .always be used for this purpose, and be- 
cause it has no sharp changes of direction, and only a* limit ed number 
of ups arid downs, it is in many. ways the best-curve for "the purpose. 

Thus, for the purpose of fitting a. continuous, graph to a finite number of 
points, we wou^ prefer ,to Iwork with'polynomials and we need not, look beyond 
the polynomials, as ,we shall prove. We can state the problem fprmally as , 
follows: > • ' 1 - ^ 
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Oiven n distinct numbers x. , x 0 , . . .j x and corresponding values 
y , y 2 ,'.«., Y n that a function is supposed to assume, it is possible ;to. find 
-a polynomial; function of degree at most n - 1 whose graph contains' the n' ' 
IpointS •(x i ,y i ), i = 1 ,*>,., ri. Yo^havQ already done this for n = 2: you 
*' f.ound *a linear or„constant function whose graph contained two given points 
/ (x^y^, (x 2 ,y 2 ), x 2 '/ x 1 .' If y 2 is also -different* from m the, result is* 

a linear function; if y = y*, it is a constant function. 

* " . 

f/ One way of doing this is' to a'ssume a ^polynomial q? > the seated form, 

. N 2 . n-1 . 

- . * f(x) = a Q + + a g x + ... + ^ , 

and write the n ■ equations V . . 

^ • a m . * 

f(x.) ^y t , i = 1, 2, n. , 

' -.^This gives, n ^lineaf equations in the n unknowns a Q , a^", a ^.^; 
in these circumstances such a system will always have a solution. 



and 



Example A2- t la . Suppose that ye want the graph of a function to pass 
through the points (-2,2) /(V3), (2,-l), and (U,l)«, We know that there^is 
a polynomial graph of degree no greaCer tiian < 3 which go4s through these 
points. Assume, therefore, ,~ V* ^ • 

w 

- : f[x) = a Q + a x x + a 2 x +^a x . 

** > y * 

Then, if the graph of f is to go* ^through the given points, we must have 

f(-2) = 2, f(l) = 3; ffe) = -1, and f(fc) = 1; that is, 
* ' * > * .1 

a 0 " 2a l + ^ a 2 " 8a 3 = 2j 



a 0 + a l + a 2 + a 3 = 3 i * ' 
a Q + 2a x % > 2 + '8a = -1, 



a rt +' Ua_ l6a 0 +6Ua j 
0 1 ^. 5) 



20 31 37 11 ' ^ 

Solving these, we find , a Q , a^ = i^*' a 2 = " 2? ' and 8 3 = 2^r " 

Hence * ( _ ' - 

. I, ■>? ' " " *\ . *• * ' - ' 

* . f(x) = 4(160 62x - 3Tx 2 -VLix 3 ). % 

'-The labor of solving systems of linear equatipns such as these can be 
j rather discouraging, especially if there are many equations. For thfls reason, 
various methods have been worked out for organizing and reducing \Ae labor in- 
y.olved. One of the most important of these methods, called t^ie Lagrange Inter - 
polation Formula , is based on the fcjllowiAg simple line of reasoning. Ke can 
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easily write down a forimfia for a polynomial of degree n - 1 that is zero 
at *n - 1 -of the; given x's. * 



X, ^2 j x 3 *4 

! r 



x . 



Figure A2-la 



A set of values to be t'aken on by a pplynomial function. Suppose, for 
instance, that we have four points (x^y^/ (x 2 ,y 2 ), (x^y^) and (x^y^} 
as in Figure A2-la . The polynomial^ 



(i) 



g x (x) = Cj(x -«X 2 )(x - x 3 )(x - x k ) 



has zeros *aV "x^, x~, and xj. By proper choice of C, , , we can tnake 
g x (x ) = y . Let us do so! Take Q such that ^ v 



y l = S x ( x i^ a c i/ x i " x 2 ^ x i " x 3 )( x ! ~ 



r that is, take 
(2) 



y i 



1 ( x l ** X 2^ x l " x 3^ x i ~ \) 
If we substitute C 1 " from (2) into (l), we get 



■ 81 (x) = y. 



X - X, 



,)(x,- x 0 )(x - X,*) 



5 X W ~* y l ' (x x - x 2 )(x x - xpijx^ - x^) 
\ r 



If y ^ 0, Equatiott^3) defines a polynomial of degree- 3 thajb has the value 
at and is zero at x g , Xy* and x^. Similarly, an/* finds that 



•(x - x^)(x - -x',)^ - x^) . 

g ? (x) = y ' 2 " ^P^JKP9K^ ' ' v 
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x l 


X 2 


?3 

f 6 




y l 




I 3 




y l- 


0 , 


0 


'0 


0 . 


y 2 


0 


°. • • * 


0 


? ' I 




» 0 


0 


o •/. 


0 





. (x - x^(x. - x 2 )(x - x^) 
. ( . 5 > . • • 8 3 (X) ' y 3 * (x 3 -x 1 )(x 3 - x 2 )(x 3 - xf ' 

and • I * 

(x - x x )(x - x^)(x - x ) 

\ (6) 9 %M. = y u ■ (x 1+ '-x 1 5(x !4 -x 2 )( X!4 - x 3 ) » . v 

are alsp polynomial?, ieach having , the property tfcat it is zero at three of the 
. four given values of x, • and* is the appropriate y at the fourth x. This 
is shown in the ta*ble below. 

* ' > The Lagrange* Interpolation Formula Illustrated. 

Values of x 

Corre^-pondLng y 

tfalue of g 1 (x) y^ 

{ Value of ^g^fx 

Value of g (x 

• * Value of g^fxj 0 

* If we form the sura . . . \ 

i7) f g(x) "= g 1 (x)- + Tgg(jc) + g^(x) + g^x), . 

■ i * 

/ , > \ i 

then it is clear from the table that . 4 . . * 

' • ' ° g(xv) =,'y, + 0 + 0 +'o =<y , 

* ft • 

. g(x 2 ) = 0 + y 2 + 0 + 0 = y 2 , 

• ' . * ' g(x 3 5 = 0 + 0 + y 3 + 0 = y , 

< , * g(x^) = 0 + 0 + 0-+ y^ = y^ *' " < 

* •« • ' 

' From -Equations (3), (^), (5), and (6) it is also clear that g is a polynomial 

in x whose degree is it most 3. Hence EquaVfon (7) tells us how to find a 
. polynomial of degree < 3? whos'e graph contains the given points.' 

Example A2-lb . Find a polynomial of degree at most 3 whose graph con- 
tains the points (-1,2), (0,0). (2,-l), and (k,2) . ' v 

We find that - . ■ 

- -£l AX; (-1 - 0)(-l - 2)(-l - h) - -15 ' - < 

-g^(x) = 0, - f \ 
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(x + l)(x -O) 


(x - h) 


(2 nf 1)(2 - 0) 


(2 - k) 
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/ \ _ p (x + l)(x. - 0)(x - 2) _ (x t l)(x)(x - 2) 



and 




V 



K= - ^ x(x - 2)(x - If) + i(x + l)(x)(x - If) + i(x + l)(x)'(x - 2) 

= |(x 2 - 3x). - ' ' J 

The right-hand sides of Equations (3), (k) , f (5) , and (6)* have the 
* ♦ t" 

following structure: * ' 

' N.(x)' ' , ' ■ 

.4 «i (x) - y t -r~ j i - 1» 2, 3, v. . 

«■ ♦ 

* . ' " • " " *. ' * 

.The numerator of the fraction is the~product^of ^Ll* but .one. of the factors 
(x - x ± ) x (x - -x 2 ), (x - x^)) and (x - x^) , 

and the missing factor is (x - x i ) . The denominator is the value of the . 
numerator at x*^=oc^; , ' 

/ • -d^n^). ■ : • % ' 

This same structure .would still hold if We had^more (or fewer) points given. 

(d) Instead of a finite set of paints to whish a simple continuous func-' 
tion is to be fitted, a mathematicians jsome^imes ^confront eel with a 
continutfus but very complicated function that he. woblcULi^e Jfcft*™***^ > 
approximate by a simpler function. Fortunately , there is an extremely 
powerful theorera^>f higher, mathematics that enlarges the breadth of 
application of polynomials to this situation,. In a- sense this theorem 
permits the "fitting 11 of a polynomial graph' tb any 'continuous graph. 
In other words, any continuous function whatever can be approximated 
by a polynomial function over a Y inite interval of its domain, with 
preassigaed accuracy. More specifically, if the function, x -*/(x) 
is continuous over a < x < b, and c is any positive number^ there 
exists ,a polynomial function ' g such that - * 

\t(x) - g(x)| < c for all x in a < x < b. 



ERLC 



- 393 - 

400 



Figure A2-lc 

A strip between f(x) - c and f(x>) + c. 

This is known as the Weierstrass Approximation Theorem . The geometric inter- 
pretation of the theorem is* indicated in Figure ,A2-lc ' Jhe graph of f is a 
continuous curve, but lit may have sjjarp corners or even infinitely .many maxima 
and minima between x»= a and x = b. No polynomial graph behaves like that t 
But suppose that we introduce a strip, centered on the graph* of f,- extending 
between the- -graphs of the functions 



x ->f{x) -«c ' . ,f 



and ^ 



x* . / x ->*f(x) + c, 

where c is any preassigned positive number, however small. Then the theorem 
guarantees that there is p polynomial function 

* S : x ->*g( x ), * 

whose graph on, a < x < b * lies entirely inside *this strip. This is the pre- 
cise meaning of the statement: "Arty contintkdus function whatever can be 
approximated by a polynomial function over a finite interval of its domain, 
with preassjlgned accuracy." s ,< * 



Exercise s ' A3-1 



1. Carry out the computations in "Example A*2-la, above. 

2. " Simplify the expression for - g(x) in Example A2-lb,^ above.. 

3. Find a polynomial function of degree less than or efifual to 2 whose 
graph contains" the points (-&,2), (0,-1)^(2,3). 

Fin d a polynomial function whose graph contains the points (0,l), (1,0), 

(2,^frt37^)7 * and ( 1,6). 

? r t*-^—*** \* * i4 v 
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A2-2. Number of Zeros 

One could get, the impression that every polynomial function of degree 
n > 0 'has exactly n zeros. This is' not quite rightj* what we say in Section 
1-9 is that every such-function has at most n zeros. Let us exhibit a poly- 
nomial function for which the number of zeros is less than the degree.* The 
quadratic function 



- 6x + 9 = (> 



3) 2 



>has only one zero, namely 3» But since the quadratic has two identical 
factors x - 3, ve say that the zero* 3 has multiplicity two. 

We- define the multiplicity of a zero r of a polynomial* f to be the » 
exponent of the highest power .of x - r that divides f(x). That is, if 

f(x) = (x - r) k q(x); k > 0, 

j * 

where* .q(x) is a polynomial, and if x - r cloes not divide q(x), then r ^ 

is' a zero of f of multiplicity k. 

The proof of the general theorem about the number of zeros of a* poly- 

( 

nomial function depends on $he fact tjiat every such function has at least one^ 
zero. This fact, often referred tq as Gauss's Theorem, is stated as follows: 



The Fundamental Theorem of Algebra . Every polynomial function of 
degree greater than zero has at least one zero, real or complex. 



This is the simplest form of the Fundamental Theorem of Algebra. (As a 
matter of fact, 'the theorem^is/correct even if some or all of the coefficients 
of the polynomial are complex numbers.) 

The first known proof of the theorem was published by the gr.eat^ German v 
mathematician Carl Friedrich Gauss (1777 - 1855) in 1799. (Eric Temple Bell 
has written an' interesting' account of Gauss. See World of Mat hematics , Simon 
and Schuster, 1$56, Volume 1, pafgeiT295-339, or E: T. Bell, Men of Mathematics , 
Simon and-Schuster, 1937, pages 218-269.) The proof was contained in Gauss's 
doctoral dissertation, published when he was 22. A translation of his second 
proof (1816) is in A Source Book in Mathematics , by Pavid Eugene Smith, McGraw- 
Hill Book, Co., 1929, pages 292-310. Gauss gave a total of four different , t 

proofs of the 'theorem, the last in 185O. 'None of the proofs is sufficiently 

# v 9 , c 
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elementary to be given here. . There is a. proof ip Birkhoff and MacLane, A Sur - 
vey of Modern Algebra, Macmillan, 1953; pages 107-109. A pro3f is also given 
in L* E. Dickson^ gew First Course in the Theory of Equations , John Wiley and 
Sons, 1939- * 

We now state and prove the general theorem. 



The General Form of the Fundamental Theorem of Algebra . Let f ^be 
a polynomial function of degree n > 0. Then f has at least one 
and at most n complex zeros, and the sum of the mult ipli cities of 
the zeros is exactly n. 

From Section 1-9 we know that f has at least one zero, say r^. Then 
(recall the Factor Theoreja) there is a polynomial q(x) of degree ^ n - 1 
* such that 

(1) . . f(x) f = (x - ri )q(x). 4 " . , 

If n = 1, q is of degree "zero and we have finished. If^ n > 1, the degree 
fc of* q is n - 1 and j is positive.* * Then q has at least one zero t r^ (it 
could 'happen that r 0 = r ) and 

d A. . § 

(2) , ' q(x) = (x - r 2 )s(x),. . f . • • * 

where s " is? of degree n - 2 . Combining (l) and (2) gives 

(3) ' f(x) = (x -.r^Cx - r 2 )s(x). 

If n = 2, then s in Equation (3) is Qf degree zero* and we have finished. 
Otherwise, the process may be continued until we arrive at the final stage, 

(*0 f(x) = (x - r x )(x - r 2 ) ... (x r n )z(x), 

where the degree of z is' n - n - 0. Hence, z(x) is a constant. Compari- 
son of the expanded form of Equation (k) with the equivalent form 

x»/ \ ' n , n-1 

f(x) = ax + a _x , + + .a_x + a^. 

n n-1 1 0 ' 

"%shows that ^ z(x) = a ^ 0. Hence, - 1 

i < 

* j , 

(5) ' f(x) = a* (x - rj(x -'rj . .'. (x - r ) . 

.n 1 d n 
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Now, if we substitute any complex; number r different from *r», . .., 
r R in .place pf x "in .Equation (*?) , we get 4 



•f(r>- = a n (r, ^(r - ....(, 



Since every factor is different frqm*zero, the product cannot be zero. Hence, 
number '^except ; r^ r 2 , r' n is B zero o£ f , and f has-,at most n 



no 
"Zeros . 



Since it is possible ^thaf some o"f the "r^'s may "be equal, the number of 
zeros of f^ may be less, than a. , But Equation* (5) shows that 1 f has exactly 
n factors of the form- x - r^ and therefore the sum of, the multiplicities 
"of the zeros must be n. 

Example A2-2a . % - • 

f : x ' -* >P + x 5x^ - pc 2 + 8x - h 

V * v 

has zeros of multiplicity greater than one. Find thb zeros and indicate the 

multiplicity of each. ■ * 

Singe the coefficient of the term of ""highest degree is 1, we know that 
any rational zeros~ of f 'must be integers thaHi are factors of k. (Refer to. 
Section 1-7.) Us^ing synthetic substitution and the 'polynomial of reduced a 
degree obtained each time a zero is found, we discover that 1 is a zero of ' 
multiplicity three and -2 is a zero of multiplicity two. Note that the' sum 
of the multiplicities is fiv^, which is also the degree of the given, polynomial. 

It may be helpful to show a* practical way for putting down the synthetic 
substitutions by which we obtained the zerbs and their multiplicities. This * 
-is done In Table A2-2. ' N 

' Table A2-2 



Finding .the Zeros 




: x 


->x5 








1 


1 


•-5 


-1 


8 


-h 






i' 


2 


-3- 




h . 




a» 


2 


-3 


-i* 


i* 


. 0 




1 


2 . 


-3. 




i* 








1 


3 


0 * 








1 


3 


0 




0 


3* 


* - - 


1 


3 

1 a * 


- 0 
h 


--it 








1 


h 


h 


0 






-4 
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The entries 1, 2;. ^3, , h in the third row, 1, 3, 0, -k pin the 
sixth row, and 1,* **, k 'in the last'-row* are coefficients of polynomials,, of 

degree 1 four, three , and two, respectively. The quadratic function * y 

* 2 • * 

x -» x + kx + h has -2 as a zero of multiplicity two since' v> p 

P 2 * * ' 

x w + kx + It = (x + 2) . . ' 

• * * 

Thus, the zeros^ of f are si t (of multiplicity three) and -P (of 

multiplicity two) . ^ r * 

t ✓ ' -r - 

The graph of f is^ shown in Figure A2~2a in border to give you some idea > 
of its shape in the neighborhood of the' z,eros . -2 and 1 (points A and B') . 




:»> - - ~ 



N Graph "of ^ f :jc ^'^t^Vf5^ r x? + 8x - ^. 



- The Fundamental Theorem of Algebra impLies that the .range of-any^noncon- * 
stant polynomial function includes zero when its domaih is the set of all com- 
plex numbers. The range does not always include zero when the domain -is the 
set pf real numbers/. For example, if 

f x -*.y = x + 1, ■ x € R, 

*** 0 

then the range of f is the set • ■ , • , \' 

« ^ • ■ . 

. v (y : y > • ' 

When the domain of f is the set of complex numbers, and the degree of 
t is > 0, then its range is also the set of all complex numbers. For", . ' V 
suppose that f H is a polynomial of degree n > 0 * and a + ib. is any com- \- 
plex number. Then the equation^ * * i v 

- . f(x) t a + ib 

is equivalent to . ' — * 

(6) - f (x) • a - ib s 0. * . * ' 

This is a polynomial equation Of degree 'n; hence, by the Fundamental Theorem 

- of Algebra, Equation (6) has a solution. ,That is, th^re exists at least one 
complex number x that is mapped by f —into a + ib: 

•-•/•' * • 

.- f(x) = a + ib. " * 

4 - < - ' » * 

Moreover, there may be as' many as n. different 'numbers in the domain thai* 

map into a + ib, and the sum of the multiplicities of the solutions of (6) 

will be exactly n«" 

* . r 

The Fundamental! Theorem does not tell us how to find even one of the zeros 
of f. It just guarantees that they exist. The general problem of finding a 
' complex zer6 of* an arbitrary polynomial is t quite difficult. In th*£ 1930 1 s the ' 
Bell Telephone Laboratories built a machine, the Isograph, for solying such 
problems when the degree is 1Q pr less. See The Isograph -- A Me'gnanicaJL 
Root - Finder , by R. L, Dietzold, Bell Labs Record 16, December', 1937, page 130* 
Nowadays, electronic cpmputers are used to do this* job, and many others. 
Numerous applications of computers in science and industry are discussed in a 
series of articles in the book The Computing Laboratory in the University , 
University of Wisconsin Press, Madison, Wisconsin, 1957, edited by Preston C. 
Hammer, ' * ' 

" • '„ • '" s 

The following quotation is taken from a book called Mathematics 
and Computers , "ty GeorgeU*^tibitz and Jules A. Larrivee, McGraw-Hill Book 
/ Co,, New ^ork, 1957, page 37: ^ 

^399 
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• "There is an interesting use for the roots of the 'characteristic equa- 
tion' of a yifcrating system in the dynamics' of electromagnetic and mechanical 
systems where many'of She properties of amplifiers, filters, servos, airfoils, 
and other devices must be determined'. JEf any one of the complex roots of \ 
-characteristic equation for a system has-^ positive real part/ the system 
will be unstable: amplifiers -will howl, servos will oscillate, uncontrolla- 
bly, and bridges will collapse uhder the stresses exerted by the winds. The 
prediction of such behavior is 'of great importance to designers of the ampli- 
fiers that boost *your voice -a^irt -crosses the country over telephone lines, 
and the servos that point guns at an attacking, plane ." . i 



^ Exercises A2-2 

1. As-sume that the equations given below are the 'characteristic equations of 
, some mechanfcal or electrical system. According to the quotation from 
*» *Stribitz and Larrivee, are the systems stable or unstable? r • 

($) x* - x + 2 = <V ' 

4 

(b) x 3 . - 3x 2 + kx - 2 t = 0, " " " 

^ ' 2 

(c) x J + 3x + kx + 2 = 0. 

(d) -xH x 2 - 2 = 0, . 

(e) x 3 + 6x 2 + "13x + 10 = 0. ' ' ' 

^. The following equations have multiple roots. Find them and, in each -case, 
show xhal I he s um uf the mul tiplicities of the roots equals^ the degree of 
the ^jzfolynomial . 

(ah x 3 - 3x - 2 =.0, * " ; 

, (b) x 3 - 3x + 2 = 0, k 

(c) x + 5x 3 + 9x + 7x + 2 = 0. • ; 

3. Find the- roots and their multiplicities of each of the following equa- 
tions* * Compare the solution ^ets of ^he two equations. ' 

. (a) x 5 + kx k + x 3 - lOx 2 - kx + 8 = &' J ,\ ^ * 

(b) x? * x - - x + 8x - k = 0 • , 
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A number sysjtem is said to be* algebraically closed if, and only if, every 
polynomial equation of degree > 6, with coefficients in that system, 

a? "a 'solution in that system. Which of the following number systems are, 
and which are ncyt, algebraically closed? Give reasons for your answers. * 

(a) The integers: .'. ., -2, -1, 0, 1, 2? 3, ... • ' 

(b) * The%*ational numbers. * 

(c) Vx€ real numbers. , " . 

(d) The pure imaginary numbers bif . 

(e) The complex numbers. & 

You may have heard that it was necessary for mathematicians to invent 
/^l -and, other .complex numbers in order'.to solve some .quadratic equaticfac. 
Do you 4 suppose that* they needed to invejit something rhat* might be called 
"super- complex" numbers to express .s*uch things as /^l, /T, arvi so ' % 
pja? Giver reasons for your' answers . ' « 
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' A2-3 # Complex Zeros * . 

We know that a quadratic 'equation 

* £ V 

(l) ■ ax •+ bx + c = 0, f 0, 

has roots given by the quadratic formula 

w * x -; ->tf^ .. -. ■• 

The coefficients a, b,' and c itf fa) are here assumed to be real numbers. 
The quantity under the radical in (§) is called the discriminant ; Its sign . 
determines the nature of the roots of (l). The roots are - < 

{a\ real a,nd unequal' if b J hac > 0, r 

2 

* '(b) real and equal if b - hac & 0, , ' , 

,(c) imaginary if b - ta'c < 0* ' " 
» * * *■ 

Example A2-fe . What are the roots of • x 2 ^fSft^l' -= 0? 

v \. • 

The roots are^ 

^ -1+ i 4 -1 - 1 - 
, 2 - f 2 * . " * 

We notice that these roots are complex conjugates ; that i,a, they have the 
form tr + tY and u - iv, where .u and v are real v In this example, 

\ 1 * H " -* • 

.u =— - and v = — > * f 

Is it just a coincidence that these roots are complex conjugates? Let 

us loojt at (2), and suppose thatf a } b r and c are rea*l numbers and that the 

x 2 2 * 

discriminant is negative, say -d ♦ Then the roots of ax + bx + c = 0 are 

- JL + a nd' - ~ - i(^-). These are" complex conjugates. Thus., if a, 

2a 2a da da. v 

4 b, and c are real and if the roots of (l) are imaginary, then these roots ** 

' are complex conjugates. , ^TS^s true of polynomials of any degree, as we 

sTiall now prove, (In the following theorem, the letters 'a and b represent 

the real and imaginary parts of a complex root of an equation of any degree, 

and do ncjt refer to the coefficients, in a quadratic- expression.) 
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Complex- conjugates Theorem . If. f (x) is a polynomial with real 
coefficients, and if a + i*b is a complex root of f(x) = 0, with 
imaginary p&rt b £-0, then a - ib 'is also a root. 



(Another way of saying this is that if f (a + ib) = 0, , with 
and b real and* b ^ 0, then f(a ib) = 0.) * 



% , We give two proofs of this result. • * % 

' - yirst P^of • The key to this proof is the use of the quadratic polynomial 
* ' "* tf* * -~- - ** 

that i's the product of x - (a + it) and x'- (a - ib) . We show ,that it . 

V * * 

dLlfles r(x). We can then conclude that f(a - it) = 0,^ -and we have com- •* 

plVted the proof. *** - ^ 

& ThUo : let ' ' 



(3) 



p(x) ^ [x - (a + ib)]fx'- (a - ib) ] 
[(> - a) - it}]t(x - a) + ib] 

= (x --a) 2 + t 2 . ' > . ; 



Note that* p(x) if a quadratic polynomial with real c*>ef f i*cients . Now wher^ 
a polynomial ic divided by a quadratic, a remainder of degree les£ tha'n 2 is 
obtained, Hence*, if f(x) is divided by ptx), ve gt?t a polynomial quotient 
q(x) and a remainder r(^y = hx + l^/possi^y of decree 1 (but no greater)," 
where h, k-, and all the - coefficients 

w 



<) are real. Thus, 
* f(x) = p(x) ; q(x) -+ hx + k. 



This is an identity i/i -x. By hypothesis^ f(a + ib) = 0^ and from Equation 
(3)^ p(a + ib') = 0. Therefore^ if we substitute - a + ib for x in Equation 
(k), we get * * 



/ 



0 = 0 + ha + ihb + k. 

Since real and imaginary parts nfast both be 0, we have 

(5) ha + k =-0, 

and 



(6) 



hb = 0. 



* J t Since b ^ 0 ( by^hypo^hesis) , Equation (6) requires^*at h = 0. Then Equa- 
- tion (5) gives k = 0. Therefore, the remainder hx + k .in Equation (k) is 
zero., and ^ * 
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(7) /\ . f(x) - p(x) - q(x).- . 

Since p(a - ib) =0 by Equation (3), it follows from Equation (7) *that 
j* ^ f ( a - ib) « 0. * I p 

Second Proof . Let - J 

♦ (8) , f(x) =5 a n x n + a^x 11 " 1 + ... +. a^x + a Q , \ 

and suppose that f(a + ib) =0. When we substitute a +• ii) for x in 

2 ^ 

Equation (8), we can expand (a + ib) , (a + ib) , ^nd s'b on, by the Bino- 
mial Theorem. We can prove the complex- conjugates theorem, however, without 
actually carrying out all of these 'expansions, if we observe how the terms 
behave. Consider the first few powers of a + ibr m . 



(a + ib) 1 




2 2 

+ 2aib + i b 



(a c - b 2 ) + i(2ab), 



(a + ib) 3 = a 3 + 3a 2 ib + 3a(i 2 b 2 ),+ i 3 b 3 

= (a 3 - 3ab 2 ) + i(3a^b - b 3 ) . ' t • 

Now observe where b 'occurs in the above expanded^f orms . In the real parts, 
b either does not occur at all, or it joccurs only to even powers. In the * 
imaginary partjifc»- b always occurs to odd powers. This follows from the- fact 
that all evja powers ot ' i are real and all odd powers are imaginary. If we 
change the .sign of b, % w.e therefore leave the real part unchanged and change 
the sign^of the imaginary part. Thus, if f(a + ib) = u +■ iv, then 
f(a— lb) s u - iv. But by hypothesis, 

•f(a + ib) = 0; . ' ' 

e 

so that * u + iv = 0, 

• • ' * 

and therefore , f u = v = 0- * ^. 

Hence f(a - ib) ± 0. 1* * J - * 
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, Examgle A2-fra . What is the degree of a polynomial function f of mini- 
mum 'degree i£ 2 + i, 1, and 3 - 2i "are zeros of f? \~ » 

. • . • 1 

If it is not required ,that the coefficients of the polynomial be real, , 
then we may take • * . 9 

' f(x) .JLx - (2 * i)][x l - l][x'- (3 ^Sl)] * * " • 

' '« = x 3 + (-6 + i)x 2 + (13 - 2i)x 4- (-8 + i)'. 

In this case, the degree of f is 3. No polynomial function of lower degree 
^ can have 3 zeros, so 3 is the answer. However, if *t is required that the 

coefficients of f(x) be real, ther; the answer to the question is 5- For^ 
then the, conjugates of , 2 + i and 3 - 2i* must also be zeros of f. No 
polynomial function of degree less than 5 can have^he 5 zeros 

% (9)< \ 2 + i, 2 - i, 1, 3 - 2i, 3 + 2i. 

But * ^ 

/ . . . 

(10) ' [x - (2 + i)][x - (2 - i)][x - l][x -.(3 - 2i)][x, - (3 + 2i)] 

i$ a polynomial of degree 5, with real -coefficients., that does have the 
numbers listed in (9) as its zeros. 



Exercises A2-- 



1- Multiply the Jepptors in (10) aboVe to show that the expression does have 
real coefficients. What is the coefficient of x in your answer? 
What is the constant term? Compare- these with the sum and the product 
of the zeros listed in*(9). * 

2. Write a "polynomial * function of^minintilm degree that has 2 + 3i as a zero, 

^ (a) if imaginary coefficients are allowed, " ** 

(b) if the coefficients must be .-real. 



ERIC 



V 

y * 



412 



3. Find all roots of the following equations:.. 
<a') x s - 1 = 0 ' 

(b) x 3 + 1 = 0 

s 

(c) x 3 - x 2 + 2x^ = 8 

' '(d) x U + 5x 2 + I* = 0 ■ ; 

, (e) x U - 2x 3 + 10x 2 '- l8x + 9 = 0 * ' - _ * - ' 

(f) x 6 + 2x 5 + 3x k + Ux 3 + 3x 2 + 2x t 1 = 0 C 

* (g) x 6 - 2x 5w + 3x U - 4x 3 + 3x 2 - 2x + 1 * 0 

h. What is the (Jegree of the polynomial equation of minimum degree with 
*real coefficients having 2 + i, -2 + i, 2 - i, 3 + i> -3 + i as roots? 

5. Consider- the set of numbers of the form a ,«+ b^2, where a and b are 
rational^ Then a - bi/2 is ca\led the conjugate surd >of a + bi/2. Prove 
the fpllowing theorem on conjugate surds: * ' 

If f(x) is a polynomial with rational coefficients, and if 
a + b^2 is a root of f(x) = 0, then a - bi/2 is also a root. (Note 
*' that if„ u b vV2 b 0, and u and v are rational, then u = v = G. 
Otherwise, we could solve for & - - £ , the quotfifent of two rational 
numbers. But we know that & is irrational,) /> 

6. , Find a polynomial with rational coefficients and mini mum .degree'hfeving 

3 + 2t/2 as a zero. * " ' \ ^« 

7. ^State and prove a theorem similar to that in Exercise 5 abo've for numbers 
of the form a + bV5. Is there a comparable theorem about roots of^the 

•forf a + b^T ?^Give reasons for your answers. . * -< — 

8. Write a polynomial^ function of minimum degree that has -1 and 3 - 2^3 
as zeros, if <f 

\ * 

(a) irrational\befficients are allowed; " 

(b) the 'coefficients must be rational. • 

4 \ 9 

9. Find ,a polynomial of minimum degree with rational coefficients having 

as a zero. 

10. What is the degree of a polynomial of minimum degree with (a) real, and 
(b) rational coefficients having ' * * 

(1) i + V2 as a zero? 

(2) 1 + iv£ as a zero? 

(3) J2 + ii/3, *s a zero? 
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